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Notes on Imperfect Repair by Fumio OHI Osaka University

0. Introduction

A component with failure time distribution F(t) = 1—e_A(}) is
repaired at failure. Each repaire results in minimal repair or
perfect repair. Let N be a positive integer valued random

variable denoting the number of repaires performed till the perfect

A

repair, i.e., N = k means the event that k-1 minimal repairs were

performed and the repair for the k-th failure was perfect and the

component returned to the good-as-new-state. After the perfect

{
repair the process is renewed. -Time for repair is assumed to be ¥
negligible.

vThe dynamic process of the‘componentvis governed by a

1

{

non-homogeneous Poisson process {N(t), t>0} with mean value - 4
function ‘A(t)._“ Then TN means the timeAthat”the”éomponent returns
to the good-as-new-state, where Tk = inf {t|N(t) = k} k=1, the time}
that the k-th failure occurs supposed that the repairs for the
previous--k-1-- -failures wére minimal;~~ | |

In this paper wé study monotonic properties of TN and other -

stochastic quantities,. e.g.,ﬂ,steady:state:distnibu&iona_éndwsomonl

A te

Our resﬁits may be of interest in renewal theory as well as in
relibility theory.

1. Preliminaries

{N(t),t20} : a non-homogeneous Poisson Process with differentiable 1
mean value function A(t),

pri(t) = k) = e-ABIADIY

k!
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The folleowing theorem is easily proved.
Theorem 1, For v = 0. £ =1,

Pr[N(x+y) - N(y)<yl,
PriTy, ,~T>x1 = jgPr[N(x+y)-N(y)q]dpr['rksy],
E[Ty, ~Ti|T=y] = [ PrIN(x+y)-N(y)<¢tldx,

E[Tp, o~ Tyl =‘f§Tg PriN(x+y)-N(y)<¢ldxdPr{T <v]. o
Corollary 2, Letting £=1 in the previous theorem, for kx1,
e : ~A(x+y)
- = - ~[A(x+y)-A(y)] _ e ’

PriTy, - Tp>xITg=y1 = e b eo il

e~ Mx+y)

-A{x+y)
- - e i

ElTyey1~ T Te=v) = J§ —=xeer— &

-A(x+y)

- e
E[Tk+1_Tk] = ISTE ;:KT§T_— dxdPr[T,<y]. o
In the sequel we use the following lemmas, of which proof is
and then omitted.

Lemma 3.

Let g(x)i, g(x)=0 for x>0, f(x)t, f(x)20 for x20. If two

distribution functions F, and F_, satisfy Fl(O-) =‘Fé(0_) = 0 and

1 2

Fl(x)st(k) for x>0, then

jg@(x)dFl(x) < fgk(x)sz(x) and ° ng(x)dFlfx) > fgf(x)sz(x),

supposing that the integrations finitely exist. o

(1)

l1-e

. k k
Lemma 4, For ax=pu, EE_Oe'l 2 < EE_Oe—“ £ holds for vnx0. o
- - k!

kV

Theorem 5. For k=0, f>1,

(t) IFR = Pr[Tk+£—Tk~>x];k for Vvx=0 ;

-2 -
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-Alt) . « -
(2) 1-e : DMRL = E[Tk+£ Tk]Lk , _
(3) 1-e™M%) . NBU = PriT, ,-T>x] < PriTpx]  for vx=0,
1_a-A(t) : ' _
(4) 1-e : NBUE = E[Tk+£ Tk] < tE[Tl] .
Proof . We notice that T, 1, a.s. ‘
(D) 1-e"ME) L IFR e A(x#y)-Aly) 1, = PriN(x+y)-N(y)<2li, (by Lemma 4)
mi =$-Pr[Tk+{-Tk>x]¢k (by Theorem 1 (2) and Lehma~3).'ﬁ
: _ot-1 _ .
(2)E[Tk+£_Tk]'zi:1E{Tk+i+1 Tk+i} is decreasing in Kk, since each term
of the right hand side is decreasing in k by Corollary 2 and Lemma 3,
(3)By Lemma 4, Pr[N(x+y)-N(y)<{&] < Pr[N(x)<e] = Pr[T£>x].‘Then (3) is |
obvious.
_<i{-1 - _ : ; -Alx)__
(4)E(Tyy =Ty =S 0B Ty s 41 Tieyq ) a0d ELTy g 4q =Ty 1sSge A Fde=m 1)
by the assumption and Corollary 2 (4). Then we have the.inequality.}

=]

2. Monotonic Properties of Tk

‘Let N-be a positive integer valued r.v. independent with

{N(t),t=0]. In this section we study monotonic properties of T.

Theorem 6. (1) Suppose that z (ixI) are i.i.d. r.v.’s with |
comeh,&igzxiégﬁingiybgtigppaamﬁhtgﬁth@ one of T,, and are
" independent with N. -

(1) 1-e"AME) . NBU = PriTot] < prisy_ 2, >t].
(2) 1-e”M%) . NBUE = E[Ty] < EINIE[T,].

Proof . (2) is obvious from Theorem 5 (4).

(1) It is sufficient to:prove Pr[Tk>t]sPr[Zl+...+Zk>t] for kzl. We

prove the inequality by the mathematical induction od k.

PriT,  ,>t] ¥ Pr[Tk+1>t!Tk:x]dPr[Tksx]

]

f Pr[Tk+1—Tk>t—xITk:x]dPr{Tksx]

< f Pr[Zk+1>t—x]dPr[Tksx] {by Corollary 2 (1) and th
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assumtion)
< f Pr[Zk+1>t—x]dPrp§;+...+stX] {by the inductive

assumption and Lemma 3)

= Pr[Zl+...+Zk+1>t]. o]
3. Stochastic Comparisons of TN and TN’
Let Fy(t) = PriTy>t] = 3p_,PriN(t)=k]Pr(N>k],
fy(t) = ePriTyst] = SP_oPriN(t)=kla(t)Pr[N=k+1],
f . (t)
agt) = ——— .
FN(t)

In this section N and N’ are>positive integer valued r.v.’s

independent with {N(t), t=0}

_ _ f . (x+a)
Theorem 7. (1) Pr[N=¢] PriN’=¢] N
—— PrIN=KT < PrIN"=kT for 4<f{ = TET;T—— <
fN y (X+4A) .
T—m—— for x>0 and AZO .

N

(2)Pr[N=k+1] Pr{N’zk+1] ‘ PrN>¢] PrN’>¢]

Fy(t+a) N Fyr (t+4)
Fy(t) Fyo ()

for t>20, A0 & *N(t) < AN,(t) for t>0.

(3)Pr(N>£] > PriN’>¢] for 21 = Fg(t) > F,(t) for t20 .
Proof. (1) S o ,
S oPTIN(x+A)=k]x(x+A)Pr(N=k+1] S_ PriN(x+s)=kla(x+a)Pr[N’=k+1]

EE;OPr[N(x)=k];(x)Pr[N:k+1] EﬁéoPr[N(x)zklx(x)Pr[N’=k+1]

Pr[N(X+A)=k]A(X+A) PrN(x+A)=£1x(x+A)
Pr[N(x)=klax(x) - PriN(x)=¢£]lx(x)

Pr[N=zk+1] Pr{N’=k+1]
PriN=¢t+1] Pri{N’=f£+1]

=2 2
k<¢

<0.

{(2) The equivalent relations of (2) is obvious.

Fy(t+a) Fy,(t+a)

Pr[N(t+A):k] PrIN(t+A):£] Pr{N>k]:PrfN’>k]

=2
k<

2
¢

Pri{N{(t)=k] PrIN(t)=¢] Pr{N>¢t] PriN’>¢]



150 | » f
= 0.
The relation (3) is easily proved by usin Lemma 3. ]

We present simple bounds for the distribution and the

expectation of TN'

,Corol]afy 8. Let qmzinfk Pr{N>k+1|N>k], qQy=Supy Pr[N>k+1|N>k],

and N and N be positive integer valued r.v.’s independent with

{N(t), t=0} such that Pr[N =k]l= qk 1(l—qm), Pr[NMzkaqg—l(l-qM). Sincej

Pr[Nm>k]$Pr[N>k]$Pr{NM>k] for k>1, by Theorem 7 we have

Pr[TNm>t]$Pr[TN>t]sPr[TNM>t] for t;O .and E[TNmI‘EF?N]‘E{TNM]i o
Remark 9. - Theorem 7 (1) (2) (3) show that stochastically- |

lager-relations betﬁeen N and N’ are preserved to the same stochastic

~A(t)

relations between TN and TN’ without any assumption on l-e o

Theorem 10. Sh=PriNzk]l TP GPriN’2k]l 0 0 o
-A(t). k=J . k=j . .
1-e :DMRL, E[N] > _ETE]_ for j=1l!
=$ ETNT— ETNTT— .
°
‘Proof. Since l-e~ Alt) is DMRL, E{T —T 1] is deorea31ng in j

by Theorem 5 (2). Then using Lemma 3,

E{T,.] o ] ‘E[(T,.,]1
N- _ _ Pr[NzJ] _ PriN'> N’ )
“ETNT © 2?;1E[TJHTJ ] < E“LIE[T T; 1]“ETNTTi‘ .a I
Remark 11. The following relation holds. B

Pr[N=¢] > Pr[N’=¢] for k<t = Pr[Nx>¢t] -

r = PrlN':E, r

Ek Pr{N=k] - E;;jPr[N’zk]

, :
PetraEt for kst

o —— E[N] p= ETN™] for j=1 . (1)
"~ b= PriNsk] > Pr{N’2k] for kxl .(2)
There is generally no relation between (1) and (2), o 2
Remark 12. It is easily verifed that if Pr[N<2]=Pr([N’<2]=1,

E[Ty] E[Ty,]

Pr[N=2]>Pr{N’=2] and'l—e_A(t) is NBU, then < o

o
-~
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a,+...+a a,+...+a

Lemma 13. For a;2a,2..., 1 n 1 n+l holds for
i n n+]
nx1l. The proof is easy and omitted. o
Theorem 14. _1—e’A(t)$DMRL and Pr[N>k] = Pr{N’>k] for k=x>1
T, T..
N ]
= E(—g-] < E[q=] -
Proof. Since 1-e—A(t) is DMRL, E[Tj_Tj-1] is decreasing in j
by Theorem 5 (2). Then by Lemma 13, T Ek_ E[(T.-T. 41 is
] E k ] = j=1 J J-1
) k - k
decreasing in k. Then Theorem 14 is obvious by Lemma 3. o

4.Stochastic Comparisons of Stead&—State—Distributions

{Nj(t),tzo} (j=1) : independent non—homogeneoqs Poisson
processes with common mean value function A(t),
T = inf (eI () = k)
Nj (j=1) : independent positi?e inyeger valued r.v.’s with
common diStribution same to the one of N,
i.e., {NJ(t), t=0} (j=1) are replicas of {N(t), t20} and N; (521) are
replicas of N. We assume that {Nj(t), t>0} (j=1) are independent
with'Nj (j=1).
We define a counting process {M(T),t>0} as
M(t) = STIINg o+ NP(e-350ITYy ) if zggings t < 39,7

. = N. °
Jj J J

We notice that Tg; (j=1) are i.i.d. randome variables with common
J

distribution function Fy(t), 1-Fy(t)=5>  PriN(t)=K]Pr(N>k]. 1In
this section we consider stochastic quantities with erespect to
{M(t)}tzd}, which means the number of repeirs performed in [0,t].

Let’s define

-1..J . n-1_7J n J
z(t) = T" i -t - 3PCipd oy e sl v 5Pl T,

Nn(t-E?:%Té_)+1 ; : J=1 hj Jj=1 NJ, Jj=1 Nj
J
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which means the time to the next failure from the time ebockvt.

Theorem 15,
FN(y) e"A(X""Y)
lim Pr[Z(t)>x] = fg “~=xT5) dy
t-eo E[Ty] e ¥
Proof. Simple caluculation vérifieé the above equality. Since

Pr(Z(t)>x1= EPrITy x_y)4+1>t-¥+%, t-y<Ty 1301 (Fy) (n=1) (y))
where (FN)(n_l) is the (h—l)—hold convolution ofNF , then by the basic
- i

‘renewal theory we have

lim Pr{Z(t)>x] = 1 ngr[TN‘y)+1>y+x, y<TN}dy .

ko V- -I E{TN]

'Noticing that PriTy y),1>¥V+%,y<Tyl = ?N(y)Pt[N(y+X)-N(y)=0]f the

theorem is proved. a]
We write the steady-state-distribution of Z(t) ﬁs H , 1.e.,
o F (y) e —A(x+y) ‘
HN(X) = 1-HN(X) = fg E[TN]'e—A(Y) dy .
Thebrém 16. (1) The density function hN(x) and the failure

rate funcfioh rN(x)'of Hﬁ(x) are

) = gm0 e """‘*”".:;<;;+y>dy N
E(Ty] e—A(Y) . |
Ax . |
f“ FN(y) —_XT§T—_ 1(X+y)dy
Ty (X)= _-ATXTY) o -

fZ?FU)—Tm“ v
PriN>¢] _ PriN'>¢l o ko

Pr[N>k] Pr(N’>k] ,
= > for t>0, A>0 .
h (t) hyy (B) ‘
, ,
PriN>¢] _ PriN'>t]  gop keg, 1-e"A(Y) ¢ 1FR
Pr[N>k] PriN’>k]
= ry(x) < Ty (x) for vx>0 = Hy(x) < Hy, (x) for vx>0

, 1—e-A(t) has PFz-densityw

(2)

(3)
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'Prbof Differentiating H (x), (1) is easily obtained.
~A(X+A+y) _ oA (x+aty)
(2) fm F (y) - _—XT?T—_—_ Alx+a+yidy fg FN:(Y)'—:KT;T———— a{x+a+y)dy
e~ Ax+Y) - - e AxtY)
fm (Y) —:KT;T—* ‘a(x+y)dy fO Fyo () ;:KT?T——'k(X+Y)dY
_ - e~ Axtaty ) e~ ME+ +y5) &
- Fy(vy) Fylyg) || ATy A(x+AtY ) —TATTS) ‘A(x+At+y,)
Y1V2|Fyi (v1) By (v 0] | -Alx#+yy) o A(x+y,)
N?*'Y1 N?'Y2 e 2
» —-_—]\Wl—y— A(x+y1) —T(_Y—ZT—— ).(X+y2)
> 0.

(3)

Using Basic Composition Theorem,
proof of (2). a
We define

n-
2J

-t

Z*(t) = EJ 1 N if

is proved similarly to the

1.3 J
1TN T 2

<t < EJ 1 N

which means the time to the next perfect repair from the time epock t.

"It is well known that

1
E{TN]

lim Pr[Z (t)<x]

toxo

7o

FN(u)du .

We write the right hand side of the above equality as H;(x) .

Theorem 17, PriN>¢]

, .
< PriN’>¢] for k<¢
PrN>k]- Pr[N’>k]
- —% ,
HN(t"'A) HN’ (t+A) % X '
= —3 T for t>0, A>0 = HN(t) > HN,(t) for t>0 .
Proof
f?;AFN(u)du f?+AFN,(u)du f?+AFN(u)du f€+AFN,(u)du
) = ! < 0.
/tFN(u)du I?FN,{u)du f§+AFﬁ(u)du f}+AFN,lu)dn o
_ ~Alx+r) 1
Noticing & hat JU:\ { }o= .f((? — (v ‘:‘LHN (e ) y we have b}," Theorem
3 4 e FA >

4~ . - pu
17 and Lemma 3
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"Theorem 18. PI‘[N>£] < Pr[N,>£] for k<t , I‘E—A(t)‘ . DMRL
Pr[N>k] Pr{N'>k}
] = fg ﬁN(x)dx > fg ﬁN,(x)dx . o
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