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A br:e)Q M(‘,Oz,woé &7? “the jw‘ﬁe Uee

B:J N Motrohac i

A Qefinirion of o siewe poblem :

A funive set o ot egers

P oioa osex o] primes

Oy = a st o residue classes (mod p> for el pe?P
Probiu

Estimare S(4. P w)=|{45a ; a (mod p) ¢ 0(p) for V4 P}

Whew |0l s wr oo JIAAﬂe, The problem cam be hamdled witl,
the cmbinarmal sieve methodd , aun account of whidh cam be )ema e
-y Tata lectwre mre. Bug, if we allow [wep|  becrme imcle)em:f‘eb (wae,
er p's  then the poblem becomec quite c[.‘ﬁ{lw,,,ﬁ, amd s dealt with
the [Mﬂe_ siee wethod whidh was Wiaiwa.,\(j inveared "J Ju- V. Linni ke
(Dokl. Alcad. Nauk. SSSR 30 (19¢1)). This method was waprovesl by may
prowinent Purle m m([jrzc/ numben ?MU ; the weef notable is due 1o

E. Rombitr; ( Mm-he:mﬂ[ca 12 (4?65')). H:e MJWMW‘!’ was pArer Y‘Cﬁ'wle_cl Ej

1.
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A.Selbeﬁ . H~L-Mawr(jomo»ﬁ , R.C. \/Mg[nm. P.X @ra/(a;jbe,,» amd  othess .
Heve we shall follow MU‘MTJOMM//j ‘s accoumt 0)? rhe merhod ( Buil. A-m.S.
8¢ (1478)) with opur obseruatian o1 the relat!on between +he (Mgc Sieve

o Se,“:e/;a's A S.eye ( Cﬁﬂ_,.i a)Q y Tara lecture nore )

A Prmidatiom o the anae sieve ) problom (DMmlbwf' Halborstam )

{ Gy, “Y : ML"W(MS W‘w niambe, <
\ MW : ‘
Sl = 2. &aelna) (er=€c ")
h = M+|
{da} Lj:{,..., R) gw«)e,ll—s):aceé. powmrs , i.e. Corer (j*d,

1043—0!8,1 (med 1) 28 >o0.

Thew . Quad  the bect possible A sada thax

R ‘ M N
e 1Sl s A = Vaal
=1 h= Maq

L emma 1( Sel\:e/\a‘s MU‘M{HJ )

H D & umna/\a s};ue with the SQA.\M ]ané-uci’ ( > )

H > P fu, s Pr . § = ML\MA/Q veectors

R R .
S 1ot 1 gl e e

RUMMk

I¥ ‘R(f)} are  ovthonnmal . them this s the Bessel ‘meﬁ,u@lxa.

_Z_
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A S'wv\r{t SYQQ.lql:MTbM w Lewuwt 1 a‘ﬁle\s
Thescam 4 ( Bombieri )

A s N+28""

This s sqg{l;uwfé s[«a/\,r for- sk d{a/,/:c;{t'cms e nmbe, TLanEj. Ve,

we may chop  the coefficiet 2 4f 2870 oy rhis sake we need

Lemma 22 ( Mmrdomwa ~ \/MJLMM )

Let  Ay< A< < Ay Vﬁe such +thar A

ry— Ar 28 (s r<R).
Then fw owg urwj,,(,m {w}-.’r we  hang
_Wrwe \ <o’ = e
r+s Ar-As r

Roman ke

This s a aw:zm:m of  Hilbears Zmebml:r(j.

Therctm 2 ( Mmgome?j '(/Mgl’lam>

A< v+

This s Vug slm,,f. L/[ j()ad'. it is lenswn ‘"rlud:

Thewon 3 (A Selbeys )

The A«Jp-tmﬂ A is eijﬂ to A/——!-f-g_:‘

SC,“R/J 's }wug# D)Q this )Qq_d- is . ho:e‘ a,{mm{n.,«a . L“Ut P. Cohen gZ\D"“e"l that

_..3_
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it 1s  a %Mf{e emseguence o)Q Thesew 2.

N@ /Wlwa I"G,)Q{Mg Lew\maz as ﬁollows :
Lemma 3 ( Mw'vam”rj - ‘/auﬁ ham )
we  Scppose fortlun +hat

Uu\olu/ the soawme (,le.'fLm a4 Lemm. 2

llr—Aslzgk (s+r). Them
= W -4
\ Z. -5\ < 'i'": > lw,-la'g
r+s Ar=Xs \ 2 F "

This :ai«rlzcs

“Thewewm & (Mun-fjmoyg—' (/‘Mg{uw‘)

> s | (u+-}$‘;‘)“ < = lau* .
r ”n

MMJQ we amay faky wmto accaunt the lrreduiwuily of +he  distributim of
the  poimts 191, Larer we shall see Thax thic refimemmt has

Qo ‘mj,wm umse.iuuue, i the tkuoa ojﬁ primes.

Nexk we tuvn fy om wam,t problem , ie. +he sieve problem. 8
“ﬂ’“’Q"g to Thewem 3 o0 rathuy its dual | we shall ghow

TL\WQAM '&S(que [,w\ée %:W'C)
I]Q A € (Mw+N], thae we hame
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- -1
*S(A/?; CO)S (Af-{-;- QZ) { Z n Jwip) ‘k
7,6 Al Pl?/ p—lwipl >

i wh&re

2={4<a:q] My}

pe P

Prosl  We follow om %mwf (Proc. Japam Acad, 53 (1977), pa22-124-)

We Pirst tntend the definiriom o @ b composite it egens. So. let

de R be sued +har <:1=/6, ~ Pr. Thew (L) be the sed of rediclues
Cimedd A) obtamed yo'rww wlp) 4sisr Lg +he wag 0)3 Chinese remaimdon
thesrm.  h € W) meams hilmed d) e w(d), so h € 0H) Jewa«ua n.

Bg the ;-)MMI‘.AMW cdea (-rke_ A Sieve ) of A--Qe,{é{yg we  hawne
SH.PYys > | TZ a0

M< n< M+N heé widd

)eﬂ*/ Mg Mw‘f,éu( M/wul;vus Ac[ &egimu( m Q wl'»se Uﬂ-&-&es "“9 ,Iu_

awla.wa;g ,..Q,,Lc,q,l,f IQ-N ‘0441 CUVL&L’[M
A, =1,

The thawniincatic ﬁw«c:rzw, tv)ﬁ +he cet o# iAAT(’go\.g n sudh that 1€ W)

s gau&« La
d 1
1= = wplamdnogy)= L P = = (e o)
1 Lewd) 2 1d (109 ‘Lew(a)
i
lw(ebl - T =
= — = e(-—n) > e(-~1)
4 41a lwidl v 23 Lewty)

4,rm=1
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In?%t'wa thic  wmro  the Yj‘lf‘ side 0{ +he last Zmeiua.(‘nd, we hauny

8(04,7),&))< Z l Z__ lwigd] 2 Q—-—n)( . 24 lm(aul)
M< ne M+N f/GQ 3(““‘“‘(1,)
(‘L r=1
( = Q(—z—ﬂ)) ]

L en(ad)

We write this as

SHA.Pw < _Z { -rZ L(f)&(ir

M<c nsM+d/ 9

where

b = ool (0 2 1awn)( Zel-Fu)

? d=0(medd g) Lew@
70W +hete q € .
Heve {.{: } oL Q_Z- well- diswibuted .  Heuer 53 the dualized ﬁwm

of, Thewem 3 we 3.;1— ianecl:aff,(kj

Sl P w) ¢ (w-1+0") b’
1
2

—_ —_ 2
= (A/—{ +Q1)Z___ H(le([ﬁr‘—‘)l Z_ TA'M(‘D‘L
g€ Q H‘L dzo Uuu{t)

|

Them we puk 3. = = —Zi\w(el)l. We haume
1/ AEO(MT/)A

Z f“?/)‘31,= 7“1 =1,
wheve /\A s the Mbbias %—Mcﬂm, And La Sthurowz's ”“‘15‘“"“\‘3

we g, fer Cercam oprimal g
¢ -
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{250 NGt ol Z ndes [
; T/GQ P(T{ i@Q Plt }’“INCP‘
From this the theorem follows lwmee\'.arcb.
Remmle
It seems that oun Ibfaofl of Thenon &5 s flae,g:mj,(e:t Avirg several
leuns wan Ibrooﬁs. Moveover, , oun Proa)Q tam be entended o medude imto diseussio

the ﬁugu Sieves 0)Q P.x. G—«//vlnw and A.S’ellug (see¥ow Tata hof‘es)'

A Cams egutmce oP Theotw €5 is  1the Brum- Tirthrmanch thesem : Dwo-t'ug
Aé Tx; bk, 1) the nuwmben ,,—)E primes  [ess thaw X which aw = L (med )

UJQ,L\AML

W“*O( b;zk )

’2 X/k tomde 13 L'M)(’-W.:U, where G is +he Euler fumctio. Howeny,

T (x; h, Q) <

th1(j‘0mg,2j mdt l/wﬁb\ﬂm ‘S‘Lw-wegl ‘t‘Lul’ thew 'TAWML/- aie,lcls

2X

‘f(k)bﬁi_

T (X5 h, 0y <

Homee b is inporkamk , i misdder therrerical afplicarion, to lake o
actoumt the ereguﬂam"(t) of +he disvpibatim of +he polars {, V. Futlar
we should wete that  if the constamt 2 i the last mcxwaU s
tusn aplaced by 4 swaller ot thew  an bkvrb-dé deep emsepusuce
M the Xevos of Divichlet L= Punctions  woald follow( see oun papn s Proc.

._.7_
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Japom Acad., 55(4979), 190-192.)
Another wajm//(bvcf application of Thewem 5, v 4 guire I flenmt comrent
con be foumd i a recemt book of JP.Serre o Mordell u;v-ecrm.
Howentn , the mos$ :M?WM afoplication of che /Wﬁ° Siwwe werhed s
to +he problem o)ﬁ q,e.fmfag i meam e ‘(,vnv-‘t'&rm im the prime numbe,
thewcem for ovithmeric progressims . Thaa ciemwg by Bk )
+he puamntity T b, 1) — qb_(i?) Lix\ . Bomlier; (1965 )  proved,

as a ou«.[w\'macr'.uv\ D:p A Seme. o]Q c['eeja re,s-uv\,al\c_s: due o mnw«g

lbtbja»& _(S‘-tm-rec\ ‘9 A.Rénzi, (1947) >,

———

_/\_ max | E(x; b, )| << X&E—Ax')

where B=8(4),amd A s Mézwa/a. Te e mow [uw«um +hat this

meam prime numben thewem o Bosnbieyvi is a4 ratha s‘wud,/e Comsegutuce
“i Thesram 1.
Reman le

The Lk resalt is a ccrnsezuwu# the so-called ey tended Riomauy
L\Wo—rlxu:s; hwe[a the b\xge siove methed allowe wue +o  avoid +he

Riemann fi«ﬂmhec;s oA certain ot Also. we should wote that
AT Vimwgradss proved the (st resuls  mmcdipenduntly from Bosubior ;
his o\,\gu«memt S am birewmsion of Réujé *s anal Apendint o amathin
Aeep merhod op Linaile (the dispereion merhod ).
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