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Nonparametric Recursive Estimators of Probability

Densities and Their Derivatives

Frigk-#  BEH 3%X—  ( EiichiIsogai )

§1. Mi&E
Xy, Xpp X300t IXBABBEI DR HERF B £ (x) (xer) % DN

TR —0A D FEFRERBINE 5, p20 525N EHKET B E X,
£ O p RERM T 00 (£ =f(x) FWETHMBELELLD, #
EHEELTA—FNVEERVS, CORMBEIR p=0 D4, Rosenblatt
(1956) % B, FEEICH K DBFSEE T & » TR R ShTwd, —Fh.
p20 DIGE. Bhattacharya (1967) % #5%. Schuster(1969), Singh (1977a),
Samanta and Mugisha (1981), Menon, Prasad and Singh (1984) %52 X 5 T
MrRrgEL oz, ChHETEURESNAZHEZREIROEY TH 5,
Xy, *t, X, fixed sample size n DIEARE L, Kx) # 7 —%), h >0
% smoothing parameter & 3 5,

Bhattacharya Type ( Bhattacharya (1967) )

(1.1) £ (x) == y L P (S
1 £ 0 =2 2=k ()

j=1 h n
n



22ty kP B R O pROEEKTH L, p=0 D& XL,

Rosenblatte-Parzen Type TH 5,

Singh Type ( Singh (1977a) )
(p) _i . 1 Xj-x
(1.2) £ (x) _“;h"” K5

Z I, (1.1)&(1.2)@1((7()53‘1%7259 AT, (11)&(12)@*@%’5‘
BIRH (recursive) TR\, BiH, ERIBIME L &, HTILWHEEE

SHETANDIS T TOTRTCOEREHVZITINIELR S 2V, o Ty

13

x

HEOFMsHDD, 22T (£ 0, n21) BEROTHS 1L, K

DERVBE YLD ETH B,
£7 (x) =g (£7(x), X).
I T, HRMEEEIREI N,

‘Recursive version of (1.1)‘( Samanta and Mugisha (1981) )

< X .-x
(p) 1 1 (p) ]
£, () ==2,—K (=)
=1 h, j
E
=
X -x
(p) 1 (p) 1 (p)  “*n
£ (X)_(l—n)fn—l(x) + p+1K ( n ).
nhn n

Recursive version of (1.2) ( Menon, Prasad and Singh (1984) )

n
(p) 1 1 X=x
(1.3) £ (x) =—2—p;;K(—;1—>.
0 ya b 3

CHhoDFMERBEE LT, 72 2iE, LTOboREZ LR TV
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(i) —E: (consistency )

@) £ (x) 5 £7 (x) a.s. (n—we) (pointwise)

(b) sup |f:p) (x) — f‘p) (x) | —0 a.s. (n—woo) (uniform)
—oog x<oo

© El (f:\p) (x) — £ (x))°1 >0 (n—>e) (Mean Square Error)

@ S ELET 0 —£7 (x) 150 (nee)

—00l X <00

(i) PURDE & (the rates of convergence )
L5 G DR D RS E2KD B,
(iii) #IIEHRM (asymptotic normality )

(1.4) nh_ (f;p)(x) -£®(x)) > N(0,0%) (n—we) (in law)
L

p=0,1 D& %, (1.4) % Samanta and Mugisha (1981) 253EBH L 72,
AT (14) OERAPONKOBRE2RKDE I ETH 5,
Singh (1977b) 255272 £® (x) OEZEOHNIZ. 72 & LITRD S D2 D
5o

% 1. Fisher Information D HEE

° (f(l) (x))2

If:.’. f (x)

-—00

YHEET S,
$l 2. regression function DHEE

X, Y #FEREHE L, X=x IBTEYDLEMMT EFY r(x)=EY | X=x)
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RHET S, 4 Y=y F5AbN7E E0X O5MT SHREEBK
(p.d.f)%* h(x|y)=u(x)a(y)e”

ThbETH, 12 2. hix|y) ZEHRDA Ng,1) Dp.df. THDIHEE
BEOBITH 5, G(y) BY OFMEBTREW /=T L § 5,
Support of G C (vl J‘u(x)eyxdx<oo}.
TDE X
£(x) = J-a(y)eyxdG(y) , di(x) =u(x)dx
&EBL &, f(x) X o-finite measure p (CBA L T p.df. 2% D

(1) (x)

f(x)

r(x) =

AR Y MO,
§2. HRAE#E=
r>p BEHE T, [212DOXEET 5, pdf fx) DI T AL LTXK
®ER B,
3’0=3’0(I) ={p.d.f. £(x) on R with respect to Lebesgue measure
3£" (x) on R for all i=1,...,r and

d positive constants €, €, M and M_such that

€ € inf f(x) < sup f(x) < €,/
X€EI X€ I

e < M, (i=1,r) for all fe¥ }.

. REDEHMEEE g(v) XL T
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lgll = sup lg(y) |
YER

EBL,
F DBl

EEOEREM 1= [a,b] 2515, £ECG 2 LI

—o <P SU, <o, O<0’§S(5i<°°b:jrj'[/"('

F,={ p.d.f. of the normal N(i,0") | p <p<p, ()‘(Z)SGZSO‘i }.
ST, KX THATEII—RNDI TR %E5 25,

Ko BOEZMIREDTRTORVIVEBK(y) 0EEET 5,

J.IK(y) ltdy < o (i=1,2,3), J'ler(y) lay < oo,

lyK(y)l—-)O as |y| — oo,

(2.1) FJyK(y)dy=

-00

0 if j#p, j=0,1,...,r-1.

KeX, . DBl (Singh (1979) 12 & %)

(1) —eo<a<b<oo {ZXFLT
r—1

K(y) = (Zajyj)l(a<y<b) . R L IARADEEREBTH B

j=0

EBLCEE, (21) KRALTr HoESLFRRNEZHNT, o, =, o, %
rODHE KK,  %F5b, 2L xid. r=3,a=0,b=1 &5,

(@) K(y)=3(10y’- 12y +3)I(0<y<1) = ke, ,
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(b) K(y) =-12(15y*- 16y + ) I0<y<1) = keX, ,

(© K(y) =606y’ -6y+1)I0<y<1l) = KX,
2) r=p+1,p=0,1,2,3%F%2%, 0(y:u,0) % Nu,o) Opdf.e&¥
%,

@ K= 0;0,1) = Ke¥X

b Kiy)=yo(F;0,1) = keX ,

© K®=2{¢(;0,2)- 0(y;0,1)} = xeX,,

@ Ky =y{0(y;0,2)-20(y;0,1)} = xeX,,

(h,,n2 1}id h>0(m—o )2/ TEEIET 5,

HEO kX, | REEL. £F 0 OFRGHEEEL LT

(p) 1 X 1 Xj—x
(2.2) £ (x)—;-z ST K5
J=1hj 3
HW5S,
§3. H%E

COHTRIERELBOPENR L E2RKD L, LTTE, C, G, 1378
UREERERT ET 5, 7. BEMARECOVTOIENRE S %
Kb b,

WE 31 OXRMTEER COHET B,

(p) (p)
sup sup |Ef " (x) —f " (x)|<cb_ for all n21,
feF, —oo<x<oo



18

) 1
7272l b= T 4ub

AEBH O BERE, 74 T —RBRE (2.1) #HWT,

Efr(\p) (%) _f(p) (x)

n T o
h
1 ( j
—— L [£ P) (x)h}‘).{._ljer(y) f(r) (x+9h.y) dy ] — f(p) (x)
n P 1 ! J
j=1 h,
J —00
11 Y ¢
- (r)
=== h’; pjer(y)f i (x+6h y) dy for some 0<O<1.
! =1
o T ARELY

EBl L

(p) (p)
sSup sup |Efnp (x) — £ P (x) |
feF, xeR

f(r)” < ,
£ sup sup —m |y K(y) |dyb < Cb .
ri n n
feF, xeR :

—oco

N THEMGERA S 7,

—~
=111}

3 #¢)
> X OMBRHOWEEIE 52 T b,
WHE 3.2, (h)RROEMEMAET LT B,

n

1 z hn 1+2p n

T 4 1(h_.) = Yiugp + O(R)  (n—>e0)
=1 7
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for some constants N>0 and Yl+2p20’

1+2p n

)Zh = O(hi) (n>) for some constant §>0.

CHDEE, RO EDEILT 5,

sup sup |nhr11+2p Var(fr(lp) (x)) — (x)| = O(hB) (n—oo) ,

1+2
fteF, xeI

> > ) . 2
ZZiZ. Bp=min(m,& »> Gizp(x) =75, T (%) IK (y)dy.

—00

AL OBEEE,  FHEOEELRKEL Y

2 X.-x
sup sup |E{—K (——)} - £(x) _[K (y)dy|
feF, xeI hj J

(1) 2
< sup sup IRl J'lyK (y) |dyhj < Clhj,
f X

X—x 2
) }]

sSup sup [E{—K(
feF, xeI hj

2 2 (1) 2 2
< 2sup sup f (x) (J-lK(y)ldy) + 2(J|yK(y) Idysup”f 1) hj
f X £ ’

SCZ.

o T, REZHVSE, THRELEZNIIHLT

1+2p (p)
sup sup |nhn Var(f = (x)) - 1+2 (x) |
feF, xeI
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1% h 1i2p 1 2 XX 2
< 2 (P sup sup lE(=K (2} - £0 | (v)ay |
na by £ % by By

n
1 1+2p 2
+ l;E(—“) = Yo sup sup £ (x) IK (y)dy

N
n j=1 hip
< c,n’
N THEIEFH IR,

(R #%)
ROFEIE Michel and Pfanzagl (1971) 12 & Y 5-2 & 17z,
A 33 X, YERHEEKETLLE, ROFEXNEY Lo,

lpix<ty} -®(t) |

< sup lP{x<uy-®@)| + p(ly-1l>s}) + s
u€R

for all teR and s>0,

7272 L. O)IEEEIEF T NO,D)D 54 B % £,
ROFEIIESICRE S,
A 3.4, XEMERERLETHEE, ROFFRIFEILT 5,
EED ee(O,-zl-) LT

Plx " =1]1>2, x#0} < 2p(lx-1]>¢}.



E 3.1, (h}EREWM-TET 5,

N h
1 n, 3pt2
sup -— (—) < oo,
SR j=1 hj

h

n

1 n_ 1l+42p _ n

L3 g, s ouh (o
=

for some constants M>0 and 'yl+2p>0,

1+2p
h
n

n

=2
)Zhj ° = O(hi) (n—) for some constant §>0.
=1

(

n

ThnkE
sup sup sup |2 (n )7 (£ 0 —£® () <yo,, 0} -® |
feF, x€I yeR
= 0(b) (n—o)
BEY LD, 7272 L.
B =min(m, &),
h1+2p n
b =max{(ah) 2, (=—) "’ ) n"", n¥?)
n n n j n
j=1
3l B o B
1 Xj’X Xj—x 2 I 2
Y0 = (K —ER =) sn(x>=z{EYj<x)
] B 1=

3
EBlE

2
s (x)

n(e® (x) ~p£® <x>}=.§;Yj<X) and v_(x) =Var (£, (x)) =
1= n

2

21
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FHEDER LY

X.-x

1 .3
sup sup E|l—x (==—)| < c. for all j=1.
£oox h, h, '

LoT, AVF—DRERL VD L

n n
~{(3p+2)
(3.1) sup sup 2E|Y.(x)|3sczzh. B .
p x 4o 3 poy 3

I 320
1+2p 2
hn+ psn( ) 2 B
(3.2) sup sup I——n—— - 1+2 (x)| < C, h for large n.
f 4
- T,
1+2p 2 1+2p 2
h ' *s (x) | Fsl(x) |
—— D> - —
121:‘ 12f - _ 1r;f inf 0“2 (x) sgp Slip - 1+21p(x)
>y K (y)dy - C,nP
- f1+2p l y ¥
= Yi2p€ JK (y)dy > 0 (n—eo)
A >
1+2p 2
h s (x)
(3.3) inf inf E— 2 C, for large n.
f X

& T, Berry-Esseen®EH, 3.1). (3.3). KEZHW5B &

(3.4) sup sup sup IP{EY (x) Sys_(x)} - ® (y) |
X YER j=1



-1/2
< Cs(nhn) for large n.

W (x) =fr‘f” (x) —Ef;p) (x), V_(x) =Ef:1p) (x) — £ (%)

EBlL

f;p) (x) —f(p) (x) =Wn(x) +Vn(x)

Ehb, 33) &

1+2 -1/2
(3.5) inf inf v_(x) 2 C,(nh_ ) for large n.
f X

31D

1 -
(3.6) sup sup |V (x)] < C7;Zh§p for all n21.

f X j=l

o T AEX |® () - &(v)| <lu - v| for al1 u,veR | (3.4).

(3.5 BOTHWDHE, T KE%n LT

(3.7) sup sup sup |P{W _(x) +V_ (x) Syv_(x)} - ®(y) |
f X YER

W_(x) V_(x)
sSup sup sup lP{ Sy -

- @
P sup su e ! (v) |

IA

sup sup sup IP{Wn(x) < yvn'(x)} - d)(y)l
£ x y ,

+ sup sup |Vn(x) | /inf inf v_(x)

£ X f X
1+2p n
-1/2 hh 1/2 r-p
< C8 max { (nhn) , ( o ) hj }.

j=1

2
Cy = Yl+2p£1JK (y)dy

23
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LB

2

(3.8) inf inf 0'1+2

2
! : p(x) 2 Cg.

TORELR n LT

5C
(=) 0¥ (e 0,10y
n C9 n

(3.9) t

1+2p 1/2 (p) (p)
A (x) = sup [P{(nn ) (ET ()£ (x) Syo,, (x)} - ®(y) ]

n
Y

EBLE, FIE33LY

f(P) (x) _f(P) (x)

(3.10) A (x) < sup |p{—= <y} - oyl
n y v_(x)

2
G112p (x) 1/2

1+2p 2
nh v (x)
n n

+ Pl -1l >t o+t

Fesx |y-1l>z 1f [ Jy -1l >Jz for y, z>0 , #5HE 3.4, (3.2).

(3.8 B.9H&LY

2

o (x)
1+2 1/2
sup sup P{]( 1:2: > ) - 1] > t )
£ x nh™ v (x)
n n
1+2p 2 2
nhn vn(x) tn
< 2sup sup P{| ——— - 1| > -
£
* 01+2p(x)

t 5
< 29{c3h5>-51c9} = 2P(1 > =} = 0 for large n,

Thbb,
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2

Cop X 1,2
sup sup P{| (11:22# -1l > t } = 0 for large n.
£ x nhn vn(x)

o T, TOBEBRE. B.7). B9). B.10)0& D

sup sup A (x)
f b3

< sup sup sup [P{E" (x) —£" (x) € yv (x)} - &) |
f X y

2

O, ,pp (%) 1/2
+supsupP{|( —1|>t}+t
1+2p 2 n n
£ x nh_ v (x)

< Clobn for large n.

el ﬂf%ﬁﬁi\%ﬂz% é ﬂflo
(RE#)

h =n , < a <
1+2r 1+2p

vEZH, DLE

&/2 (p) (p)
sup sup sup [P{n" (£° (x)=£" (x)) <yo
feF, xeI yeR

LX)} - @y |

1+2

g

= O(n— ) as n —oo,

(v
v
2]

1 t 2.
o2, (X) == £ (x) jK (y)dy, 8=1—-o0a(1+2p),
P 1+0(1+2p)
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(3o &ETHxLND,

i) p=00&Z

FEED 0<1< LT o= (1-—oy/2r EBLE

=T

QAR
EED 0stsT T LT a=z-% LB L
C=7-1

(i) p21DL %

2(r-p)-1 ., __r _, .
EED 0<tS = RHLT  e=sgo- 2 eBlL

T 2(1+2p)

g

AL OBERE,  RHEICL Y

1

——, =1, &=
1+0(1+2p) o

'Yl+2p=
ELTCEH3I DEBERME-INE, £/, 28D EePRENS,
T RKE%ZniZHLT

(1) a(r-p) <1l DL X

1+2p n

h _ _ -
(2 )1/zzhrj P o 2 0 {0 (1+2r)~1}/2
n 3=1 1—a(r—p)
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2) ax-p=1DLX

1+2p n

h
1/2 - -a(l ) /2
(— )/ thpSZna e logn
n

i=1

(3) a(r-p) >l DL X

h1+2p n
1/2 r-p 1 - {1+t (1+2p) }/2
( —) zhj < ————n
n =1 a(r-p)-1
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2% 3K
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