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GENERALIZED VECTOR MEASURES AND FEYNMAN PATH INTEGRALS

BROKZK - MEZEHF(Fukiko TAKEO)

§1l. Introduction.
Let us consider the following Cauchy problem
3

(1.1) { L ow(t,x) = (-1H + V(£ %) ¥(t,x)

¥(0,x) = g(x) 0 <t<T, X € Rd

where 0 < T < w, g € LZ(Rd;CN), V(t,-) = V(t) with
V e Cl([O,T]; B(Rd)) and H is a self-adjoint operator on a

Hilbert space Lz(Rd;CN).

Feynman{3] introduced the idea of path integral to make an
intuitive representation of the Schroedinger equation. Various
’approaches to the "Feynman integral" have been taken by many
mathematicians. In [1,2,6] they treated the Feynman integral
by considereing the analytic extension. K.Ito [5] gave the
mathematical formulation of the Feynman integral by consideréing
the Gauss measure in the Hilbert space. But those integrable
functions are limited to a Fourier transform of a bounded
complex measure or SO on. In [7], I. Kluvanek defined the
. space of integrable functions which is complete with respect tov
the integrating seminorm depending on the norm of image of an

operator pt. In a special case of a hyperbolic system which
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includes the Dirac equation in two space-time dimensions,

T. Ichinose [4] constructed ‘a countably additive measure by

using the Lm well-posedness of the Cauchy problem and gave the
solution of the Cauchy problem by the Feynman integral with this

measure.
' 2..d N
In (8], we have constructed a $(L(R ;C ))-valued
generalized measure pt on the path space Xt and in case that

V(t,x) is independent of t, i.e. V(t,x) = V(0,x), we gave the
solution of ¥(t) of (i1.1) by the Feynman integral.

In this paper, we shall examine the space L(§,8) of
integrable functions with respect to pt, which is defined as an

extension of a tensor product space and is complete with respect

to a seminorm B8 which does not depend on pt[Theorem 17. L(8,R)

t
includes the function F(X) = exp {J V(s,X(s)) ds} with time-

0 ,
dependent potential V(t,x). We shall also show that there is a
kind of dominated convergence theorem with respect to “t

[Theorems 2,3] though it is not countably additive. By using

this measure “t’ we shall give the solution ¥(t) of (1.1) by the

Feynman integral [Theorem 4]

t
¥(t) = [ dn (0 exp {[ V(s,X(s)) ds} g(X(0)).
: 0

Xy
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§2. Generalized vector measures By oD Xt'

d

For 0 < t < o, let Xt R~ be the product of the

- H[O,t]

d

uncountably many copiéé of R . Let An be a finite partition of

the interval [0,t] such that

An: 0 = tO,n<t1,n<°"'<t2n nét, where tj,n = 2n t

and lét 6n be a mapping of Xt into itself such that

6n(X)(s) = { X(tj,n) for tj_ n< s s tj’n(j=1,2,....,2
- X(0) for s 0

(L

for any X € X,. Let Xt be the subset of Xf such that

X = : g4 ®
X, = { X e X XeC(0,t];R) or X e U ;6 (X)}.

X, » C by

For F: Xt » C, define Fd(n): t

Foipy(X) = Fe, (X)) for any X e &t.

Let B be the set of Borel subsets of RY. For n e N and

B.ec B(j=0,1,+--,2™), put J(B,,B,

j "',an):{X € Xt;x(tj, ) €

n

Bj(j=0,1,---,2n)}. Let J = {J(By,B,,*++,B_); n € N, Bj € B}

1 2
and # be the field generated by /J.
Let {Ut}teR be a CO—group'of unitary operators on
2,.,d. ,.N, .
L°(R;C). For J = J(BO.Bl,---,B L) € J, we shall define an

2

operator'pt(J) € &(Lz(Rd:CN)) by
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2,.d N
(. (J))g =U_. X U, =*++U_ X, U_. X, & for g e L"(R;C ),
t 8n an 8n 8n Bl 8n BO

where X, is a multiplicative operator. on LZ(Rd;CN) by the

B

characteristic function of the set B and 8n= Then B, can

N |t
5|

be considered as a finitely additive £(L2(Rd;CN))—valued
measure defined on ZF.
Now we shall consider the integral with respect to this

measure h .

1 Ixl S m ' d

Put Xm(x) = { 0 Ix] > m for x € R

For a e CN and J « J. we shall write

(2.1) pt(J)a = s;iim pt(J)(AXm)

if the 1imit of the right-hand side exists
and we shall naturally use the integral as follows
(2.2)  p (Da = J'X dp (X)X (X)a.

t

For J = J(BO,Bl,.-;B n) € 4 and relatively compact set
2

CePB, put J o C:=J(B.C,B,,**,B ). Then we have
0 1 2n

(2.3) pt(J o C)a = s-1im B (J o C)(axm) = pt(J){éxc).

m-o

Let 80 be the space of F-measurable simple functions on Xt'

r —_

_ 2,.d. N, - N o .
For g = L., X, €L (R™;C) (ak € C and C, € B is

k
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. : ~ q *
relaﬁ}ely compact) a?d ¥y = Ej=lanJj € 80 (aj e C and Jj € ),
we have

[. an 0 w0 exco)) = 5300 () @ )
Xt k

by using (2.2) and (2.3).
Let B(Rd) be the space of complex-valued bounded Borel

measurable functions on Rd and B(Xt:®n,An) be the space of

compléx—valued functions F on Xt for which there exist m € N

and functions fj kK € B(Rd)(j=0,1,--f,2n and k=1,2,---,m) such
o Pl .
that F(X) = Hj=0 fj,k(X(tj,n)) for any X e X, qulpped
with m-norm:
m 21

where the infimum is taken over all representations of F and

IIfHco = sup {|f(x)]; X € Rd}. Let B(Xt;®",ﬁn) be the completion
of B(Xt:®n,An) with respect to m-norm.
v . 2.4 N, . ,
For F € B(Xt'®n’An) and g € L°(R7;C’), there exist

sequences {Wn} - 80 and {gn} of CN—valued simple functions on Rd

such that 1lim _ I¥ - Fl_ =0 and lim , lg - g I, = 0.

So we shall define the integral of F € B(Xt:®n,An) by

(2.4 [. au () FXO g(X(0)) = s-1im . an 0 9,00 g xc0)).

t n=e t
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for g € LZ(Rd;CN).
This is well-defined since the right hand side of (2.4) does not

depend'on sequences {Wﬁ} and {gn} but only on g and F. We

shall define the space B(Xt:®") as the space of complex—valued

functions F .on X, such ‘that F

. 5(n) ‘belongs to B(Xt:®n,An)

for each n € N and sup | < ®. We shall define the

u Fsm) I

seminorm R on B(Xt:®n) by

~B(F) = sup IF
n )

for F € B(Xt:®n).

A subset C of Xt is said to be B—null‘if XC € B(Xt:®n)

and B(XC) = 0, where XC is the characteristic function of the

set C. For functions f, g on Xt’ f(X) = g(X) R-a.e. means

that the set {X e it; £(X) # g(X)} is R-null.

DEFINITION. We shall call a function F € B(Xt:®n) to be.

integrable with respect to pt if for any g ¢ LZ(Rd;CN), there

exists a sequence {wn} of 80 satisfying F(X) = llmnemwn(x) 8-

a.e. and there exists s-lim f dp (X) ¥ (X) g(X(0)), which does

not depend on {wn} but only on F.
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So we shall write

@ ® F(O g(X(0) = s-lim [ du (%) ¥ (X) £(X(0)).
X TR |

Let B([O,t]de) be the space of bounded Borel measurable

d

functions 6 on [0,t]>»xR™ such that a(s) = (s, ) € B(Rd) is

piecewise continuous on [0,t].

Let S be the set of those functions ¥ on Xt for which

there exist m eN, C, € B([O,t]XRd)(z set of Borel subsets of

t
[0,t1<kY) (k=1,2,--,m) such that ¥(X) = [[.® J X. (s,X(s)) ds.
k=1 0 Ck
Let 8 be the linear span of 80 U S.

Let L(8,B) be the space of functions F of B(Xt:®") for
which there exists a sequence {Fj} C & such that

1imj9m B(F - Fj) = 0. Then we héve

Proposition. For F € L(8,B) and g € LZ(Rd;CN), there

exists a sequence {hn} of 80 such that

i) F(X) = im o hn(X) R-a.e. and

ii) s-1im J. dp, (X) h (X) g(X(0)) exists.

n-=o0
t
Proof. For F e L(8,R), there exists a sequence {Fj} cC 3,
such that R(F - F,) < i}. For g e L2(RY;cY) and Fioe 8,
2 _



33

s-1im JA dpt(X) (Fj)d(n)(x) g(X(0)) exists. For any € > 0,
11 ->00

t

i . . - . €.
there exists hJ,n € 30 such that "(FJ)G(D) hJ,an < So
we can find {hn} C 30 satisfying the desired conditions. //

The above proposition shows that the space L(3§,R) consists

of integrable functions with respect to He and we have

Theroem 1. A Co—group {U of unitary operators on

t}teR
L2(Rd;CN) induces a £(L2(Rd;CN))—Va1ued generalized measure pt
on Xt such that the space L(,8,R) consisting of an integrable

function with respect to pt is complete with respect to the

seminorm R.

§3. The property of the generalized measure pt.
The generalized measure pt defined at §2 1is not countably

additive but it has a kind of convergence theorem as shown

below.

DEFINITION. We shall call a sequence {fn} C B(Rd)[resp.

-B([O,t]de)] to be (*)-sequentially compact if for any

subsequence {fn(j)} of {fn}, there exists a subsequence
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)} of {f such that f

RENEIOS) n(j)? n(j(k)) (X Iresp. £ gy (s,x)1

converges to some function g(x) € B(Rd) for any x € Rd N N

[resp. g(s,Xx) € B([O,t]de) for any (s,x) e [0,t] X (Rd N N

with w(N) = 0 as k » o, where v is the Lebesgue measure on Rd

Then we have the following convergence theorems.

® .
Theorem 2. For k, m € N and {Fn}n=O - B(Xt.®n,ﬂm)

o
-0 f, R,n(X(tj )), suppose

with F (X) = z,°, Il ], m

J

sup IF_|_ < o lim F (X) = F (X)) a.e. on R(2m+l)d
n n'n ’ n-=w n 0 T

and
{fj 9.’ 1£jsm, 1325K, n € N} is (*)-sequentially compact.

Then we have

[. dan (0 Fy(x) g(X(0)) = s-lim [. du (X) F_(X) g(X(0))
X X

t N t

for any g € L2(Rd;CN)

Proof. By the assumption, there exist a subsequence

{n(k)} and sequences {F } c BRY) and {n, .} c B(rRY)
Jj,2,n(k) j,e
satisfying
- . ] <
sup {"fj,g,n(k)"m ; 18jSm, 12988K, k € N} < o,
K 2™ ~
Froa X - FoX) = Eoy TZo Ty 0 nek) Xty p))
lim t . (x) = h. (x) a.e. on Rd and
k»w “j,Q2,n(k) J, R T



for any 8=1,--+,K, there exists e {1,+*+--,m} such that

Jo

d

limkﬁm (x) = 0 a.e. on R". By using the property of

JQ,R ,n(k)

, we have s-1im du, (X) (F (X) - F (X))g(X(0)) = 0. By
He - f X, He n (k) 0

the property of (#)-sequential compactness, we have

slim [ ap 00 (FL00 - FoO0)g(X(0) = 0. //
n-o
t

For :a function F e B(Xt:®n) we shall call F(X) = 0 x-a.e.

n
if F )(X) = 0 a.e. on R(2 +1)d for any n € N.

s(n

Then we have

o d _
Theorem 3. For {Bn}n=0 C B([0,t]xR"), put Fn(X) =

exp J Bn(s,X(s)) ds for any X € Xt and n = 0,1,----. Suppose
0 ;

lim F (X) = F.(X) x-a.e. and {6_}

® . .
n-wo n 0 n‘n=0 1S (#)-sequentially

compact.

Then we have F ¢ L(8,8) and

JA dp, (X) F(X) g(X(0))
X

s-1im j dp, (X) F_(X) g(X(0))
n-=-w© X
t Tt

for any g ¢ LZ(Rd;CN).

10



36

Proof. By the property of (#)-sequential compactness,

there exist a subsequence {nj} and 8 € B([O,t]XRd) such that

(3.1) 1lim.. 8 (s.x) = 8(s,x) for any (s,x) € [0,t] x (RS \ N)

i >0 .
J HJ
. t
with w(N) = 0 . Then we have 1lim, . F_ (X) = exp J 8(s,X(s)) ds
Jjow nj 0
t-'
c¢-a.e. , which implies FO(X) = exp J 8(s,X(s)) ds «-a.e. Put
0
6. . (x) = 55 L1 (jte (s,X(s)) ds)® and 8, (x) = £ K L
n,k T "0e=0 Q! o I ’ k T T0=0 Q!

t.
(J 0(s,X(s)) ds)g. By the definitions of the integral and He s
0 ' ,

_ N S2 5
we have [ du (X) G (X) g(X(0)) - zﬂzljojo -----jo Up_g 0(sy)

2
X¢

U é(s

s 4-S 9-1) " Uy g 8(s;)U, g ds;ds,---ds + g for g e

-1 2 71 1
LZ(Rd;CN). So by (3.1), we have

s-lim [ dp (X) G (X) g(X(0)) = [ dp (X) G (X) g(X(0)). By
n-w - ’ :
X
t t

using the relation 11mk_mB(Fn - Gn,k) = 0, we have the desired

result. //
§4. The Feynman path integral.

Now we shall consider the Cauchy problem described at §1.

By using the above theorem, we héve

11
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Theorem 4. Let H be a self-adjoint operator on a Hilbert
space Lz(Rd;CN) and 0 < T < w, Suppose V é Cl([O,T];B(Rd)),
V(t,+) = V(t) and g belongs to the domain of iH.

Then the solution ¥(t,-) of the following Cauchy problem

at d

{ 9 y(t,x) = (-iH + 8(t,x))¥(t,x)
¥(0,x) = g(x) 0 <t<T, xeR

is expressed as follows;

t
w(t, ©) = [. du (%) exp{] V(s,X(s)) ds} g(X(0)).
X 0
t

Proof. iH generates a C.-group {Ut}teR of unitary

0

operators on L2(Rd;CN) such that Ut = elHt. By Theorem 1, the

d

C.-group induces a S(LZ(R ;CN))—valued generalized measure pt

0

-

t
on Xt' Since F(X) = eXp{J V(s,X(s)) ds} belongs to L(38,R),
0

there exists its integral with respect to pt and put

¥(t) = [. dp (X) F(X) g(X(0)).
Xt

t
Then it holds that ¥(t)= U ¥(0) + I U,_V(s)¥(s) ds and ¥(t) is
0

the solution of the above Cauchy problem. //
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