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ON THE PARTIAL REGULARITY OF BOUNDED
WEAK SOLUTIONS TO NONLINEAR DEGENERATE
PARABOLIC SYSTEMS OF P-HARMONIC TYPE
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ABSTRACT. We establish partial regularity for bounded weak solutions of nonlinear parabolic
systems of p-harmonic type. It’s necessary to consider L1— estimate for the spatial gradient
of solutions by carefully using so-called Gehring inequality.

1.Introduction.

In this paper we establish Holder estimates for bounded weak solutions to nonlinear

degenerate parabolic systems of the form

%%- — div(|Du|P~2Dv’) = fi(t,z,u,Du), 1<i<n (1.1)

in an open set @ = (0,T) x @ C R™*!, m > 2. Here {1 is an open set in R™, z €‘Q C R™,
t > 0, T is a given positive number, u = (u!,u?,--- ,u") is a mapping: @ — R" and
Du = (Dyu,Dau,-++ ,Dmu), Dou = 0u/0z* (1 <a < m) is the spatial gradient of u, p is
any positive number satisfying

| 2<p< o
and f(t,z,u,p) is a Carathéodory function : (0,T) x X R" x R™™ — R", satisfying the

growth condition with some positive constant a
|f(t,,u,p)| < alpl? (12)
Let us introduce the parabolic metric with some positive constant 6

8o(21,22) = max(|zy — x2|, |t1 — 2|0, zi=(ti,zi), i=1,2. (1.3)
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and denote by H¥(-,84) the k-dimensional Hausdorff measure with respect to §g. Here
we recall some function spaces: Holder space C%#(Q, 8), denoted the spaces of Holder
continuous functions in @ (with respect to the metric 8p) with an exponent 4, the usual
Lebegue space LP(Q) = LP(Q2, R*) and Sobolev spaces: W:(Q) = WXQ, R), W;:(Q) =
V‘o’:(ﬂ)(ﬂ, R™), Vap(Q) = L=((0, T); L3(2)) n LP((0, T); WA(Q)), W},’;(Q) = W3((0,T);
L2(Q)) n L*((0, T); VIZ} (). By a weak solution u of (1.1) in Q we mean a vector-valued
function u = (u!,u?,--- ,u") € V,,,(Q) N L*=(Q) satisfying (1.1) in the weak sense:

// [—u’dp’ + |DulP~2Du' Dy'ldtdz = // fipidtdz for any ¢ € W;’}}(Q) U L=(Q).
Q Q

(1.4)
In (1.4) and in what follows, the summation notation over repeated indices is adopted.

Then our main theorem is the following:

Theorem. Let u be a bounded weak solution of (1.1), set M = supg |u| and assume that
1> 2aM. (1.5)

Then there exist positive constants €, 5,0 < f < 1, and an open set Qo C @ such that
u € C2(Qo,62) and H™%(Q — Qo,62) = 0.

The proof of Theorem relies on a perturbation argument (see [8],[9],[13]) and an
L%—estimate for |Du| which is of some interest in itself(refer to [9]). We prove such
- L9—estimate by exploiting so-called Gehring-inequality in Sect.3 (see [8],[9]).

Remark. In a scalar case everywhere regularity for bounded weak solutions is es-
tablished without assuming (1.5) (see [4],[14]). In a case of p = 2 the analogue result is
obtained in [9], [10].

‘Some standard notations: For 2y = (¢9,29) € Q and r,7 >0
Br(zo) ={z € R" : [z —zo| <7}, Qr,r(20) = (to — 7,%0) X Br(zo).
For § > 0 and 2z, € Q, r > 0 put the cylinders

Q¥(z0) = (to — °,t0) x B.(x0). (1.6)
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When 6 = p we let Q,(20) = QP(20). In the above notations the center points zo, 2o are
omitted when no confusion may arise. For an integrable function f : @ — R™ and a
measurable set A C Q |

1

fa |4] Afz

where |A| denote Lebegue measure of A. For any positive number ! we mean by [I] the

greatest positive integer not greater than /.
2.Some preminalies.

In this section we collect a few results which we shall use in the following.
We now introduce another function space. Assume that £ is ’of type A’ (see [9],[11]),

namely there exists a constant A > 0 such that for any B > 0 and all z, € €2
|0 Br(zo)| > AR™

and denote by LP**(Q), p > 1,4 > 0, the space of all functions u in L?(Q) satisfying

(nar = s B[] Ju=igygPis <o )
z ’ RrR\%0 ‘

L?#(Q) is a Banach space with the norm

{luf?, gy + (ulpue)?}.

These spaces have been introduced in [8] for the Euclidean metric and in [3] for a general
class of metrics including the parabolic one §5. We have the following result([3], Theorem
3.1).

Proposition 2.1. The spaces LP™+t8+%(Q) and C%*(Q, 84), 0 < u < 1 are topological

and algebraically isomorphic.

We actually exploit Proposition 2.1 on a local cylinder.
Let us now recall the estimate for solutions of nonlinear degenerate parabolic systems

(refer to [5],[13]).
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Préposition 2.2. Let v be a weak solution of (1.1) with f = 0 in some cy]indef Q% cQ
where 8 = 2 + a(p — 2) with a > 0. Then, for 0 < a < 1, there exist positive constants 7,

q > 1 depending only on m,p and a such that
m+8—ap ' .
/ / |DolPdtdz < 7( ) { / / |DoPdtds + 1}. (2.2)
0 Q :
holds for all 0 < r < R/2

Finally we need the following result that can be proved similarly as [8], Prop. 5.1
(also refer to [9]) only by changing Euclidean cubes with parabolic ones:

Proposition 2.3. Let g be a nonnegative LY—integrable function defined in some cylinder

Qr with some q > 1. Let us suppose that g satisfys with some positive constants:b > 1,6 >

0
1
Idtdr < b( / / gdtdx) + = / / fldtdz
QOI /A’(zo) IQ4r| 4,(20) Ierl ¢ (z0)
gidtdz
lQ«irl // 4~ (20)

for all zg € Qr and any 0 < r < (1/4)dist(z9,0QRr). Then there exist positive constants

(2.3)

9, €, depending on b, ¢,é and m, and o, depending only on ¢ and m, such that, if § < &,
g € LY(Qry4) for § € [q,q +¢) and :

(IQR,4|//Q,,,fqd”d’”)l/q<"(|czax /I qudtd””) ( i/ o] q‘”"x)

(24)

Now we state a fundamental inequality for solutions to (1.1). In the following Qr is a
arbitrarily fixed cylinder such that Qg C @, 0 < R < 1. We also take a positive number 6
as 0 < § < pand x = x(z) as a function in C§°(B;) suchthat 0 < x <1, x = \1 on B; and
|Dx| £ 2. We denote by xz,,2r the functlon Xzo,2r(z) = X((z — z0)/r) for any zo € Q and

replace the notation Xz,,2r by X When no confusion may arise. We also use the weighted

means of u in By.(z) as

B ®= [ b aief [ e, e,
B2,(z0) Bz, (z0)- ) . (2.5)

ﬁQgr(zo) // (z u(t m)Xzo ZT(w)dtdx/ // Xzo,Zr(x)dtdx, 2y € Q-
2r zo)
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Lemma 2.4. (Caccioppoli type estimate) There exists a positive constant y depending

only on m, M and 8 such that

sup / lu —a%, (z )|2da: + // |DulPdtdz
to—r? <t<to J B, (zo)x{t} - arifo Q%(t0,%0)

<y (r"o // lu —a} . @)dtde +r~? // |u ~ @ (t)}”dtdz)
Qgr(io,zo) Bar(20) _ g,(to,zo) g Bz (20)
(2.6)

holds for any Q3. (te, 7o) C Qr-
Proof.Let 7 € C*°(R, R) depend only on a time-variable ¢ satisfying 0 <7 <1, 7=1
on [to — %, to], T = 0 on t < to — (2r)® and |dyr| < 2/(2° — 1)r~". Testing (1.1) by a

function ¢ = (u — 4%, (,\(t))XPTP1-co o, We have

[ we-ag,Perder [[1DuP - £tz Du)u - @, ()0 dids
B, x{to} Q3
<7 / / o lu—a¥, |*xPrP~ 9, rdtdz (2.7)
2r

+’)’// |DulP~2DuDx(u — @, )x?'rPdtdz.
Q. ’
Since by our choice of a test function the remaining term

/ o [ b(u - ﬁﬁzr (t))Xpdm]atﬁ’éz' (t)Tpdt

to—2r¢ JB,,

is equal to zero, we obtain the lemma from applying Young’s inequality and (1.5) to
(2.7). Note that the time derivative d,a}, (t)is integrable. In fact, testing the identity by

¢ = XP1(s,1,)0ne immediately sees that @%_(t) is absolutely continuous.

Remark. (u — ﬁgz'( 20)(E)XPTP1_co,t, is not admissible as a test function in (1.1).
But, by substituting [(u — UR, (20)ENXPTPIE o oI5 Where na(t) = (1/R) ftt+h n(s)ds,
i (t) = (1/R) [, n(s)ds and 1€, , € C®(R), 1%,  =lont <tg—¢, 1, =0on
t > to, (which is admissible as a test function in (1.1)) into (1.1), and calculating similarly
as (2.7) and letting h,e | 0 in the resulting inequality, we have (2.7).
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Lemma2.5. There exists a positive constant v depending only on m, M and 6 such that

sup / |u— ﬁﬁr(to)(t)lr"dm
B, (z0)x{t}

to—rf <t<ltp

S7(r2'0 // |Du|2dtd:z:+// . IDuI”dtda:)
$-(t0,z0) %-(t0,z0)

holds for any Q%,(to,z0) C Qr.

(2.8)

Proof. As in the proof of Lemma 2.4, testing (1.1) with

(v — 5, (20) OIX* TP 10,10

we obtain, from applying a simple variation of Poincaré inequality for the resulting in-

equality,

" / - Ju—ag t))?dz
t0_27'9<t<to J Br(zo)x{t} ’ B'.’r(-'l'o)( )I

S7(r2'9 // ]Du|2dtdm + // IDu[pdtda:>.
Q5. (to,z0) Q3, (to,z0)

Since, for any ¢ € (to — ro,to)
u— Y t)|%dz
‘/;r(zo)x{t} l Br(zo)( )’
S 'U.-—ﬂx t 2d$+2Br ,ax ¢ _i‘—x ¢ 2 2.9
'/Bzr(Zo)x{!} l Ba'(ZO)( )l I ” BZr( ) B,.( )I ( )

S’Y/ Yy — ﬁx t 2dz.
By (zo)x{t} l B2r(zo)( )l

the result follows.

Lemma 2.6. There exists a positive constant vy depending only on m and M such that

sup / lu(t,z) — @% (t)Pde < 4rP0-P)/(P-1) // | Du|?dtdz (2.10)
B, x{t} ’ Q.

to—1? <t<tg
holds for any Q3,. C Q.

Proof. Let 7 be the same function as in Lemma 2.4. Testing (1.1) with

o= (u—1ay, u—ap, P72xPr?
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(note Remark after Lemma 2.4) and using Young’s inequality, we have
1/p) [ tu=hy P te = 1/p) [ lu-aky PrPorrridtds
B2P 2r . ] ng 2r
+(1 — pe) // |DulP|u — ﬁz, [P=2xPrPdtdz
ey, b
+(p-2)/4 |DulP~2|D|u — @%, [*|?lu— X, [P~ *xPrPdtdz
Q; Q?r Q2r
—py(p,€) // |u — ﬁz, [2?=V|Dx|PrPdtdz < a// | Du|Plu — ﬁz, [P=1xPrPdtdz.
Qg,- 2r. Qgr v2r
Putting ¢ so small in the above and noticing p > 2, we obtain from the boundedness of u

sup / Ju(t,2) — @, Pds < / / [u(t,z) — T, POrrdtda
B, 2r Qg' 2r

to—rf <t<lig

2.11)
+7 / / |u(t,z) — @}, [*P~|Dx[Pdtdz. + a(2M )P~ / / |Du|Pdtdz.
Q3 2' o Q3
Note the following estimate: For ¢y — (2r)f < s <t <ty
[ -, ord
B.x{t} '

-op—1 —aX |p 9p—1 X (4} —gX. P
=2 /B.-x{t} fu =gy, Pz + 27| Brlu,, (1) = sigy Y

| (212

// |u— z’ié, [Pdtdz
Q;r ‘ ar

<or-1 / /Q lu— %, (O)Pdtda + 27| By,
2r

to
to—(2r)° [#5,,(t) - ﬁzgf ["dt.
0—

Now we estimate |a}, (t)— ﬁzgr P for tg — (2r)% < t < tg. Testing the identity (1.1) by
XPLa (5%, (8) = %, (N)|@h, () — @5, (P2, t,s € (to —2r%, ko)
and noting the boundedness of u, we have, for any ¢, — (2r)? <s <t <t
[Barlla,, (1) - a5, () <1 OECPOD 11y [ /Q | |Dupdtdz.  (213)
; 2
Noticing that ﬁ’Q‘g' = ft?_(z,,), ua%y, (s)ds/(2r)®, §ve find that, for any to — (2r)% <t < té

[ag,, (t) —ag, I < sup 2, () — g, ()P, (2.14)
2r to—(2r)f <s<t<tg
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so that, substituting (2.13) into (2.14) giveé that

sup  [ak, (£) — %, (s)F < 7|Bas|Hr@-P/G=D / / \DufPdtdz.  (2.15)
to—{(2r)? <s<t<to Q.

Combining (2.12) and (2.15) with (2.11), we obtain from the boundedness of u and a simple

variation of Poincaré inequality

swp [ jutt,e) -, (OF <@yt el ([ pupdtas,
to—(2r)? <s<t<0 J B, x{t} r ' o

where we note 0 < § < pand 0 < r < 1. Noting (2.9) in the proof of Lemma 2.5, the result

immediately follows.

3. Li— estimates.

Take a cylinder Qr C @, 0 < R < 1, arbitrarily and fix it. Now we prove
Lemma 3.1. (Reverse Hélder inequality) There exist positive constants ~ a.nde such that

Du| € L**Y*(Qgr/4). Moreover there exist exponents 0 < p < p and 1 < p such that
i / : . g

loc

([ ooras)™ so{ (] yoras)”
o(Jf woraas)’)

Proof. In the following 8 is a positive constant satisfying 8 < p, which is chosen

(3.1)

exactly later. Taking a exponent v, a3 as follows

p 1
=2(o4 ——
2 2 271 27 m '
max{p+2,‘ m+2’ m+2/(m+2+m+2)} <@z <l
Moreover we set
m m
)] = N ’ 62‘_' (3‘3)

a2+71’ ﬂl:m—(l—ag)(m+2) (1—(12)(772-}-2)
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Noting that
0<ay, ag <1,

Br, f2>1 and 1/ + 1/ =1
and using Holder inequality, Lemma 2.6 and a simple variation of Sovolev inequality, we

have, for any QY, C Qr

l—ay
/ / Iu= a5, (P < < sup ( / fu — a5, |PXPTde)
- to=2rP<t<to \J Bz, (z0)x{t}
X / (/ ju — uBz'IPd:c) dt
io—(21‘)‘ B,
l—ay ptg ‘ a1/p
S(rp(ﬁ—p)/(P—l)// lDu("dtd:v) / (/ lu — @}, |°‘7ﬂ”’dz)
' i to—(2r)° \J Bar ’
a1/B:
X (/ lu — uB (z0) I”(l‘“’)ﬂ’dm) dt
Bz, '
1-on a1/B2
S,er(l-az)ﬂlrP(o"P)(l“al)/(P_l)(// ]Du]”dtdz) (/ lDu}p(l""’)ﬂ’dz> dt
Qz,- : ‘Bzr V

to ’ ai(m+azp1p)/prm
x / ( / | Du|@2Prmp/(m+azfrp) d:c)
t B?r

o—(2r)?
g,er(l-az)ou pP(0-p)(Q1—a1)/(p-1) IB2rlat(m+azﬂ1P)/ﬂxm—a1 a;

l—oy to . a1Q2 . %Jz-
X ( / / |Du|?dtdx) / ( / lDu[”dw) ( / |Du1P(1-“=)ﬂ2dx) dt
0 to—(zr)’ Bj, Bz,

pO=p)imal) . (mta l—al+a1az'
<,er(l—a2)a1r : I 2r|_ﬂ7%ﬁzﬂﬂ—alaz (// lDqudtd:B)

Q4r

t —a— 1-a
(] om0
to—(2r)° Ba,

<7r1’(1 —az)ar . p(0-p)(1-a1)/(p-1) | By | (m+azfip)/fim=—aiaz 0(1-orar—a1/B)(1-a1a3)

l-a1+ajaz a1 /B2
X ( / / |Du|1’dtda:> ( / / |Du|”(1"°")ﬂ’dtda:>
Q4 Q-

By applying Young’s inequality for (3.4), the latter is

(m+2)/m
/:/, lDuIm”/(m+2)dtdx) (3.5)
4
2r .

(3.4)

1
< 6rP / /Q , |Dulatde + ~(8)r?|QC)] (l i



150

We estimate [ fQ%, lu — @%, (t)|*dtdz for any Qf, C Qr. By Holder inequality and

Lemma 2.5, we have

/ / lu — @y, (t)[dtdz
Q3. ’
11— to a;
(s [ wea,ore) [T (] lu—ﬁ’l‘;”(t)lzdz) it
to—2rf <t<to J Bz, x{t} to—2rf
e o 3.6
( / / fu — a5, (t)|2dtdz) / ( / fu — @, (t)|2d:c> dt (36)
t —21‘9 B;r
1—01 ay
+7(r“‘° / / lu — @, (t)l”dtdw> ( lu—a%, (t)|2d:c) dt
‘ Q4 ’ to—2r® \J B,,

=1 + I,.
First we consider I;. Set a;, as, f; and f; as follows:

0 <a; <min{l/2, 2/m}, 0<az<1

p m B (3.7)
p—2+2a25ﬂ1<a2(m—2) /82—"31_1-
We also set 6 as
_ _ma a
- (-5 (o452)

Note that
2(1 - aZ)ﬂZ S D ﬁl’ ﬁ2 > 1)

so that, calculating similarly as in (3.4) gives that

1 l—ai+ajaz al/ﬂZ
L 37r0|qf|(| & / /Q 9 |Du|2dtdz> ( / / 9 |Du|2(1‘°’2)ﬂ’dtdx>
4r 4r 2r

Noting that

p
>1
2(1 - 1 +a1a2)

and using Young’s and Holder inequalities, we obtain

B <ol [ IDupae
4r 4r

pay/Bi(p—2+20n(1—az2))
@ 1QA( [ 1Dupo-eInanas) ..
Q5.
(3.9)
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Next, to estimate I we put the exponents as follows:

6 and a; are the same as in (3.7) and (3.8),

p2-6) .
—_—— 1
Amto) ~2<h (3.10)
p ~ . m m+80,[m+6 = B
P | ~1 S
p2128 P <mRlgn Ty 2—0/(2—9 )}’ Pa=2"1

Noting that
Bi, Bo>1, 21 —-é&)B<p

and estimating similarly as (3.4), we have

I < 7r(2—9)01—(m+0)ax/l§1r9|Qg|

( 1 // 1—0'1 1 9 01&2
« (= ]Dul”dtdm) (——- / f |Du dtd:c)
‘erl Q. ’Qgrl Q.

o . o1/B2
X ( / / |Du|2(1'°“)ﬂ3dtdz)

¢

2y

(2- O)al —(m + 8)a; /B > 0.

Note that

Since
1

— >
1—ay+2mdsz/p

1,
from Young’s and Holder inequality it follows that

010 1 | . s p/B2(p~2&2)
b <518 [ /Q  |DuPdtds +(p, 5>r"|cz£s( / ,Q , |Du|2°-°=>ﬂ2dtdz)
’ 4r 4r 2r

(3.11)
Combining (3.9) and (3.11) with (3.6), we have

/ / ju — %5, (t)dtdz
Qgr :

a1 [, 1puraids 2. 0r @ ([ 1Dups-e s
4r [ Q:,

por/B1(p—2+2a:1(1-a3))
r(p, 6717 ( i |Du|2<1-°ﬂﬂ2dtdz)
Q3.

<6r®|Q?)

)P/Bz(?"‘z&z)

(3.12)
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Thus, substituting (3.5) and (3.12) into (2.6) in Lemma 2.4 we obtain, for any Qf, C Qr

il
—_— DulPdtdz
071 J Jg 1P
Sé-ie— // |DulPdtdz + ~(p, 6) (// | Du |2 =22)B2 4ty
lQ4r| 2»‘ ) Qgr

(g ), 1) ™

)Pallﬂl (r—2+201(1~a2))

m ’ ~ \3 B2(p-2a3)
+ v(p, 6) (// |Du[2(1“‘2)‘3’dtdx>
Q5.
(3.13)

The desired estimate follows from Prop.2.3 with setting g = |Du|™?/(m+2) 4 =

pa1/Bi(p—2+2a1(1—a3))
f .—_7{ ( / / ' |Du]2(1"°")ﬂ3dtdm) |
Qr

s p/Ba(p—2a2)\ 1/q
+( / / |Du|2(1-°=)ﬂ=dtdz> }
Qr

4.Proof of Theorem.

(m +2)/m and

In the following we take Q% (,Z) C @, 0 < Ro <1, and fix it.

Lemma 4.1. Suppose that there exists a sufficiently small 6 > 0 such that

— /1 ‘
lim / / Du ”dtda:) <4 4.1
rio (lB,-l S (+.1)

Then, taking Ry > 0 sufficiently small, for 0 < a < 1, there exists a pdsitive constant vy
depending only on m,p, a, § and [ fQ | DulPdtdz such that |

1
oo DulPdtdzs < ~r—°P 4.2
'Qfl//czz(to,zo)l ufrdids < v | (*2)

holds for any (tg,x9) € Q%to/4 and all 0 < r < Ry /4.

Proof.Let Q32 p(to, o) C Q%, be fixed arbitrarily. Consider the Dirichlet problem:

o' — div(|Dv[P~2Dv') =0 in Q%, i=1,---,n, (4.3)

v=u on the parabolic boundary of Q% (4.4)
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where 6 = 2 + a(p — 2).

Existence of weak solutions to (4.3) in the sense of (1.4) and to (4.4) in the sense of
traces of W (Q%) functions can be established by a straightforward adoptation of Galerkin
method as presented for example in [12].

Substracting (1.1) by (4.3) and testing the resulting inequélity by v — u on Q%(note

Remark after Lemma 2.4), we have

-1-/ lv — ul?dz + // |Dv — DulPdtdz < a// |DuP|lv — u|dtdz. (4.5)
2 JBax{to) Q% _ Q%

Noticing the maximum estimate of the solution to (4.3) and (4.4) (see [13]), from (4.5) we

deduce two inequalitiesfor 0 <r < R :

/ L  |DufPdtdz < 4 / /Q  |DulPdtds, (4.6)
R R
// | DulPdtdx < 2P~1 // | Dv|Pdtdz + 2P~} // |Dv — DulPdtdz.
Jas o % (4.7)

From (2.2) in Prop.2.2 and (4.6) we obtain for 0 <r < R

/ / , |Dv|Pdidz < 7(-}%) Me—”{ / j{? . |Dul|Pdtdz + 1} (4.8)

Combining (4.8) with (4.7) gives that

m+0—ap
/ / DufPdtdz < 7(1) ( / / |\ DulPdtds + 1) T / / \Du — DolPdtds.
0 R Q% Q

: (4.9)
Now we estimate [ fq' | Du — Dv|Pdtdz. In the following ¢ is determined in Lemma 3.1. By
Holder inequality we have

p/(p+e) e/(p+e)
// |DulPlv — u|dtdz < (// IDul’”*"dtda:) (// v — ul(P"'s)/’dtd:c)
Q% Q% Q%

(4.10)

Noting the boundedness of v, we obtain from Poincaré inequality and (4.5)

// v — u|P*+edtdz < (M) // v ~ u|Pdtdz < yR?P // [DulPdtdz.  (4.11)
Qr Q% : QR
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To estimate I_élfz_l / fQ% |DulP*¢dtdz we use a partition argument (refer to [13]). Set, for a

subset § C Q .
f(Q)

pa1/fr1(p—2+201(1-03))
='y{ (/[ |Du‘2(]-°’)ﬂ’dtda:) A
Q .
: . p/Ba(p~2&2) y m/(m+2)
+(/ i IDulz(l—”)ﬁ’dtda:) } '
Q

where the parameters are determined in Lemma 3.1. We assume that r?/r? is an integer
where note § < p, and subdivide Q¢ into s = r®? boxes with vertices (¢,2), -~ ,

(ts—1,20). Then, from (3.1) in Lemma 3.1 we obtain-

i /], /I
_— DulPtedidz < DulPtedidz
IQ?ZI ,' | "ZIQ AV e

i=0
p 1 2te

5—1 i-
< Du ”dtdx) ( / / Du ”dtdz)
7‘R0 Z(lQ“RI /Quz(i.,zo) [Pyl IQ4RI Qar(ti,zo0) l |

=0
a—-l

+7R9 Z(f(Qu(t,, zo)))Pte.

$=0

(4.12)

Taking Ry > 0 sufficiently small we obtain from (4.1) and Lebegue absolute continuous

theorem
L1 // |Du|Pdtdz < § for ¢ =0,1,--- ,s—1. (4.13)
|Barl JJ @t (ti20)

Note that at most ([47] + 1) cylinders Q4r(ti,z0) (: = 0,1, - ,s — 1) are overlapped with
each Q4r(ti,z0) (1 =0,1,--+ ,s — 1), so that we have

8~1 .
Z// |DulPdtdz < ([47]+ 1) // | Du|Pdtdz. (4.14)
411(‘6,20) Q4R,RO+(4P—1)RP(t0!ZO) .

=0

From (4.13) and (4.14) we obtain

Rp s—1
( /] | Dul|? dtda:) ( // ]Dulpdtdx)
Q4| Qar(ti,%0) |Qsrl Qar(t:i,zo)

3—0

40([41’]'*'1) —~egefp " ”
A CORCE le / / | Dul dtds.

Qqr,r? +(4P -=1)RP (t0,z0)

(4.15)
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We also find that

3—1

R ;(f (Qar(ti, z0)))PHe < 70 S(f (Qur,ro+(4r—1)Re(t0, T0)))PTe (4.16)

L(f(Q4r, R (a7 —1) R (0, z0)))Pe.

Here note that by taking Ry > 0 sufficiently small, R® + (47 — 1)R? < (4R)? holds for any
0 < R < R,. Combining (4.15) and (4.16) with (4.12) we have

o/l
—_— DulPtedidz
AR

é
S A~ //Q |DuPdtdz + 1(£(Q4nlt, 20)))"*

4R,R% (47 —~1)RP (to,z0)
(4.17)

Substituting (4.11) and (4.17) into (4.10) and noting that 0 < R < 1 and é < p, we have

// |DuP|v — u|dtdz < 67+ // | Du|Pdtdz
Q% Qir
e/(p+e) Bl -2+p2:.1 G=az))
+7IQ%I(—-1-—- / / IDuI"dtda:) {( / / lDuIZ(l"”)ﬂ’dtdx> s
|Barl J gz, Qin ,‘
-—L—.—- m m+2
Qe
Combining (4.18) and (4.5) with (4.9) gives that
r m+6—ap
// |Du|Pdtdz < 7{( ) + 674 } (// |DulPdtdz + 1)
’ Qir
e/(p+e) I RS AT CETTY)
+’7|Q?z!(-——1-—- // IDuIPdtda:) {(// IDulz(l‘“z)‘Bzdtdx) v e
|Bsrl JJag, Qin

S — ™

+ (// lDulz(l—&z)ﬁzdtdz) Ba(p-2a24) }mp/( +2).
Qir

(4.19)

Again noting (4.13) and iterating (4.19) similarly as Lemma 2.1 in [8],p86 (also see [9],p446)

(4.18)

we have that for all 0 < a < 1, there exists a positive constant v depending only on m, p,
a and [ fQ | Du|Pdtdz such that

// (1 + |DuP)dtdz < yrm™to-or (4.20)
Qe(t(hzo)
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holds for any 0 < r < Ro/4 and (t,z¢) € Q%zo/r

From a partition argument(see (4.12)) and (4.20), we obtain (4.1).

Proof of theorem. Let (%,%) satisfy (4.1). Exploiting Lemma 4.1 and estimating

similarly as in the proof of Prop.3.3 in [13], pp118-120, we deduce that, for any 0 < a < 1

there exists a positive constant v depending only on m,p,« and [ fQ |Du|Pdtdz such that

1 _ ]
1 oy~ PPl 377070 (1.21)
r 7(to,zo0

holds for all (to,20) € Q%,/4(, %) and any 0 < r < Ro/4.

From (4.21) and Prop.2.1 with setting @ = Q% /,(f,%), 6 =2 and p = 2(1 — a) we

conclude that u € C%?(Q% /4) for any 0 < B < 1.

To obtain the assertion of Theorem, we have only to recall Prop.3.2 in [9],p447(also

see [8]) and to note the LY—estimate for |Du| (Lemma 3.1).

10.

11.

12.

13.

14.
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