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An inequality for analytic functions

D.K. THOMAS (W =x—JLXK%¥)

INTRODUCTION

Denote by A the class of functions which are analytic in the unit disc
D = {z : |z| < 1} and are normalised so that f(0) = 0 and f'(0) = 1.
In [3], Obradovi¢ showed that if f € A and satisfies Re f(z)/z > « for
a < 1, then
l-a
3+ 2a

a’+1 : a—1
za+1/0t f(t)dt > a+

Re

for a > —1 and z € D. This result, (which is not sharp) was then used -
by Odradovi¢ to establish certain non-sharp lower bound estimates for
the real parts of some integral operators of functions in various classes
of univalent functions. |

In this note, we prove the sharp version of Obradivi¢’s result and give
a generalisation. The method is quite elementary. Other applications of
the method have been given in [1] and [2]. |

REsSULTS
Let f € Aand z € D. For n = 1,2..., and a > —1, define

a+1l [*
L(z) = 2] /0 1L, (t)dt,

where Iy(z) = f(2)/=.
We prove:

THEOREM. Let f € A and o« < 1. Then forn > 0 and z € D, the
inequality Re f(z)/z > « implies

Re In(Z) > %1(7') > 'Yn(l)»
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where

0 < Yu(r) =14 2(a+ 1) a)z G 75273-]1)11 < 1. (1)

1 —
Equality is attained when L(_zl =a+(1-a) °
z 142

ProoF: The case n = 0 is trivial. Suppose that n = 1, then since
Re f(z)/z > a, we have, with z = re*, '

o [ e = o LD < e (1 e
Jo
where Rei(z) > 0 for z € D.

Thus integrating and noting that Reh(z) >

~_pfor()gp<1,it
p

follows that if a > —1,

a+1 [* . 4 a+1 [ 1—p
a > a 1_ , -
Re g /Ot f(t)dt > i /0 p [a—l—( a)( +p)]dp,
a+1 a
- [ <1+21—a>2 ~oP ),

=1+2(a+1)(1 a)zjﬁ:;)j_l

which proves the theorem in the case n = 1.
Next note that writing ¢ = pe*?, we have

a+1 %,
Re L,1(z) = Re /O 1, ()dt,

(l+1 " a 7
= patl / p Re L (pe'’)dp,
0

Za,—{—l " i ( 1)Jp]+“

2(a+ 1)*(1 1p,

J=l
= ’71l+1(7‘)a

where the inequality follows by induction.
Rearranging terms in the infinite series given in (1), shows that 0 <

Yn(7) < 1 and the proof is complete.
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