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" A SUFFICIENT CONDITION:- FOR UNIVALENCY

KOICHI SAKAGUCHT (FERAEEARY HWOR-)

1. Introduction. Sakaguchi [1] proved the followiné theorem:
THEOREM A. If f(z)=a zt---, a, #0, is analytic in the opénlunit disk and satisfies
: 27 (2)

(1.D Re —m— >0, 1z |<1,

’ f(2)-f(-2) '
then f(z) is univalent and close-to-convex there.

The condition (1.1) means that for every r in 0<r<l the point f(-2), ereéﬁ’ is in
the left-hand side of the directional tangent at the point f(z) of the image curve of
the circie‘{z; [z |=r} uﬁdef the function f(z). This fact follows from Lemma of Section
2. The function which satisfies the hypotheses of Theorem A is said to be starlike with
respectylo the images of symmetrical points (or with respect to symmetrical points).

In this note we shall extend Theorem A.

2. Lemma and definition,

We’denote by U the open unit disk {z; 'z | <1} and by C, the circle {z:.Iz | =r}.
Further we denote by C¢(r) the image curve of C, under a function ¢ (z).

LEMMA. Let & (z) be analytic in U, and let z move on C,. in the positive directiqn.
Then a necessary and sufficient condition for a point wp to lie in the left-hand side of
the directional tangent of C¢(r) at the point ¢.(z,), l'z,|=r, is that

2,6 (z,)
@.n Re —— e > |}
P (z2,)— v,

holds. |

PROOF, The following inequality (2.2) is evidently such a necessary and suffici-

ent condition,

ldo ()], _,
2.2) 0 < arg ——— < @, |z |-=r.
¢ (zl)*wo

-1 -



Rewriting., (2.2) becomes

iz, 7(z)
2.3 0 < arg Py <m,
which is equivalent to (2.1}.
N DEFINITION. Let both f(z)=a z+--+, a, #0, and g(z)=b,z+---, b, #0, be analytic in

U. Let z move on Cy in the positive direction. Then it follows from Lemma that a necessa-
ry and sufficient condition for the point g(z) to lie in the left-hand side of the direc-
tional tangent of C;(r) at f(z) for every r in O<r<l and for every z on Cy is that

_ 2f 7 (2)
2.4) ' - Re —————— > 0, z¢eU,

f(Z)-—ﬂ(z)

holds. In fhis case Iét us say f(z) to be starlike with respect to the function g(2).
Therefore the function f(z) in Theorem A may be called star]i#e with respect to the func-
tion f(-2).

3. Main result.

As stated in Theorem A, a function f(z) which is starlike with respect to {(-z) is
univalent. However in general, functions f(z) are not necessarily univalent even if they
are starlike with respect to some functions. Concerning this kind of problem we have the
following theorem.

THEOREM. Let both f(z)=a, zt--- , a, #0, and g(z)=b,z+---, b, #0, be analytic in U.
If f(z) and g(z) are starlike each other with respect to g(z) and f(z) respectively, then
both f(z) and g(z) are univalent and close-to-convex in U.

PROOF. From the hypotheses we have

2{ 7(2)
3.0 Re ———— > 0, zel,
f(z)—g(2)
2g " (2)
3.2) Re ———-—— > 0, zc¢U.
g(z)—f(2)

llence we have
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z(f7(z2)—g”(2))
3.3) Re > 0, z¢el.
f(z)—g(2)

On the other hand we see from (3.1) that z/(f(2)- g(z)) has no pole in U, so that a,- b,
#0. Therefore the function f(z)- g(2)=(a,- b,)z+--- is univalently starlike with respect
to the origin, and so is g(z)- [(z) also. Hence (3.1) and (3.2) show respectively that
f(z) and g(z) are univalent and close-to-convex in U.

REMARK 1. Let g(z)=f(-z) in this Theorem. Then the conditions (3.1) and (3.2) beco-
me equivalent each other, and so in this cése our present Theorem reduces to Theorem f.

REMARK 2. We can consider various univalent functions f(z) by adopting various fun-
ctions as g{z) in this Theorem. For instance the author is interested in the case that

g(z)=f(cz) or g(z)=cz.
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