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Analytic Properties of “Legendre Functions of Two Variables”

by
Jiro SEKIGUCHI (@A B O XK EE)

(I) Since Legendre functions appear as zonal spherical
functions on SL(2,R)/S0(2), the class of zonal spherical
functions on SL(3,R)/SO(3) is regarded as a two variables
analogue of Legendre functions. Moreover, there is a deep
connection between zonal sphgrical functions on SL(3,R)/S§(3)
and Appell's hypergeometric function F;(«,8,8',7;%,y) [AK]. In
my talk, I present some problems which I encounter when I study
the system X, of differential equations (defined later) Which»
governs a zonal spherical function on SL(3,R)/S0(3). I don't

explain the details of the background. The readers who are

interested in this topic, refer to [S2].

(II) Consider the partial differential operators Az, A3 defined

by
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where bj = x.,0 (j =1, 2). Using these operators, define the
system xl of differential equations

K (Aj - L)dodu=0 (=2, 3),

A 3
= 3 = =
where i = (Ay529,23) € c”, A A 42g= 0, Ly = Xphg+dad +2 4,
L3 = 111213. Note that [Az’ A3] = 0., %9 (%t eaoy Lo check thio

comnuiation relation 6y use of comiutes? In the sequel, we

alvays assume the condition (©) : 3 ;-1;) € L (i # j).

Theorem 1. There is a unique power series f(x;x) of the

form f(x;20) = 3 a (A)XTxg with the following conditions:
m,n=0 m,n

(i) £(x;x) 1is convergent in a neighbourhood of x = (0,0)
and £(0,0:x) = 1.

Llao-1y 1
5(;-1) 3(A5+1)

(ii) The function f(xl,xzzx) = x1 x2 f(xl,xz;x)

is a solution to the system ﬂl.

1 1
F(‘E(Al-lz-l),i,-
1

Lo -a.-1, 1, -

(iii) £(x,0;x) X, =-x_-2);x),

1 2
(12-l3‘2);X)-B

D= DO =

£(0,x;x)

The‘statements (i), (ii) are due to Harish-Chandra and
(iii) is shown in [HO]. The symmetric group ‘63 of order 3
acts on ﬁl as permutation of X=(X1,X9,2g). Under the
condition (C),‘thé set (¥(x1’x2;51); s € 63} forms a
fundamental system of solutions to the system ﬂl near

X = (0,0).

97



98

Proposition 2. There is a unique function g_(x_,X,_;X)

171772
defined by the power series g_(x_,X,. 3Xx) = Z c () (1-x )mxn
: 1 71°72 mn 1 2
m,n=0
with the follbwing properties.
(i) The power series in question is convergent in a
neighbourhood of (1,0) and coo(l) = 1.
. 1(13+1)
(ii) The function gl(xl,xz;x) = gl(xl,xz;x)x2 is a
solution to the system kk near (xl,xz) = (1,0). Moreover,
gl(xl,xz;x)
1 1 1.~ . 1 _ 1.~ .
= - H{BG G20, 5T ,xy30 + BGQ, Al),z)f(xl,xz,szx)},

where 52 € 63 is a permutation qf 11, 12.

-l -
(. -1) 1

. 271 1
(iii X,031) = x -= 0 G =,151-x).
ii)d gl‘ v 03 F( 2(11 12 1).2,1,1 x).0

(The right-hand of (iii) is nothing but a Legendre function
of the first kind.)

Proposition 3. Define the function g _(X_,x ;i) on

2 1 2
((xl,xz); 0 < Xy <1, 0K X, <1} by
B (X.,%.30) = tans(a.-A 0BG -a), HFx, x50
27172 271 727721 202 172
1 ~ .
K(2(Al 12—1))gl(x1,x2,1),
where k(s) = ¥(-s)-¥(1)-log4, ¥(s) = %;logr(s). If 0 < 3 <1,
N -3 g+ D)
the function gz(xl,xz:x)x2 is real analytic near x2 = 0

‘and
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1
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- 3+1)
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x2*0 2 71772

= P2 -a -1y 1:1- - * ol -1y 101

X)X

where F*(a,b,c;x) = (8a+8b+230)F(a.b,c;x).ﬂ

Due to the propositions above, we construct local solutions

1,x2) = (1,0). Needless to say,

of Ej(x;l), we can obtain another

Ej(x;x) (j =1, 2) at (x

permuting 11, )\2' )\3

fundamental system of solutions to xk consisting of Ej(x;x)'s.

(III) The system #, is a non-trivial and interesting example
of systems of differential equations of two variables. |

(a) The first and trivial problem is to rewrite the system
" #. in the form of two variables analogue of "systems of ordinary |

X
differential equations of QAubo (yse" in the sense of T.

Yokoyama [Y]. It seems a clever way to accomplish this program

with the help of computer.

(b) It is possible to show that there is a unique solution

¢l(x) to “x which is real analytic at (xl,xz) = (1,1) up to

a constant factor. Usually, ¢l(x) is called tde zonal

srkerical function on SL(3,R)/S0(3). VWrite ¢,(x) as a linear

combination of {f(x;sA)}, that is, ¢, (x) = 3 c_ () f(x;sA).

S
3563

Then the coefficient cs(k) is the product of beta functions of

X. Then what about other local soiutions near (xl,xz) = (1,1)°?

What I want to know is the behaviour of the solutions to kl

near the point x = (1,1). It is provable that there are
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analytic functions pj(x) (j =1, 2, 3, 4) near x = (1,1) such
that
(i) Fx;0

= pl(x)+pz(x)10g(1—x1)+p3(x)log(l-x2)+p4(x)log(l-xlxz).
1) pyx (o= 2, 3, 4) are solutions to .
Then want to characterize the fynctions pj(x). The following is

true.

Claim. There are linearly independent local solutions

A(x), B(x), C(x), D(x), E(x), F(x) to Kl near Xx = (1,1) with

the following properties:

A(x) = AI(X)’

B(x) = Bl(x)+B2(x)log(15x1) +B4(x)log(l-xix2),

C(x) = Cl(x)+C2(x)log(1-xl) +C4(x)log(1-xlx2),~
D(x) = D, (x)+D,(x)10&(1-X,)+D (X} 10g(1-X,), '

E(x) = El(x)+E2(x)log(l-x1)+E3(x)log(1-x2),

F(x) = Fl(x)+F2(x)log(l-x1)+F3(x)log(l—x2)+F4(x)log(1-x X,).

172

The functions Aj(x), Bj(x), Cj(x), etg. are analytic near .

X = (1,1). In particular, A(x) 1is the zonal spherical function.

The functions Bj(x), Cj(x), etc. (j > 1!') are solutions to xl.
D

There are two linear relations among Bz, C E

9+ Dys Epy Fy.O

Remark on this claim. The functions A(x), B(x), C(x) are

s A s ALY, B (XX A ,A.),

linear combinations of El(x;ll 2°'"3 1 1°73'72

~o

Since A(x), B(X), C(X) have no singularities along
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Xy

x2 = 1. As a result, A(xl,l), B(xl,l), C(xl,l) satisfy the

1, it is possible to restrict them on the hyperplane

same differential equation induced from xl. Let (%)
P(x,,9, Ju = 0 be the ordinary differential equation thus
1

6btained.‘ Then is8 it possible to obtain connection formulas

among the local solutions to (¥) Pu = 0 near‘x1 = 0 and those

near X, = 1. On the other hand, it is clear from the

definition that D(x), E(x), F(x) actually admit singularities

along x, = 1. But, for example, consider D(x). By definition,

there are analytic functions q(x;), r(x;) such that
D(X) = q(X7)108(1-X,)+r (X )+X;8(X;,X,)

for some function s(x) which is non-singular with respect to

xl. Then what kind of ordinary differential equations do q(x.)

1

and r(x_) satisfy? How to characterize q(x

1 ) and r(x,>?

1 1

(IV) Here I note a recent results concerning the 60

representations of Appell's F_ (x,8,8',7Y:X,Yy) due to Vavasseur

1
(cf. [AK], pp;62-64). The argument in the sequel is independent

of the main text.

Let us consider the symmetric group of order &5 which is

.

generated by reflections 8, = (12), 5, = 23), 54 = (34,

s4 = (45). So put 65 = <si; i=1,2,3,4>. On the other hand,
we put P2 O) ={(a,:a,:85)) and consider six lines on P2 (C)
defined by

L, : a, =0 (i =1, 2, 3),
1 1
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Lij : a; aj i # j).

Put X = P2(C) - (the six lines}. Then it is possible to embed

63 into the automorphism group Aut(X) of X 1in the following

way:

Proposition. We define the automorphisms gi (i =1, 2, 3,

4) of X by

-1, -1, -1
: : = (a_"ta_"a_"7)
g,(a :a,:a,) 1 "% % M
t -1 0 0] 81
gz(alzazzaa) = ( -110 a2 ) = (alzal-azzal-a3)
-1 0 1 ag
t 01 01Ta
gs(alzazzas) = ( 1 00 a2 ) = (azzalzaa)
|0 0 1]la
¢ 1 0 07
g4(a1:a2:a3) = ( 001 a2 ) = (a1:a3:a2).
| 0lla

Then the correspondence sj @ g; &gives an embedding of 65 into

Aut (X).

To prove the proposition, it suffices to show that
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It is easy to show that X is identified with the space
Y = ((x,y) € €%; xy(x-1)(y-1)(x-y) # 0}

by the correspondence (a1:a2:a3) - (az/al,as/al). Then the
action of gi on X induces that on Y. In this way, we can

realize an action of 65 on Y.

Question. Do you know the structure of the group Aut(Y)?

Is it true that # Aut(Y) < » 2 1Is it true that 65 = Aut(Y) ¢

Moreover, is the following true?

If ¢ is a birational map of Pz(C) such that ¢|X is an

automorphism of X, then ¢ € <gi;i =1, 2, 3, 4> =6

Now we consider Appell's Fl(a,B,B',Y;x,y) and the system

X . of differential equations of F.,. We consider the
o,8,8',7 1
system in question on the (a,8,8',yY,X,yY)-space. Then the action

of 65 on Y naturally induces an action of 65 on the space

of systems “a.B.B'.Y's' As a result, we obtain 120
representations of Appell's Fl' Noting that the coordinate
change (X,y) # (y,X) 1is realized by g4, Ve restrict our
attention to 60 representations of Appell's Fl' Then we restore
Vavasseur's table (cf. [AK] p.62). We are going to write the
variables. Let z, (1 < n¢( 60) be the functions in
{AKl,pp.62-64. Then we denote
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In the sequel, we give the concrete forms of

2. =X Y

n

P, P q q
1
1y 2 (1-y) 2x-y)"F (a,b,b,ciXy, Y

(1-x)

(Xn,Yn)

if we put

o e o o e e e o s e o mm e e = e e - .
F 2 2+ E * 3 ¢ F 2 E 2 E F E E F E T E - E E L F E X 2 2 X E T E E 2 S R E R 2 R L R R 2 4 1 1

LX)

X3
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1
l—y)

(_X:K__

K:l)
y(l-x)’

x-1

. y=x
z : (x,
41 y-l)

(1-x, %,
y

Xy

. l
243° (x’ x(1-y)

X x(-y)

x-1" y(l-x))

244° (

. y y(l1-x)
25" (y-x’ y-x )

- 11 -
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) ag-a,
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Now we are going to state a problem presented by Prof. K.
Okubo. Eefore stating the problem, we recall Gaussian
hypergeometric functions. k"To obtain all the connection
formulas for Gaussian hypergeometric functions, it is sufficient

to prove Gauss's formula

_ (el (c-a-b)

Fla,b,c31) = F M (c-b)

and Kummer's 24 representations of solutions to Gaussian

hypergeometric differential equation."

Okubo’s Problem. Find "basic connection formulas" for
Appell's F1 so that all the connection formulas for F1 follow

from these basic ones and Vavasseur's 60 representations.

(Since I don’'t know the history, I am not sure whether the
naming of the problem is well-suited or not.)

We are now going to sate a conjecture to this problem. Let
us consider Appell's Fl(a,B,B',B;x,Y). Put x, = x, X, = g. Note
that if (x,y) = (az/al,a3/a1), then (x,,x,) = (azlal,aalaz).

Let X = H(ct,B,B',v) be the system of differential
equations on (xl,xz)-space for the function

Fl(a,B,B',?;xl,xlxz).
For a moment, we assume that xl, x2 are variab .

=t ‘
(I) Let F(xl,xz) = (fl(xl,xz),fz(xl,xz),fa(xl,xz)) be

the three vector consisting of functions fj(xl,xz) such that

(1) fj(xl,xz) is a solution to X in a neighbourhood of

- 13 -
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A.‘
0
- <P 4 m.n . .
2) fj(xl,xz) = xlx2 m§n=oamnx1x2 is convergent for some{
P, q and aOO =1.
Then we may take
. -]
. m_n
£,(X,,X,) = 2  a__X. X (apn = 1)
1*71'72 m, n=0 mn<°1°2 00
1-y S m_n
f.(x,,x.) =x;, '3 a' x™ (a'. = 1)
27172 1 m,n=0 mn172 00
= 1-y_B-7+1 ot LM N " -
f.(x,%) = x " 'x, 2 a" x X, (ag ) = 1).
m, n=0
_t
(II) Let G(xl,xz) = (gl(xl,xz),gz(xl,xz),ga(xl,xz)) be

the three vector consisting of functions gj(xl,xz) such that

(1) g5(x1,%X) 1is a solution to X in a neighbourhood of

1,0).

- (1-+ yP.4 e N
2) gj(xl,xz) = (1-%)) X, > i a (1-x.) X, 1is convergent
m,n=0
for some p,‘q and aOO =1.
Then we may take
@
mn
8] (X],%y) = m?n=0bm"(1—xl) X, (byo = 1D
g.(x.,x.) = xb-v+l § b' (1-X )"';:“ (b' = 1)
2 71°%2 2 _~ mn 17 T2 00
m’n-o
Y-a-B S " m_n "1y 00 -
B3(X ,X,) = (1-%X) m2n=ob"‘“(1-x1~) X, (bgy = D).

t , =
(III) Le H(xl x2) (hl(xl,xz),hz(xl,xz),h3(x1,x2)) be

the three vector consisting of functions hj(xl,xz) such that

) hj(xl,x ) is a solution to K in a neighbourhood of

2
- 14 -
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0,1).
P a < m n \
(2) h(x;,%,) = X (1-%,) 2 _ a X (1-%,) is convergent
m, n-o
for some p, q and a00 =1,
Then we may take
S m n
h, (X,,X,) = 2 cC_ Xy(1-%,) (Chn = 1)
177172 m,n=0 mn-1 2 00
S o 4 bt v oM g n .
h,(x;,%,) = x] ~ 2 ¢p x (1-X,) (cho = 1D
ho(x, %) = x1 7V (1-x)188" S o0 yxM(j-x. )0
37172 1 2 mn~1 2
m,n=0
(030 = 1)

In the above discussion, we assumed that O < x1 <1,

0 < x2 < 1. Then we are going to consider their analxtic

continuation to the complex domain. Put Ua o'.o" =
s 9’

{(x xz)eCz; olm x, > 0, o'Im X, > 0, o"Im X X, > 0. 1t is

1’ 1
easy to show that Uo g'.o" is simply connected for any
’ b

signatures o, 0', 0" = %, Noting this, we consider the complex

analytic extensions of F(x1,§2), G(xl,xz), H(xl,xz) to

'Uo o' .a" and denote the extensions by the same notation.
9 ’

Let us consider the transformation (xl,xz) - (xi,xé),

where xi = l/xl, xé = xlxz. This transfromation follows from
the permutation a, » a,, a, > a;. Sinc both G(x;,x,),
G(xi,xé) form fundamental systems of solutions to # near

(1,0), there is a matrix L such that

1

- 15 =
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G(xi,xé) = LlG(xl,xz).

Question. To determine L, is it sufficient to use the 60

representations for F1 ?

I think that G(xi,xé) = LlG(xl,xz) is an anologue of

Kummér's formula F(a,b,c;x) = (l-x)—aF(a,c-b,c;x/(x-l)).

Threfore [ conjecture that Ll = 13.

Let us consider the transformation (xl,xz) - (x{,xg),

where xg = X X,, x§ = 1/x2. This transfromation is nothing but

the i i
e permutation a2 - a3, a3 - a2. Sinc both H(xl,xz).

H(x;,x;) {form fundamental systems of solutions to K near

(0,1), there is a matrix L2 such that
H(x{,x3) = LaH(x1,X9).

From the definition, there is a matrix M1 such that

G(xl,xz) = MlF(xl,xz).
Similarly, there is a matrix M2 such that

H(xl,xz) = M2F(x1.x2). .

Conjecture. All the connection formulas among the local
fundamental systems for the 15 points in the space of the

blowing up (which will be explained in Remark (ii) below) are

- 16 -
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obtained by using the matrices Ml’ Mz, Ll’ L2 and Vavasseur's

60 representations. In particular, if L1 = L2 = 13 is true,
the basic connection formulas in Okubo's Problem are M1 and Mz'

M follow from the

Explicit forms of the ma{rices Ml’ 9

next proposition.

Proposition.
fl(xl,xz)

_L)r(y-a- C@ra+g-y)
= F(r-0r(v-8)81 %1% * " ror) 823%1:%p)

f5 (%) ,%5)
- FEBRI e xpxp %%%Eﬁ%%g%%%fg%Tng(xl’*2)
f3(x1,x2) = gz(xl,xz)
fl(xl,xz) = hl(xl,xz)
fz(xl,xz)
rey)yr(1-g-g'y | C(r-g)r(g+B'-1).

F(1-8)T (y-8-8 HN2(X1+X2) * Ty nHrgy h3{XpsXy)

fa(xl,xz)
CB-y+2)C(1--8"') C(B-y+2)C(B+B'-1)

= T TreE-nra-g 21X * T (848 -y+1) N3 (X1iXp)

Remark (i). The discussion above is based on the idea in

[S2].

- 17 -
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(ii) The author understands that Prof. Takayama (Kobe

University) has obtained connection formulas for Appell's

F,(,8,8",7iX,¥) in the following sense. Let X be the

‘projective manifold which is obtained by the blowing up of

P2(C) = {(alzaz:aa)) so that the divisor

alazaa(az-aa)(a3—a1)(a1-a2) = 0 becomes the normal crossing
typé. Then there are 10 lines in X projecting to the divisor
in P2(C) defined above. Each line in X thus obtained
intersects 3 other lines and there are 15 points in X as the
intersections of these lines. To eéch intersecting point, there
associates a fundamental system of solutions defined at the
point. Then we have 15 fundamental s&stems of solutions to &
which is the systems differential equations for Fl(a,B,B“,Y;x,y)
in X. Prof. N. Takayama informed the author at the meeting that

he has computed the connection formulas among the 15 fundamental

systems.
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