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2TERHRBIIBILLUVLAEEEFEHANRRS2 HFER
NI I3EROEEE BN
o MK F g H £ A
(Yoshihito TOMITA)

1 98 34F. M.G. Crandall & P.L. Lions W 1RBHEH>FHFER
WX UTHULVE-EME®R (viscosity solution)-OE S 2 H AU L
([21)s T <CHER. COMEBEOD2REHRAL2FEANODERRELIED
Lions HH WX & » TR EHh. stochastic control BB F 3
value function M IS U %2 Hamilton-Jacobi-Bellman A & X O k5 #%
BB TWLWAZEPREAL((AIID,. BXHHARLE> T, —~£0D 2
BREHAMERBR>P AFERAOMMRBLEETMWRAETHOE R XDBIR
b TE 2 ([1,4,7-10,12-151),

ABETEH. REAFABERAWRBT 2 range condition WH YT 2 HFER

u + H(Du) - Au = f(x) in RN
EALEDPV I UE. BHEUREBEHSHRESFBERCH T 28T
ﬁ@ﬁﬁt—§ﬁ§%ﬁf%oﬁgﬁ(UHH@Lf#@)@ﬁﬁﬁ\
MAEE. *Eﬁﬁ@@—*ﬁﬁbﬂﬁii‘d‘%ﬁgﬁﬂ)ﬁ AEDOBEERLANS
e (H—BEHORKRYLT BT I XTQﬁTETfu& Td b,

BB, ABORNELE. %%@H’EEW‘AE&.#GTT Wisconsin j($
2B W T M.G. Crandall, R. Newcomb Wi B & T > HEBE T K
Z2H5DTHBZ2 MW >TEL,

§1. ‘it OERK

27 RN TRIALVAEBEKOUNERS HER

(1.1 u + H(x,Du) - Pu = 0 in RN

PE X2 4., ZTZT Du = (U ..oy ), BEWMS>ITEHE P :
k ' 1 N _

— au
Pu = 2 Py 3%, 3%,
i,j=1

WE R R E Py (0 b5, EH Az 0 BFEEULT

N
2

. . = (p.. , 0= . £, =
(1.2) (X)) = (P (x) shﬁf”mﬁglsma
(x,& € R



02

Rk T TS5, BB H: xRV » R BEHERELES AT,
HO pRDODVTOHBMEBRLBEAUTKRDODI2OBEARAY T, ThEh
RIEUTHEROFEE: —BEMHERFARIZIZIER UV &I,

(H1) H X p 2 W T Lipschitz B TH 3, ¥ RhHB. EH L >0

BEEUT
IH(x,p) - H(x,q9)! = Llp-ql (x,p,q € RN)
WML T B,

(HD) HE p DOVWT—HBERTD»Z. ¥ bbb, EHE n(-) BE
EUT -
JH(x,p) - Hx,q)! = m{lp-ql) - (x,p,q € RN)

WK IZLT B,

(H3) H Ipl OZHADODEIDIRBREFH L2 T 2, ¥ bbb, EH K> 0
m>1 BEEULT
lm-l im—l

fH(x,p) - Hx,q)!l = K(lp

+ lq +k1)lp-q!

(X,p,q € RN)

WAL T 5.

T, THHUEREEMD 2ENEDS, COLDRRRORLT 2 H A

¥%2 : 02 RN OBMEAS L. u:0>RET B, HED x € 0
wH U T. (p,A) € RixsN

u{y) £ u(x) + (p,y-X) + %(A(y—x),y—x) + o(ly—xlz) (y=»x)

B@ERTEX. (p,A) €D U THBEETHEL. F 1.

1

uly) 2 u(x) + (p,y-x) + 5(A(y~x),y-x) - o(ly—xlz) (y=x)

BROITDE X, (p,A) €ED°° w(x) THZEEET 3.
%ﬁ@ﬁﬁ@%@bfxﬁﬁﬁﬂﬁﬁé\ﬂd)&@Aﬁfﬂw
nonlinear 2 B#& M HFE R

(1.3 F(x,u,Du,Dgu) = 0 in @

WHUTEZ2TELS. 22T F : oxRxRsN » R WHHA. ¥ 2b B
F(x,r,p,A) < F(x,r,p,B) |

x€Q, rer, per’

A,BesN, Az2B
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TH BT B, 22T A2BUTARTD y € R

(By,y) TH BT &R EXT,

X U T (Ay,y) 2

EZIEHEBROEE [11D
(I) B u: Q>R M |
(IYu X QORBLVTLEREFERB LR u.s.c. EFEHELHITH 3.

(i) FEO x€Q EEED (p,A) € D’ u BHUTKROD
FERXBEY LD
F(x,u(x),p,A) = 0 .
Bl X, 0 llQ.3)OE MM (viscosity subsolution)
THarE&EVDH, ‘
(I11) BA%¥ u: Q>R B : :
(DD v QORBOLVITREER LUK 1.5s.c.) TdH 3.

(i) FED x€Q EEED (p,A) €D ux) BHUTKRD
TEADBKY I D
F(x,u(x),p,A) 2z 0.
E@h T EX. u W (1.3) DB MM (viscosity supersolution)
THHEWVD,.
(11D EHEBEH o« PA.DOHLH > EHRMUEBTHISEE. v X1.3)
DM (viscosity solution) TdH 3 & WS,

ARTUERIOERTORMUEBRERAT AN, THI1EHER
ROoE&RDBEISAHOVBN S,

THZEE2HMUEBBOER) ,
(I) u:Q» R BRDD),(iYBRHEHELETEX., 1.DOBZHHERELD,
(i u 3.Q T u.s.c. T» 3.
(ii) fFED ¢ € C2(Qv) & u-¢ OB E xO EQRMUTEHAN

YD

2
F(xo,u(xo),DvJ(xO),D ﬁD(xO)) £ 0.

(II) u:Q» R BROD(D),(ik@MhTEE, U.HDOEBHEHEEE VS,
(i) u & Q C l.s.c. CT& %.
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2

(ii) FED ¢ € CT(D & u-9 OBMAR x, € Q0 XHUTKRA
WY LD
: 2
F(xo,u(xo),D@(xo),D ¢(x0)) 2 0.

T€EC BU.DOHRYREKTOBRSI. u XD
MTHB3ZLWBEBEBThOH» S,

TETEXIAHRAOD—BEHHBELEROELES>SRZELIWVLVEZS: P DR
¥ pij(X) & H=H&,p) B x WOV THE YA (technical’®) & #

BimhEhTWi3E&T 5@ 2THFULSERS)), u 2A.1YOH MR,

VEA.DOBMMEM TSI LRET B &, hREER O/E x
T ux) s vix) PBOVUDHIZRRETSLDO. (u-vH)x) O Ixl » «
DEXDOEKER HL),H2),HHD 3 D2DHFHWIH U T (F4 Ebestid)
REX®BZ &, ‘
BE. BREPSA 1 OEHGEHBOI I ATORBERAMUERD —
BTl HR-ZEHIN,BEHITI OMEBD 3.

HH-Lions OF R

HREHTD fully nonlinear HHHMEKL2AFAERX 1.3 @ F
& EHRODVTIWE. FHIZF . P.L. Lions R EB3 T T L L
HEDDS, CORBUALABLECBLTCHLEANRBEH AR LT O TR
NTEKL

OWRHERHEHEUL. (1.3) ® F RUKRDERER B <
(F1) EE®R<mmﬁbT\q1>oﬁﬁEbf

F(x,t,p,A) 2 F(x,s,p,A) + rR(t—s)

(x€Q, -Rsss t<R, peRY, aes™) .

EE@o<R<mmﬁbTéﬁEw#qmﬁwfﬁﬁEbr

(F2) IF(x,t,p,A)-F(y,t,p,A)I| = mR(lx—yi(1+|pI))

(x,y€0, | t1<R, peRY, aesNy,
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Y&
(F2)! lF(x,t,p,A)—F(y,t,p,A)l < wR(ix—yI)

(x,yGQ,ltlsR,IplsR,AesN)
BREYILD,

SEM O (Ishii-Lions [81)
(F1) 2 RET 3. u BA.DOHHUER, v RA.DOEBRKRMERE L.,
ROWMHXBUHDBEKOL>TVBEET 5:
(i) F & (F2) 28§k 7 ;
(ii) F & (F2)' 2k U u, v O3B0 REL—FHBD
Q BWVWTEMLipschitzEHR Td 5.

D&
W) -v(x) £ sup  (u' O-v (x))" (x € @
] X€3Q
BT 3., 22T
u*(x) = lim sup udy) (u @O u.s.c. envelope & WD),
y2Xx,vEQ ,
v, (x) = lim inf v(y) (v @ l.s.c. envelope & S ).
y?Xx,y€Q '
§2., —&EH

FERX (1.1 KT I3HMERO—-FEMHERLIRD technical RIRF D
HLETER 3, ' -

S0 = (s, W S(x)% = P(x) = (b, (x)) BWRT

FEHATH T, B 6 OFFHGIder EH TS %,
(TC2) 1 E®D ORCo WX U T, EEE 0p () BEEULUT

(TCl)e

IH(x,p)-H(y,p)| £ 0 (1x-y1(1+1p1)) ((X,y,P)GBRXBRXRN)

BERr T, 22T BR={x€RN; Ixl £ R }.

H=Hx,p) HTBIEH HH OdbETUH. KATERTH S 2D
DEH a, b PHET %:
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2.1 o o cLralran’? b o _A(N-1)a

: = — 2A ’ = T L+2ah

ER 1

(H1) 2IRET %3, u BAUA.DLDOBHUERE, v Q. HOEBMEEEU.
(2.2) Tim (uexr-vxnte 21X 4P 2 g

, Ixl=w
BRYVVLDET B, 2OL X
(i) (TCl)e=1 & (TC2) DB & T

(2.3) usv in &N

WK T B,
Hﬂu,v@ﬁﬁ*ﬁﬁ%ﬁiMmMMﬁﬁ?&oT\Wm%

w%)ﬁﬁbiﬁﬁéﬁ\wﬁ)ﬁﬁi?%o

EH 2
(H2) 2IRET %5, u 2U.DLOEHEHHER, v 2A.HLOBMHMYEEU.
(2.4) Tim (we-vaxn e %l 0 (T 30 wHUT

Ixl >0
BRYID2ET S, 2D& &
(1) (TCLY,_, & (TC2) DHET. (2.3) BHILT 3.

(n)mv@ﬁ%*ﬁﬁ%ﬁlmmmwﬁﬁ?&vf,me

w%)ﬁﬁbﬁom . 2.3 BEYT 3,

EH 3

(%)t(mnew%)éﬁi?%ou& (1.1) OBHBHEM, v 2

B HiLipschitzBH % (1.1) OBMMERE L

1
(2.5) 1im ess-sup (le(x)l+<u(x) vkl Moo
R I|xI|2R
BEOILDORS u\ws)ﬁmii%mbwmmmmmuﬁﬁf&o
5T, Dv 2 Du EBUVLE (2.5 BHEOT-OBR . PRIV (2.3

ML T B),
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8 HE->2T. LROEHI-BEURDIEREKT 5,

cn(m>®@&Tm‘m&”Hmﬁ>umm)maazﬁﬁﬁ
Bl —BEWNTH 3.
(ii) (H2) Db & Tl ZHADI S ATHERI-—ZEVNTH 3,

%
(iii) (H3) O d ETW. oI ) OV S A THUERBE BB T

5%2. PEU 0 = n/m-1).

XTHWTH 2P, TEI1-30THOFHUARAUTH 3., TR

HhH. FEO RO LHUTRD2.6),2.DO5ErT RN & X h
7 B ¥ z2gp (%) PHRKT 5 ,

(2.6)  vezp W RN FeBswT (1.1) OBHBMET. Ho.
u =< v + zR on aBR .

2.7 HEDO xe RV BEEFTBEE. limz(x) =0 BHEYITO.

, R» R
CD& X, (2.6) & Ishii-Lions ORFRGEE 0OIZ LY
u(x) = v(x) + zR(x) ' (x € BR).

FIT (2.7) RES>SE (2.3) BE>h B,
£ 81 @EH g we @Y EREUT. vew BU. DD
BHUEBERZTHRERERD LS.,

(P, A) €D (vt (x) T B . wecthRY) THBH >

P = Py * Dw(x), A = A, + D2w(x)

BT S, BELU (pO,AO) € Dz’_v(x). B w M convex &9 3 &

DPw(x) 2 0 ¥R 3. IRELYD AI-P(x) 20 T3 3D 5

Tr ((AI-P(x)) (D®w(x))) 2 0.
- T
Awi(x) 2 (Pw)(x).
=X
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N
F(x,r,p,A) = r + H(x,p) - 2 pi.(x)ai.
i,j=1
r + H(X,p) - Tr(P(x)A)

(EU A= (a“.n CRLEWRT B, TOE X, (H) R fH>S &

F(x,v(xX)+w(x),p,A)

2 F(x,v(x),pO,AO) + W(x) - LIDw(x)| - AAw(x)
BHBOI>NBZ3DT. FH. wix) ¥ convex T
(2.8) Ww(x) - LIDW(X)| - Aw(x) 2 0 in RN

BT &R, vew B oD ODBHMBBEI D, 22T, BRKED
HEDKEEVL (2.8 O radial BRER DT LS5, wix) = GUixl) &
BLVT. G BEFABmME T S (2.8 &

(2.9) G(r) - (L + ﬁ—mfi))e'(r) - AG''(r) 2 O
ERB.r =0 OIFFERBELT
edr 1
G(r) = —5=(1 + s )

r
B 2.9 ODBRTHIA2IENHETHED»PDOINSIDT. 2D G(r) %
[0,0) ¥ T G'(0) =0 HD convex OMHELE2BRLETCEHEET S5, 25
UTHoh 3 Gry W (2.9 I pESHTHTHEIN., +2 K&
RKEVLVEOEEK C 2MAh G+C M (2.9) OMERBZ LDWCTX
ZHFRAOBEME D). G(r)+C BH DT G(r) ¢ FLZERT AU

w(x)=G(lxl) W& (2.9) ®IE, convex, radial 7%

EBHD T3S,

¥ e
a(R) = sup (u(x) - v(x))+
Ixi=R
- a(R)
zR(x) = SR G(lx!)

EBLEE, vez
SEBHE BH B,

E W 2 O3t RE H2 S, EFED >0 RN U TEH L >0
BEEULT :

Zp BEFELRFHhC.6), 2.2 HEITOTEHEIOD

R’

IH(x,p) - Hx,@)| = L lp-al + ¢ (x,p,q9 € RV
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BHRIOVYD. TEI1OHMBEELHABKFLCEDZEXRDODZIELMPS: B U
wg(x) »n RN T convex T. HD

_ _ . N
ws(x? L8|DWE(X)| AAwE(x) 2 0 in R

BERTROW. vivgre W R WBLT 1. OBKUBE RS,
L % Ls TEEWPAE (2.9) OIE, convex, radial L@ % Gg(r) &
c‘:b{ws(x) =G (Ixh) &8, ¥

zR(x) =E —=— G (Ixl) + ¢

EBLEL vez, 2p W 2.6) & 2.1 BERTOTEERD xR %

BElEU Rro T HIE ux)svx)+e YD, e OEFEEHEEREZ
Eh¥ 3L (2.3) BE>Hh B,

ity

ETE 3D
FEEULT

—

B IRE (2.5) »BIFEED >0 KN UTEE C, >0 B

%
IDvix)l < elxi™ "1 4 C, a.e. in RN

(EU o s/ m-IBRYTD. BED S

ES
2,- — m -1
(BysAy) € D7 TV(x) — Ip,| < &lxl + C,.
FEI1OTHEABER. we cCRY, (0,4 € D' (vewd (x) & R3E
7 3 & i

F(x,v(x)+w(x),p,A)

2 W - K[lpomw(x)l‘””'1 + lpolm’1 + 1)1IDw(x) | = AAW(x)

: v - K((cm+1)|§0!m'1 + lelem-l + 1) 1Dw(x) | - AAw
2zt Ipgdwl™ s ¢ lp 1™ s IowI™h . Holder O F B R
k0. €e>0 2+l Ehid

K(cm+1)|pol""1 < K(cm+1)cm(e"’"1|xl + cg'lj

A

vIixl + C - K
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ETE3, 2T T C=CEN0 WEKT »o i vm<l B RTER
THB. > T wix) B convex T

(2.10)  wex) - (vixl+kc_IDwI™ 14C) 1Dl - Adw 2 0

P EAO5RCEBRNRE. viw B (1.1) OBMNHEBRERE, 23T

N _
G(r) = ar® (r=lxl=e0 ODOEFEWLX BV T) @%@»(2.10)0) convex 73

C-BRAROUZIENTES, RERSU.

* *.m _m-1 C*

ar™ (1 - vm* - KC_(m )"« - =2

o ACN-Dnfent a1y,

2
r

T LB, EH a0 %

KC_ m® ™ 1 - yp*

B d E @I T LIV, R G(r) # [0,0) F T convex,
G'(0) = 0 ERBEDRELIRUV. (2.10) BV ID2LH IR +HAEL
EHEME B E. wix) = G(xl) ¥ radial THD (2.10) 2k ¥,
AER UL

_ a(R)
zR(x) = G(R) G(lxl)
&8<tquzRM%n%n(Lm,mﬁ)&ﬁkiwﬁiﬂaw
LI BH %,

& KSE (H3) O ETURDODHBVRT ISR, —BHENKILT

E 3
22352 oIxI™) THBZ32EPRELEYEY LV X B3I,

- *

m -2
m m*—l
-1 s m* ™0 | B s —N-D)1p] if Ipl 2 m*
* * m-1 *
m m j _m -2
H(p)=1 m* m*-1
2 : *
- ———L—Pl—*—— + Nm*(m*—l) - —Ln—:—-l— if Ipl < m*
L 2m (m -1) v 2(m -1)
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THBH LT B L X.

* m
[le+ m;__g_]‘ . if Ixl 2 1
m- 1 ' m*- 1
u,(x) = : :
1 n*m*- 1) 2 m*- 2 1
’ 2(m - 1) m -1
B iU
%*
U, (x) = - NmF(m¥- 1) + _m_;;_&_
2(m - 1)
Edk
u + H(Du) - Au = 0 : in RN

*
O C-BTHD oUxI™) D75 AREBULTY 3.

X ./kE HD 0dETE. 0 *x1®) 0 s apn—wH
R EXYUXUDISATCHBEI RO DD 5
1

(2.11) u - Liu'l - Au't = 0 in R
PE2 %, COEE (2.1) TE&HXNS a, b (b=0) & UT
_ ax -
ul(x) = e , uz(x) = 0

BEBR (2.11) OBRE->TVWB2E &0 o X410 i —
BEHUEBOYIER L,

EE1-30F% 1.1 ORHLVIEROFERRERZXLTH LD :

Qful = u + H(x,Dw - Pu = £(x) in R\

TZT £(x) WEHKBEBTH 3. u, v #EZLEH Qlul = £(x), QLV]
> g(x) OMMEBTHS., EFH1- 3K UTHEREZHE (2.2),2.49),
(2.5) O3B —2kEHRLTV S & &

W(x) - v(x) £ sup {f(x) - g(x); x € R (x € ;Y

Bk ETh %,
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§83. HE

COHMTE A.1) OHMMEROFEERFANRSE, ChR2VTH—E
D& XEMBHBFIZ. H=HE,p) XT BIRE (H1) - (H3) KU T
RRWBER>TL B, (H2) OBAELPIHED LD,

EH 4
(H2), (TCl1)

FHEULUT
N

(3.1) IH(x, 1 = cixI® + 1) (x € ”RY)
ﬁm@ﬁoméw\QJ)mﬁﬁﬁﬁﬁﬁiéoéem%ﬁﬁm

= (vecR®Y ; Ivix)l = const.(I1xI® + 1) on RV

KBVWT—EBTH %,

g=10 (TC2) BRET 5. UEK C >0, >0

at ¥ Perron DA FER &K 3. (1BOABRACHTIHUROF

EHEHOLDWEHEHHBERKIE Perron OFFE2BEHEILEN. 2THhiZ20
T 61 2BV, ) X7

(1.1) OBHERE U, BBUEM u (o, T € CRY) »
(%) BEUTHS . u-u BDEE20RERHERL T

f.eer  Tip @ - wxnte Xl oo Meroy

Ixl=00

PRERELVLEXD. 2OEE,

B=+(vix);vid (1.1) OLMEM®, usvsu on rY 3,
u(x) = sup { vi(x) ; v € 8}
B L EE.
W x) = Tim u(y) It u.s.c., HD ((1.1) OBHEH®
y*x

T52DT-u €B TH2. HoT uDEHERLY J® £ v

YR B ux) suTx) BWHPEDS v =u. Fh.

u*(x) = lim u(y)
y2X

B (1.1 OBNMEMBMTHZZER (6] CEABRULTTRYE S,
WKLY ZDO2DRDODAEKNX

< £ - S——
u<u <u, u u, £ u u on R
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CEET R, EE2RBATACENTET, usu, HBB5H

u=u, EMOER.uECRY W A.D OWUBTHIZEBTS

NB. Cx) BEES. RE H) OdETUE. BHREHK L > 0
PREBATY LI
| IH(x,p) - H(x,001 < Lipl + 1 (x,p € RY)
S TE2, d»U ux) » convex TH=D
(3.2) T - LIDul - AT 2z clxIi® + 1) + 1 on R

kT ReE. v i

3.3 T(x) + H(x,DU(x)) - (PW(x) 2 0 in RN

B R T, ux) = (c+DIxIP WEHT 3.2) RERLTDOT. VOB
DEHDW convex ODHE LR LT TCLEBRELIREL. +HREXVEH

M AT u B convex,H D

0 £ u(x) < cl(!xl“ + 1)

Pk d (3.3) O ux) PHEBT AIENTER (B c, W
EH). R HHEDHEW LY. concave THD
02 u0 = - ¢ Uxl¥+ 1);

u - H(x,Du) - Pu € 0 in RN

Pl u PEBTES., 2T (xx) BRI IEVTELDT
FBAOHRBEEIBEH 5.

8 H=H®&X,p) BIRE (H) 2@ALULTWBE EX, BHSHIZ (HD
&iﬁﬁfz@‘@'@, FTHAE HL ObETHBRILT 5. B, (HY @
HETWHBBHIDPUVRVEENE>N S, (3.1) i

alxl

. o
(3.4) IH(x, 001 = C — e (xl z 1)

(2P U C0 WEBIXED» A ENTEDL, 22T a, b ik 2.1)
CTHEZo0hEEX.  WEEODEDEKTH S, EE. HHOd & Tl

(3.5)  lH(x,p) - H(x,0)| = Lipl (x,p € R
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BHRYLT H5DODT. (1.1) @ Cz—surbsolution u, Cz—-supersolution u

PROFMERIDEER T 22 BT X 3:(3.4),03.5) &8 G(r) B

ar

_ (N-DA ., e . e
(3.6)  G(r) - (L + — JG'(r) = AG''"(r) crb+8+1 > 0

BT Ral. ux) = GUIxl) I} supersolution &R 3 PB. Lo B
DEIW r=00 OFEHET (3.6) 2MIE+HTHB. I

G(r) = earr—(b+(8/’2))

EBWOVT. TD G(r) 2 (3.6) OKEVBRRAT A EFHDKER r>0
R UTKROAEAMBKY LD

(«L+2apn)

~

8 _¢ _ _¢C
2 r r8/2

e
rb+(8/2)+1

J > o,

2T

C=;A(b+%)(b+%+2—N).

BRBCHKE H3) OBETOHEMBELELS. CAZOHEARS
FTOHEAEBRFHERS, BERSIE. (H3) DL TOUhUEKEH
(EE3) WBVTWE u X v o R ED—FW regularity &
BT BIRE (2.5) BRUTL DB, 5D &I 3 regularity
BLAHROCEHEHILIOE S CPerronD AE2BEHFES I ENTERL,
DT THENSZFEEEOHMEIPIBOhIHHERIBIIIEF/S D
BRETH—ETHBIEBRTHB30THULUEBDBULAIVERS .

ULhULRBa, (1.1) KVRBURETHIZIRXROFERER2EZTERX B2
*wed 3,

(1.1)" u + H(Du) - Pu = £(x) in RV,

CCT P UEBRBOEHEERAETH %5,

%5 o
H=Hp W (H) 2#H 2 L. P REBBRKET 3.1 s 14 <n* &
£ ¥ <, BEEULUT :
(3.7) 1t - £l s e B hx-yl x,y € B
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(PBEU R21D BROT2ET S, coEx. (1.1)' W& ouxl®)
DV ISAT—BEHREERED D,

SF B ngRN@6¥%11®KBn«®rwm1m%%t?

_ { X if Ixl = n
TnX =
« nx/ x| “if Ixl 2z n
FERX . 2ROFER:
v (3.8 U + H(TmDU) - PU = f(TnX) in RN
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