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Approximate Analysis of Nonilinear Problems

by the Generalized Boundary Element Method
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(Nobuyoshi TOSAKA)

Abstract

The aim of this paper is to extend the boundary element method
recently being used in the linear problems to nonlinear problems.
The approach ,which is called the genéralized boundary element
method, differs from the hybrid integral equation method (or the
boundary-domain elements method)developed in our previous papers.
The new method is based on the set of boundary integral.equatiohs
for subdomains of the original domain with use of the fundamental
solution for the linearized nonlinear differential operator of
the prohlems; The resulting system of quasi-linear equations is
solved by using thé simple iterative procedure. In order to show
the workability of thé theory proposed here, numerical examples
on the nonlinear chemical reactor problems and the Plateau pro--

blems are presented.
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BEHS” —RILEh RBERERE” ( Generalized Boundary
Element Method ) & &M & %, |
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DDHETHWLSDBDET %, 2 U. f Wgiven function. fFHEB
HERMAAZERRT S0 U, G Whirichelet data. @ W
Neumann data& 3 %, |
CCTHBEFHREAELT. BroMEOREET IRZE D
ZRDEIBBEEHNBEETACLEULBALEREOANAETYN TS %5,

A(u)=Lu+N (u) (a)
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TABLE 1

Numerical Results (a=6)
[ Boundary-Domain Element |Generalized Boundary Element
X Exact n=4 n=10 n=20 n=4 n=10 ‘n=20
0.0 }{1.00000 .00000 1.00000 1.00000 1.00000 1.00000 1.00000
0.1 ] 0.82644 0.82725 0.82665 0.82595 0.82632
0.2 ] 0.69444 0.69556 0.69473 0.69376 0.69472
0.3 0.59172 0.59289 0.59201 ‘0.59100 0.59154
0.4 }10.51020 0.51132 0.51049 0.50952 0.51003
0.5 | 0.44444 .45020 0.44543 0.44469 0.44067 0.44384 0.44429
0.6 1 0.39063 0.39145 0.39083 0.39012 0.39050
0.7 0.34602 0.34666 0.34618 0.34563 0.34592
0.8 | 0.30864 0.30908 0.30875 0.30838 0.30858
0.9 ] 0.27701 0.27724. 0,27707 0.27687 0.27697.
1.0} 0.25000 » 25000 0.25000 0.25000 0.25000 0.25000 0.25000
0 0.5 X 1.0
Present
1 ¥%: n=b
-0 : n=10
X : n=20
u
— Exact
-10
Q.5
Present
du ¥ : n=4
dx -0 : n=10
xX: n=20
- —Exact
°o os b 0 -20
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TABLE 2 Numerical Results (o=103)

Boundary-Domain Element Solutions

X

X n=4 n=10 n=20 n=50
0.0 1.00000 1.00000 1.00000 1.00000
0.1 0:24639  0.20980 0.19427
0.2 0.09984  0.08503 0.07948
0.3 0.05295 0.04612 0.04368
0.4 0.03412  0.03050 0.02923
0.5 0.03821 0.02692 0.02466 0.02388
0.6 0.02696 .0.02510 0.02447
0.7 0.03427 ;0.03205 0.0313]
0.8 0.05333 0.04986 0.04867
0.9 0.10083 0.09511  0.09299
1.0 0.25000 0.25000 0.25000, . 0.25000
Generalized Boundary Element Solutions
X n=4 n=10 n=20 n=50"
0.0 1.00000 - 1.00000 1.,00000 1,00000
0.1 0.13302 0.17613 0.18824
0.2 0.05954 0.07345 0.07746
0.3 0.03491  0.04104 - 0.04279
0.4 0.02462 0.02786 0.02877
0.5 0.00993  0.02104 0.02304 0.02360
0.6 0.02225 = 0.02380  0.02425
0.7 0.02875 0.03054 0.03106
0.8 0.04465 0.04747 0.04827
.9 0.08546 0.09080 0.09266
1.0 '0.25000 0.25000 0.25000 0.25000
Present
+: a=b
» : n=10 X
sians  -1ee
X
du Pregent
) dx + : n=4.
»: n=10
X T X -200 o: n=20
gf s n=50
Mg ®®™ i
+ 0.5 X f 1.0

g

Bl 4 Comparisons in a=103
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Re2ka@®a={(x, y) 1 0sx, y<1} GHULT=Z
23'2, z2TH. HAERMH (165). (16) &UTs

u (0, y) =10 , u(l, y) =0.25 (33)
1) =0 (34)

qa(x, 0) =q (x,
25 % 3,

53 BL0EH  QEBVT. vREQTHURZ —~FTHEELT B
W VR (14) %

Viu=avu in ; Q (35)
EBELT S, COARIHNITIHRAMAFERAZRIROLIS>RRE
Zoh 3,

_ dw* (%, ¥)
C(y)u(y)—xu(x%—Tﬁ—dF(x)
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(386)

—X Bu (X)) os (. y) AT (x)
» i an

PEU. c (YD) BAYRKRETARRBRBEL. EABMw B A E
4

(V2=—av) w*=8 (x-y) (37)
CRWETRENKT VY v

1
w*(x,‘y)=—2nKo(Javr) (38)

EUT526h330TCTH%. KoldlBE 2B O XKL EBessel IR E X
H ¥,

DFTW. BuNEAEBZQO24, 9, 16, 640 IEHHEE
RHABU—FEEERHALa=86, 102, 103kHULUTE>LE
BMEKERT ST TR, |
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Present
1.0 o 2x2
e 3x3
A 4x4
m 8xs8

u(x,0) — . Exact

0.5

0 6.5 x 1.0
Numerical results (a=6)
| i
1.0¢ o 2x2 1.0% 02x2
® 3x3 ' ®3x3
A 4x4 A4 x4
m 8x8 ’
u(x,0)
u(x,0) .
-
Q.5 0.5
A
L
u u
° = |
A ™ A
e B L, E o = N
L ] [ ] A
0 > 0 Q A .. A e T
0.5 x 1.0 0.5 x 1.0

Numerical results (s =10%) Numerical results (a=107)

B5 HEER (22Xl @&)
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4. 2 Plateauf@'s
SRRERMFOGAOL B cRHRETIEREZNOME R
KDBEWVH P at eauﬁﬁ“&i (8 /i @& R ) ’2%;’1%\0 HR
Mg c B 1Milfz=¢ (x, v) THEAOoHh B ELE. c THIN
2@iEz=u (x, y) OEBMAUE

J[u]=§°J1+u§+u§dsz (39)

TE5xBNB. RELQUchkx -~y FEHLEBBULRBBD CH
Tha3x -y FERLEOEBET S, CONBHEOBBEMRIBEDEuerS
BREUTROEBRERASTERA S E DA 3,

Uy (1402 —2u,,uu,+u,, (14+u? =0 inQ (40)
ZZTUW. ZOEUlerFEREROBAEHOLE TR R EMNSE
%% 3.

u(x, vy) =8 (x, ¥y) on I (41)

X (40) 2 MAEB . QTCROES> LEFIT 3.

Uy (1 48B3 —-2u,a+*B+u,, (1+a?® =0 in ,Q (4 2)
BU. o, BR, QW T—EOBHMEE LT |
a=v. . B=v. (43)
TEABNBEH0ET 5. CORBRAABRACHT 3HARSD
BEAEROLS> ML ENTE 3B,
| cu<y>=j”ju<x>q*<x,y)—q<x>u#<x,y>}dr<x>

(44)

+f w0 @ G ) -Q GO W (%, 3} dl (0
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19=3 7 ’ 19 =%
Jd u
Q—Bza n,-— B(auny -———gun,‘)+ozza n,
b ] d (45)
aw?* 5w ow?* » aw”
*x_p2 - + n, +a n,
Q B—a———nx aB ( ” n, 3y 0y

o lkw*rid

wi (1+4B) +wk, (1+a,) —2wi,aB=8 (x-¥)

(486)
&iﬁiiéﬁiﬂtb’C?kCDJ:')CZﬁﬁIZ?‘%C’.&iﬁ'Gé%O
1 .
w*(x, y) = — logR (47)
2naBJd 1 -7
U
~ o B
a=+ 1+ a? , B=./J1+8B?2 ,T=3ﬁ (48)
o
‘2__ 1 (XYL Xe—Yay 1 XY Xe—Ye ®
= ~ T ~ t—— (49)
20-n \ ¢ 4 ) 20+ \ ¢ .
BRTTWE. BRIE2EIIBNEEBSIUV2THN. 23EHET

R ET3BOBMERNUT
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4

Appendix
Nonl!linear Boundary—-Value Problem
A (u) =Lu+N (u) =fina
~ A~
u=u on ru 3 Bu:q on rq
Differential Equation Differential Equation

Lu=f-N (u) (L+vM) u=f
(in Q) (in subdomain iQ)

Integral Equation Integral Equation Integral Equation
kel -k x ! 1
u=I (f-N (u)) u=L (f-=N (u)) u= (L+vM) f
Discretized Form Discretized Form Discretized Form
K+t k+1 k )

Final System Final System Final Systém

x+1 k —
AX =F (u) A (u) X=F A(v) X=F
(linear system) (nonlinear system) (quasi linear system)

Boundary Element Boundary—-Domain
Approach Element Approach
Fig. Conceptive flow and solution

procedure of each approach

Generalized Boundary

Element Approach




