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A Short Course on $b$-Functions and Vanishing Cycles

SAITO, Mutsumi (Tohoku Univ.)

\S 0. Introduction.

In this article, we use the notation appearing in [H] freely, and a

D-module means a left $\mathcal{D}$-module. Let $X$ be a complex manifold, $f$ a holo-

morphic function on $X$ , and $\mathcal{M}$ a regular holonomic system on $X$ . By

Riemann-Hilbert (RH) correspondence, DR(M) is a perverse sheaf. Hence

its nearby cycle $p\psi_{f}(DR(\mathcal{M}))$ and vanishing cycle $p\phi_{f}(DR(\mathcal{M}))$ are perverse

sheaves on $f^{-1}(0)$ . If $f^{-1}(0)$ is a smooth hypersurface, again by RH corre-

spondence there should be holonomic $D_{f}-1(0)$-modules $\mathcal{M}’$ and $\mathcal{M}$
“ such that

$p\psi_{f}(DR(\mathcal{M}))=DR(\mathcal{M}’)$ and $p\phi_{f}(DR(\mathcal{M}))=DR(\mathcal{M}’’)$. Malgrange [Ma]

and Kashiwara [Kv] have given such $\mathcal{M}’$ and $\mathcal{M}’’$ by using the notion of V-

filtration. When $f^{-1}(0)$ is not smooth, the situation is reduced to the smooth

case by the graph map of $f$ . There are already excellent surveys [MS], [S]

of this topic. This article may be considered as a very short version of [MS]

or [S]. Although most proofs of assertions are omitted, those of Proposition

4.2 and 4.4 are exposed in order to convince readers that morphisms $T$, can,

and $var$ correspond to the counterparts mentioned there.

数理解析研究所講究録
第 803巻 1992年 48-64



49

In \S 1 we define b-functions and look at some examples. In \S 2 we

define V-filtrations, which can be calculated by b-functions. We also look

at some examples again. In \S 3 we state the stability under standard oper-

ations of the category of coherent clD-modules which admit the canonical

V-filtrations. In \S 4 we define moderate nearby cycles and moderate vanish-

ing cycles, which turn out to be quasi-isomorphic to certain graded pieces of

the canonical V-filtration. In \S 5 we recall nearby cycles and vanishing cycles,

and state the main theorem (Theorem 5.1).

\S 1. b-Functions.

Let $X$ be a complex manifold and $f$ a holomorphic function on it.

We set $D_{X}[s]$ $:=\mathcal{D}_{X}\otimes_{C}C[s]$ where $s$ is an indeterminate central element.

Let $\mathcal{I}_{f}$ denote the left ideal of $D_{X}[s]$ consisting of all operators $P(s, x, D)$ in

$D_{X}[s]$ such that $P(s, x, D)f(x)^{s}=0$ holds for a generic $x$ . A $\mathcal{D}_{X}[s]$-module

$\mathcal{N}_{f}$ $:=D_{X}[s]/\mathcal{I}_{f}$ has a $\prime D_{X}$-linear endomorphism $t$ defined by $P(s)f^{s}\mapsto$

$P(s+1)f^{s+1}$ . Since we have $[t, s]=t,$ $\mathcal{M}_{f}$ $:=\mathcal{N}_{f}/t\mathcal{N}_{f}$ is a $\mathcal{D}_{X}[s]$-module.

DEFINITION 1.1 [SSM], [Be]: The minimal polynomial $b(s)$ of the multi-

plication by $s$ on $\mathcal{M}_{f}$ is said to be the b-function of $f$ .

THEOREM 1.2 [Be], [Bj], [Kb]. The $D_{X}$ -module $\mathcal{M}_{f}$ is holonom$ic$ an $d$ th $e$
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b-function of $f$ locally exists.

EXAMPLE 1.3 [Mi], [Y]: Let $X=C^{n},$ $x_{1},$ $\ldots x_{n}$ a coordinate system on

$X$ and $D;= \frac{\partial}{\partial x:}(1\leq i\leq n)$ . We assume $f$ to have an isolated singularity

at the origin and $f(O)=0$ . We suppose that there exist $v= \sum_{i=1^{\wedge x;D;}}^{n_{\gamma_{f}}}$ ,

$r\in Z_{>0},$ $r_{1},$ $\ldots$ , $r_{n}\in Z_{\geq 0}$ such that $v(f)=f$ . The b-function of $f$ at a

point where $df$ does not vanish is $s+1$ . Hence $s+1$ is also a factor of

the b-function $b(s)$ of $f$ at the origin. Since $vf^{s}=sf^{s},$ $\mathcal{M}_{f}$ is a singly

generated $D_{X}$ -module. Let $\overline{\mathcal{M}}_{f}=(s+1)\mathcal{M}_{f}$ and $\overline{b}(s)$ denote the minimal

polynomial of $s$ on $\overline{\mathcal{M}}_{f}$ . Then we see that $b(s)=(s+1)\overline{b}(s)$ and $\mathcal{M}_{f}=$

$D_{X}/D_{X}f_{1}+\cdots+D_{X}f_{n}$ where $f_{:}=D_{i}(f)$ . Let $v^{*}$ be the adjoint operator

of $v$ , i.e., $v^{*}=- \sum^{nr}i=1rarrow(x;D:+1)$ . Then we see $\overline{b}(s)=$ the minimal

polynomial of $s$ on $\overline{\mathcal{M}}_{f}=the$ minimal polynomial of $v$ on $\overline{\mathcal{M}}_{f}=the$ minimal

polynomial of $v^{*}$ on $\mathcal{O}_{X}/(f_{1}, \ldots f_{n})$ . For a monomial $x^{\alpha}$ where $\alpha$ is a

multi-index, we have $v^{*}(x^{\alpha})=- \sum_{i=1^{\frac{r}{r}i}}^{n}(\alpha_{i}+1)x^{\alpha}$ . We define a set $R$ by

$R=$ { $\sum_{i=1^{\frac{r}{r}i}}^{n}(\alpha;+1)|\{x^{\alpha}\}_{\alpha}$ is a basis for $\mathcal{O}_{X}/(f_{1},$ $\ldots f_{n})$ }. Then we

obtain $b(s)=(s+1) \prod_{\beta\in R}(s+\beta)$ .

EXAMPLE 1.4: Let $X=C^{n}$ and $f=x_{1}^{e_{1}}$ – $x$ A$n$ where $e_{i}\in Z_{\geq 0}(1\leq i\leq n)$ .

It is easy to check $D_{1}^{e_{1}} \cdots D_{n^{n}}^{e}f^{s+1}=\prod_{i=1}^{n}\prod_{k=1}^{e:}(e;s+k)f^{s}$ . On the other

hand we suppose that there exist an operator $P(s)\in D_{X}[s]$ and a nonzero
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polynomial $b’(s)\in C[s]$ such that $P(s)f^{s+1}=b’(s)f^{s}$ . By the relative

invariance under the action of $(C^{x})^{n}$ , it is easy to see that there exists

$Q(s)\in C[x_{1}D_{1}, \ldots x_{n}D_{n}, s]$ such that $P(s)=Q(s)D_{1}^{e_{1}}\cdots D_{n^{n}}^{e}$ . Therefore

we see that the b-function of $f$ at the origin is $\prod_{i=1}^{n}\prod_{k=1}^{e:}(s+\frac{k}{e:})$ .

There are many other examples of b-functions which can be calcu-

lated. See [Y], for instance, and [SKKO] for b-functions of relative invari-

ants of prehomogeneous spaces. More generally Kashiwara has proved in

[K2] that for a holonomic $D_{X}$ -module $\mathcal{M}$ and a section $u\in \mathcal{M}$ there exists

locally an operator $P(s)\in D_{X}[s]$ and a nonzero polynomial $b(s)\in C[s]$

such that $P(s)f^{s+1}u=b(s)f^{S}u$ . As an application, the holonomicity of

$\prime rt_{[X|J^{-1}(0)]}^{i}(\mathcal{M})$ has been proved there.

\S 2. V-Filtration.

First of all we introduce the lexicographical order in $C=R\oplus R\sqrt{-1}$ .

Let $Y$ be a smooth closed submanifold of $X$ of codimension one, $\mathcal{I}_{Y}$ the

defining ideal of Y. For $k\in Z$ we define

$V_{k}D_{X}$ $:=\{P\in D_{X}|P\mathcal{I}_{Y}^{i}\subset \mathcal{I}_{Y}^{j-k} (\forall j\in Z)\}$

where $\mathcal{I}_{Y}^{i}=\mathcal{O}_{X}$ for $j\leq 0$ . Then $\{V_{k}D_{X}\}_{k\in Z}$ is an exhaustive increasing
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filtration. Let $t$ be a local equation of $Y$ and $D_{t}$ a local vector field such that

$[D_{t},t]=1$ . We have $t\in V_{-1}\mathcal{D}_{X},$ $D_{t}\in V_{1}D_{X},$ $gr_{0}^{V}\mathcal{D}_{X}$ $:=V_{0}\mathcal{D}_{X}/V_{-1}D_{X}=$

$D_{Y}[tD_{t}]$ and $V_{k}D_{X}= \{\sum_{k\geq i-:^{a}:j}(y, D_{y})t^{i}f\dot{fl}_{t} \}$ .

DEFINITION 2.1 [Kv], [Ma]: Let $\mathcal{M}$ be a coherent $D_{X}$ -module. An in-

creasing filtration $\{V_{\alpha}\mathcal{M}\}_{\alpha\in \mathbb{C}}$ satisfying the following conditions is called

the canonical V-filtration.

(1) $\mathcal{M}=\bigcup_{\alpha\in C}V_{\alpha}\mathcal{M}$ . Each $V_{\alpha}\mathcal{M}$ is a coherent $V_{0}D_{X}$ -submodule.

(2) (V $\mathcal{D}_{X}$ ) $(V_{\alpha}\mathcal{M})\subset V_{\alpha+i}\mathcal{M}(\forall\alpha\in C, \forall i\in Z)$ .

(3) $t(V_{\alpha}\mathcal{M})=V_{\alpha-1}\mathcal{M}(\forall\alpha<0)$ .

(4) The action of $(tD_{t}+1+\alpha)$ on $gr_{\alpha}^{V}\mathcal{M}(\forall\alpha\in C)$ is nilpotent where

$gr_{\alpha’}^{1}\mathcal{M}=V_{\alpha}\mathcal{M}/V<\alpha \mathcal{M}$ and $V< \alpha \mathcal{M}=\bigcup_{\beta<\alpha}V_{\beta}\mathcal{M}$ .

REMARKS 2.2: (1) The definition of the canonical V-filtration does not

depend on the choice of $t$ and $D_{t}$ . The canonical V-filtration is unique if it

exists.

(2) Since the adjoint of $(tD_{t}+1+\alpha)is-(tD_{t}-\alpha)$ , the eigenvalue of $tD_{t}$

on $gr_{\alpha}^{V}\mathcal{N}$ is $\alpha$ for a right Dx-module $\mathcal{N}$.

(3) $t$ : $gr_{\alpha}^{V}\mathcal{M}arrow gr_{\alpha-1}^{V}\mathcal{M}$ and $D_{t}$ : $gr_{\alpha-1}^{V}\mathcal{M}arrow gr_{\alpha}^{V}\Lambda 4$ are bijective for
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$\alpha\neq 0$ .

DEFINITION 2.3: We say that a coherent $D_{X}$ -module $\mathcal{M}$ is specializable

along $Y$ and we denote $\mathcal{M}\in By$ if the following equivalent conditions are

satisfied:

(1) For any system of local generators $u_{1},$ $\ldots$ , $u_{l}$ of $\mathcal{M}$ there exists a nonzero

polynomial $b(s)\in C[s]$ such that $b(tD_{t})u_{i} \in\sum_{j=1}^{l}(V_{-1}\mathcal{D}_{X})u_{j}(1\leq\forall i\leq l)$ .

(2) $\mathcal{M}$ admits the canonical V-filtration with respect to $Y$ and there exists

a finite set $A\subset C$ such that $\{\alpha\in C|gr_{\alpha}^{V}\mathcal{M}\neq 0\}\subset A+Z$ .

Let $\mathcal{M}\in B_{Y}$ and $u\in \mathcal{M}$ . Then there exists a nonzero polynomial

$b(s)\in C[s]$ such that $b(tD_{t})u\in(V_{-1}D_{X})u$ . The minimal polynomial among

such is called the b-function of the section $u$ . The canonical V-filtration of

$\mathcal{M}$ is known to be given by $V_{\alpha}\mathcal{M}=\{u\in \mathcal{M}|$ all roots of the b-function of

$u$ are greater than or equal $to-\alpha-1$ }.

PROPOSITION 2.4. Let $0arrow \mathcal{M}’arrow \mathcal{M}arrow \mathcal{M}’’arrow 0$ be an exac$t$ sequ$en$ce of

coherent $D_{X}$ -modules. Then we $have$

(1) $\mathcal{M}\in B_{Y}\Leftrightarrow \mathcal{M}’,$ $\mathcal{M}’’\in B_{Y}$ .

(2) The induced sequence $0arrow V_{\alpha}\mathcal{M}‘arrow V_{\alpha}\mathcal{M}arrow V_{\alpha}\mathcal{M}’’arrow 0$ is exact for
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$\forall\alpha\in C$ if $\mathcal{M}\in B_{Y}$ .

(3) The induced sequence $0arrow gr_{\alpha}^{V}\mathcal{M}’arrow gr_{\alpha}^{V}\mathcal{M}arrow gr_{\alpha}^{V}\mathcal{M}’’arrow 0$ is exact

for $\forall\alpha\in C$ if $\mathcal{M}\in B_{Y}$ .

REMARK 2.5: Let $\mathcal{M}\in B_{Y}$ . Then $gr_{\alpha}^{V}\mathcal{M}$ is a coherent $gr_{0}^{V}D_{X}=\mathcal{D}_{Y}[tD_{t} ]$ -

module for any $\alpha\in C$ . Since the action of $(tD_{t}+1+\alpha)$ is nilpotent on $gr_{\alpha}^{V}\mathcal{M}$ ,

it is a coherent $D_{Y}$ -module.

EXAMPLE 2.6: Let $\mathcal{M}$ be a coherent $\mathcal{D}_{X}$-module with $Supp(\mathcal{M})\subset Y$ , and

$u\in \mathcal{M}$ . Then there exists $i\in Z_{>0}$ such that $t^{i}u=0$ . So we have $\prod_{k=1}^{i}(tD_{t}+$

$k)u=D_{t}^{i}t^{i}u=0$ . Hence we obtain $\mathcal{M}=\oplus_{;\epsilon z_{\geq 0}}\mathcal{M}_{i}$ where $\mathcal{M};=\{u\in$

$\mathcal{M}|(tD_{t}+1+i)u=0\}$ , and $V_{\alpha}\mathcal{M}=\oplus_{i\leq\alpha}\mathcal{M};$ .

EXAMPLE 2.7: Let $\mathcal{M}$ be a coherent $\mathcal{D}_{X}$ -module. We assume $Y$ to be non-

characteristic for $\mathcal{M}$ , i.e., $Ch(\mathcal{M})\cap T_{Y}^{*}X\subset T_{X}^{*}X$ . Then $\mathcal{M}\in B_{Y}$ . The proof

could be reduced to the case of $D_{X}v=\mathcal{D}_{X}/D_{X}P$ with $P\in V_{N}D_{X)}\overline{P}=$

$\overline{D}_{t}^{N}\in V_{N}D_{X}/V_{N-1}D_{X}$ and $N\in Z_{>0}$ where the bar indicates the canonical

image. Since $Pv=0$ , in $(V_{N}\mathcal{D}_{X})v/(V_{N-1}\mathcal{D}_{X})v$ we have $\overline{P}\overline{v}=\overline{D}_{t}^{N}\overline{v}=0$, i.e.,

$D_{t}^{N}v\in V_{N-1}D_{X}v$ . Hence we obtain $\prod_{k=0}^{N-1}(tD_{t}-k)v=t^{N}D_{t}^{N}v\in V_{-1}\mathcal{D}_{X}v$ .

In general, any root of the b-function of any section of $\mathcal{M}$ is a nonnegative



55

integer. Therefore we see by Definition 2.1 (3)

$V_{\alpha}\mathcal{M}=\{\begin{array}{l}t^{-[\alpha]-1}\mathcal{M}\alpha<-1\mathcal{M}\alpha\geq-1\end{array}$

where $[ \alpha]=\max\{n\in Z|n\leq\alpha\}$ .

Let $f$ be a holomorphic function, $\mathcal{M}$ a holonomic $\mathcal{D}_{X}$ -module, $u\in$

$\mathcal{M}$ and $Y=f^{-1}(0)$ . Let $i_{f}$ denote the graph of $f$ : $Xarrow XxC$ and $t$

the coordinate of $C$ in $X\cross C$ . Then we see $\mathcal{M}\in B_{Y}\Leftrightarrow i_{f_{*}}\mathcal{M}\in B_{Xx\{0\}}$ .

Furthermore there is the following correspondence under the isomorphism of

$\mathcal{D}_{X}[s, t]$ onto $V_{0}(D_{X}[t, D_{t}])=D_{X}[t, tD_{t}]$ :

$s-D_{t}t$

$D_{X}[s]f^{s}u V_{0}(D_{X}[t, D_{t}])u\otimes\delta(t-f)$

$P(s)f^{s+1}u=b(s)f^{s}u P(-D_{t}t)tu\otimes\delta(t-f)=b(-D_{t}t)u\otimes\delta(t-f)$.

By Kashiwara’s result recalled in \S 1, we obtain:

PROPOSITION 2.8. All holonomic $\mathcal{D}_{X}$ -modules belong to By.

\S 3. Operations in $B_{Y}$ .

PROPOSITION 3.1. Let $Y=\{t=0\}$ an $d\mathcal{M}\in B_{Y}$ . Then
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(1) $\mathcal{M}\{t^{-1}$ ] $\in B_{Y}$ .

(2) $\prime rt^{j}(\mathcal{M}^{*})\in B_{Y}$ for $\forall j$ . Moreover for $\forall jlo$cally we have isomorphisms

$gr_{\alpha}^{V}(?t^{j}(\mathcal{M}^{*}))arrow^{\sim}7t^{j}(gr_{-\alpha-1}^{V}(\mathcal{M})^{*})(-1<\alpha<0)$ and $gr_{\beta}^{V}(7t^{j}(\mathcal{M}^{*}))arrow^{\sim}$

$Tt^{j}(gr_{\beta}^{V}(\mathcal{M})^{*})(\beta=-1,0)$ . Under these isomorphisms th $e$ transpose $t_{i}$ :

$\prime tt^{j}(gr_{-1}^{V}(\mathcal{M})^{*})arrow’\prime t^{j}(gr_{0}^{V}(\mathcal{M})^{*})$ corresponds to $-D_{t}$ : $gr_{-1}^{V}(\mathcal{H}^{j}(\mathcal{M}^{*}))arrow$

$gr_{0}^{V}(?t^{j}(\mathcal{M}^{*}))$ and the transpose ${}^{t}D_{t}$ : $\mathcal{H}^{j}(gr_{0}^{V}(\mathcal{M})^{*})arrow t\ell^{j}(gr_{-1}^{V}(\mathcal{M})^{*})$ cor-

respon$ds$ to $t$ : $gr_{0’}^{1}(7t^{j}(\mathcal{M}^{*}))arrow gr_{-1}^{V}(?i^{j}(\mathcal{M}^{*}))$.

PROPOSITION 3.2. Let $\mathcal{M}$ be a holonomic $\mathcal{D}_{X}$ -module and $i$ the inclusion

of $Y$ into X. Then

(1) The raetriction $i^{*}\mathcal{M}$ is quasi-isomorphic to $0arrow gr_{-1}^{V}\mathcal{M}^{D_{1}}arrow gr_{0}^{V}\mathcal{M}arrow 0$

where the dot indicates the place of degree zero.

(2) For any $\alpha\in C,$ $gr_{\alpha}^{V}\mathcal{M}$ is a holonomic $\prime D_{Y}$ -mod$u$le.

PROOF: (1) By Remark 2.2 (3) and Proposition 3.1 (2) we have

$i^{!}\mathcal{M}^{*}arrow\sim(0qisarrow gr_{0}^{V}(\mathcal{M}^{*})arrow tgr_{-1}^{V}(\mathcal{M}^{*})arrow 0)$

$arrow(0qis\simarrow(gr_{0}^{V}\mathcal{M})^{*}{}^{t_{arrow(gr_{-1}^{V}\mathcal{M})^{*}}}D_{t}arrow 0)$ .

Since $i^{*}\mathcal{M}=(i^{!}\mathcal{M}^{*})^{*}$ , we obtain the assertion.
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(2) We know that

$\mathcal{M}$ : $holonomic\Leftrightarrow \mathcal{H}^{j}(\mathcal{M}^{*})=0$ for $j\neq 0$ .

Hence by Proposition 3.1 (2) we obtain $\mathcal{H}^{j}((gr_{\alpha}^{V}\mathcal{M})^{*})=0$ for $j\neq 0$ . This

means the holonomicity of $gr_{\alpha}^{V}\mathcal{M}$ .

PROPOSITION 3.3. Let $g:X’arrow X$ be a proper morphism of smooth mani-

folds. We suppose that $Y’$ $:=g^{-1}(Y)$ is a smooth hypersurface and $\mathcal{M}\in B_{Y’}$

$\Lambda$ as a global good filtration. Then for any $j$ , we $ha1’e\mathcal{H}^{j}(\mathbb{R}g_{*}\mathcal{M})\in B_{Y}$ and

the canonical V-ffltration of $\mathcal{M}$ induces th $e$ on$e$ for $’\kappa^{j}(Rg_{*}\mathcal{M})$ .

\S 4. Moderate Nearby Cycles and Moderate Vanishing Cy-

cles.

Let $Y$ be a smooth hypersurface defined by $t$ : $Xarrow C$ . For a

coherent $\mathcal{D}_{X}$ -module $\mathcal{M}\in B_{Y},$ $p\in Z_{\geq 0}$ and-l $\leq\alpha<0$ , we define

$\mathcal{M}_{\alpha,p}$

$:= \bigoplus_{0\leq k\leq p}\mathcal{M}[t^{-1}]\otimes e_{\alpha,k}$

where $e_{\alpha,k}=t^{\alpha+1}({\rm Log} t)^{k}/k!$ . It is clear that for any $\beta\in C$

$V_{\beta} \mathcal{M}_{\alpha,p}=\bigoplus_{0\leq k\leq p}V_{\beta+\alpha+1}(\mathcal{M}[t^{-1}])\otimes e_{\alpha,k}$
.
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Then the monodromy $T=\exp(2\pi itD_{t})$ induces a $\mathcal{D}_{Y}$-automorphism on

$\mathcal{M}_{\alpha,p}$ by $T(m\otimes e_{\alpha,k})=m\otimes T(e_{\alpha,k})$ , and accordingly on $gr_{\beta}^{V}(\mathcal{M}_{\alpha,p})$ .

DEFINITION 4.1: For $-1\leq\alpha\leq 0$ , we define the moderate nearby cycle

$\psi_{t,\alpha}^{m}(\mathcal{M})$ by

$\psi_{t,\alpha}^{m}(\mathcal{M})$

$:= \lim_{p}\psi_{t,\alpha,p}^{m}(\mathcal{M})arrow$

where $\psi_{t}^{m_{\alpha,p}}(\mathcal{M}):=i^{*}(\mathcal{M}_{\alpha,p})[-1]$ .

By Proposition 3.2 we see

$\psi_{t,\alpha,p}^{m}(\mathcal{M})arrow(0qis\simarrow gr_{-1}^{V}(\mathcal{M}_{\alpha,p})^{D_{t}}arrow gr_{0}^{V}(\mathcal{M}_{\alpha,p})arrow 0)$ .

We remark that $T$ acts on $\psi_{t}^{m_{\alpha}}(\mathcal{M})$ as well.

PROPOSITION 4.2. For $\mathcal{M}\in B_{Y}$ and $-1\leq\alpha<0$ , we have a quasi-iso-

morphism $gr_{\alpha}^{V}\mathcal{M}arrow^{qis\sim}\psi_{t}^{m_{\alpha}}(\mathcal{M})$ . Here the action of $T$ on $\psi_{t}^{m_{\alpha}}(\mathcal{M})$ corre-

sponds to th at of $\exp(-2\pi itD_{t})$ .

PROOF: Since $V<0\mathcal{M}=V_{<0}(\mathcal{M}[t^{-1}])$ , we have

$gr_{-1}^{V}(\mathcal{M}_{\alpha,p})=\bigoplus_{0\leq k\leq p}gr_{\alpha}^{V}(\mathcal{M}[t^{-1}])\otimes e_{\alpha,k}=\bigoplus_{0\leq k\leq p}gr_{\alpha}^{V}(\mathcal{M})\otimes e_{\alpha,k}$
.

As $\mathcal{M}_{\alpha,p}=\mathcal{M}_{\alpha,p}[t^{-1}]$ , we know $?t^{0}(\psi_{t}^{m_{\alpha,p}}(\mathcal{M}))=Ker(D_{t})=Ker(tD_{t}$ :

$gr_{-1}^{V}(\mathcal{M}_{\alpha,p})arrow gr_{-1}^{V}(\mathcal{M}_{\alpha,p}))$. Since $tD_{t}(m\otimes e_{\alpha,k})=[(tD_{t}+\alpha+1)m]\otimes$
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$e_{\alpha,k}+m\otimes e_{\alpha,k-1}$ , we see $\sum_{k=0}^{p}m_{k}\otimes e_{\alpha,k}\in Ker(tD_{t})=?t^{0}(\psi_{t}^{m_{\alpha,p}}(\mathcal{M}))\Leftrightarrow$

$(tD_{\ell}+\alpha+1)m_{k}+m_{k+1}=0(0\leq\forall k\leq p-1)\Leftrightarrow m_{k}=[-(tD_{t}+\alpha+1)]^{k}m_{0}(0\leq$

$\forall k\leq p)$ . Hence for $p$ such that $(tD_{t}+\alpha+1)^{p}=0$ on $gr_{\alpha}^{V}(\mathcal{M})$ , the morphism

$gr_{\alpha}^{V}(\mathcal{M})\ni m_{0}arrow\succ\sum_{k=0}^{p}[-(tD_{t}+\alpha+1)]^{k}m_{0}\otimes e_{\alpha,k}\in?t^{0}(\psi_{t,\alpha,p}^{m}(\mathcal{M}))$ is

isomorphic.

Let $x= \sum_{k=0}^{p}[-(tD_{t}+\alpha+1)]^{k}m_{0}\otimes e_{\alpha,k}\in Ker(tD_{t})$. Then we have

$0=(tD_{t})x= \sum_{k=0}^{p}[-(tD_{t}+\alpha+1)]^{k}(tD_{t})m_{0}\otimes e_{\alpha,k}+\sum_{k=0}^{p}[-(tD_{t}+\alpha+$

$1)]^{k}m_{0}\otimes(tD_{t})e_{\alpha,k}$ , and thus $\sum_{k=0}^{p}[-(tD_{t}+\alpha+1)]^{k}m_{0}\otimes(2\pi itD_{t})e_{\alpha,k}=$

$\sum_{k=0}^{p}[-( D_{t}+\alpha+1)]^{k}((-2\pi itD_{t})m_{0})\otimes e_{\alpha,k}$ . Hence the monodromy $T$

corresponds to $\exp(-2\pi itD_{t})$ .

Since $t$ induces an isomorphism $gr_{0}^{V}(\mathcal{M}_{\alpha,p})arrow^{\sim}gr_{-1}^{V}(\mathcal{M}_{\alpha,p})$ , we see

$?t^{1}(\psi_{t}^{m_{\alpha,p}}(\mathcal{M}))=Coker(D_{t})=Coker(D_{t}t : gr_{0}^{V}(\mathcal{M}_{\alpha,p})arrow gr_{0}^{V}(\mathcal{M}_{\alpha,p}))$. For

$\sum_{k=0}^{p}m_{k}\otimes e_{\alpha,k}\in\oplus_{0\leq k\leq p}gr_{\alpha+1}^{V}(\mathcal{M}[t^{-1}])\otimes e_{\alpha,k}=gr_{0}^{V}(\mathcal{M}_{\alpha,p})$ , we have

$D_{t}t( \sum_{k=0}^{p}m_{k}\otimes e_{\alpha,k})=\sum_{k=0}^{p}((D_{t}t+\alpha+1)m_{k}\otimes e_{\alpha,k}+m_{k}\otimes e_{\alpha,k-1})=$

$\sum_{k=0}^{p}m_{k}’\otimes e_{\alpha,k}$ where $m_{k}’=(D_{t}t+\alpha+1)m_{k}+m_{k+1}$ . Hence for $l$ such that

$(D_{t}t+\alpha+1)^{l}=0$ on $gr_{\alpha+1}^{V}(\mathcal{M}[t^{-1}])$ , we have $m \otimes e_{\alpha,k}=D_{t}t(\sum_{i1}^{l_{=}}[-(D_{t}t+$

$\alpha+1)]^{i-1}m\otimes e_{\alpha,k+i})$ and thus $?t^{1}(\psi_{t,\alpha}^{m}(\mathcal{M}))=0$ .

DEFINITION 4.3: We define the moderate vanishing cycle $\phi_{t}^{m_{0}}(\mathcal{M})$ to be

the inductive limit of the mapping cone $\phi_{t}^{m_{0,p}}(\mathcal{M})$ of the natural morphism
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$i^{*}\mathcal{M}[-1]arrow i^{*}\mathcal{M}_{-1,p}[-1]=\psi_{t}^{m_{-1,p}}(\mathcal{M})$ , i.e.,

$\phi_{t,0,p}^{m}=(0arrow gr_{-1}\gamma \mathcal{M}arrow gr_{-1}^{V}\mathcal{M}_{-1,p}\oplus gr_{0}^{V}\mathcal{M}^{D}arrow gr_{0}^{V}\mathcal{M}_{-1,p}i\oplus-D_{\ell}c+jarrow 0)$

where $j$ is the natural morphism $\mathcal{M}arrow \mathcal{M}_{-1,p}=\oplus_{0\leq k\leq p}\mathcal{M}[t^{-1}]\otimes e_{-1,k}$ .

We define morphisms can: $\psi_{t}^{m_{-1}}(\mathcal{M})arrow\phi_{t}^{m_{0}}(\mathcal{M})$ and $var:\phi_{t}^{m_{0}}(\mathcal{M})$

$arrow\psi_{t}^{m_{-1}}(\mathcal{M})$ by the morphisms $id$ : $\psi_{t}^{m_{-1,p}}(\mathcal{M})arrow\phi_{t}^{m_{0,p}}(\mathcal{M})$ and T–id :

$\phi_{t}^{m_{0,p}}(\mathcal{M})arrow\psi_{t}^{m_{-1,p}}(\mathcal{M})$ respectively.

PROPOSITION 4.4. For $\mathcal{M}\in B_{Y}$ , we $\Lambda a1’e$ a quasi-isomorphism $gr_{0}^{V}\mathcal{M}arrow^{qis\sim}$

$\phi_{t}^{m_{0}}(\mathcal{M})$ . $Mor$eover can corresponds to $D_{t}$ : $gr_{-1}^{V}\mathcal{M}arrow gr_{0}^{V}\mathcal{M}$ an$dvar$ to

$[ \frac{(\exp(-2\pi itD_{2})-1)}{tD_{t}}]t$ : $gr_{0}^{V}\mathcal{M}arrow gr_{-1}^{V}\mathcal{M}$ .

PROOF: Let $x$ $=$ $\sum_{k=0}^{p}m_{k}\otimes e_{-1,k}+n_{0}$ $\in gr_{-1}^{V}\mathcal{M}_{-1,p}\oplus gr_{0}^{V}\mathcal{M}$ $=$

$(\oplus_{k=0}^{p}gr_{-1}^{V}\mathcal{M}\otimes e_{-1,k})\oplus gr_{0}^{V}\mathcal{M}$ . Then we can check

$x\in Ker(D_{t}+j)\Leftrightarrow(^{*})$ $\{\begin{array}{l}m_{l}=-tD_{t}m_{0}-tn_{0}m_{k+1}=-tD_{t}m_{k}(k\geq 1)\end{array}$

Hence we obtain an isomorphism $gr_{-1}^{V}\mathcal{M}\oplus gr_{0}^{V}\mathcal{M}arrow^{\sim}Ker(D_{t}+j)$ defined by

$m_{0}+n_{0} rightarrow\sum m_{k}\otimes e_{-1,k}+n_{0}$ with $(^{*})$ . So we see $gr_{0}^{V}\mathcal{M}arrow^{\sim}?t^{0}(\phi_{t}^{m_{0}})$ . Since

$m\equiv D_{t}m$ mod ${\rm Im}(j\oplus-D_{t})$ for $m\in gr_{-1}^{V}\mathcal{M}$ , the morphism can corresponds

to $D_{t}$ : $gr_{-1}^{V}\mathcal{M}arrow gr_{0}^{V}\mathcal{M}$ . The element $\sum_{k\geq 1}(-tD_{t})^{k-1}(-tn)\otimes e_{-1,k}+$
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$n\in Ker(D_{t}+j)$ corresponds to $n\in gr_{0}^{V}\mathcal{M}$ . Since the coefficient of $(T-$

$id)( \sum_{k\geq 1}(-tD_{t})^{k-1}(-tn)\otimes e_{-1,k})$ at $e_{-1,0}$ is $\sum_{k\geq 1}(2\pi i)^{k}\frac{(-tD_{t})^{k-1}}{k!}(-tn)$ ,

the morphism $var$ corresponds to $[ \frac{(\exp(-2\pi itD_{t})-1)}{tD_{t}}]t:gr_{0}^{V}\mathcal{M}arrow gr_{-1}^{V}\mathcal{M}$ .

\S 5. Nearby Cycles and Vani $s$hing Cycles.

Let $f$ be a nonconstant holomorphic function on $X,$ $i$ the inclusion

of $f^{-1}(0)$ into $X$ and $K\in D_{c}^{b}(C_{X})$ . Let $C^{x}$ denote the universal covering

of $C^{x}$ and $p$ the natural map $\tilde{X}^{x}$ $:=X\cross c\tilde{C}^{x}arrow X$ . Following [SGA7]

we define the nearby cycle $\psi_{f}(K)$ by $\psi_{f}(K)$ $:=i^{-1}Rp_{*}p^{-1}K\in D_{c}^{b}(C_{J^{-1}(0)})$ .

The natural morphism $Karrow Rp_{*}p^{-1}K$ induces a morphism $i^{-1}Karrow\psi_{f}(K)$ ,

whose mapping cone $\phi_{f}(K)\in D_{c}^{b}(C_{J^{-1}(0)})$ is called the vanishing cycle. By

the definition of $\phi_{f}(K)$ we have the canonical morphism can : $\psi_{f}(K)arrow$

$\phi_{f}(K)$ . Associated to the canonical generator of $\pi_{1}(C^{x})$ the monodromy

automorphism $T$ acts on $\psi_{f}(K)$ and $\phi_{f}(K)$ . Since $(T-id)_{1;-1}K=0$ , T-id

induces the variation $var$ : $\phi_{f}(K)arrow\psi_{f}(K)$ . For $\lambda\in$ C’ we define a

subcomplex $\psi_{f,\lambda}(K)$ of $\psi_{f}(K)$ by

$\psi_{f,\lambda}(K)$ $:=\{x\in\psi_{f}(K)|(T-\lambda id)^{m}x=0 (m>>0)\}$ .

Since $\psi_{f}(K)\in D_{c}^{b}(C_{f^{-1}}(0))$ , we have a quasi-isomorphism $\oplus_{\lambda\in \mathbb{C}^{X}}\psi_{f,\lambda}(K)$

$arrow^{qis\sim}\psi_{f}(K)$ . Similarly we have $\oplus_{\lambda\in C^{x}}\phi_{f,\lambda}(K)arrow^{qis\sim}\phi_{f}(K)$ as well. For
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convenience we set $p\psi_{f}(K)$ $:=\psi_{f}(K)[-1]$ and $p\phi_{f}(K)$ $:=\phi_{f}(K)[-1]$ .

Let $Y$ be a smooth hypersurface of $X$ defined by $t=0$ . When $\mathcal{M}$ is

a regular holonomic $D_{X}$ -module, we have quasi-isomorphisms

$DR(\psi_{t}^{m_{\alpha}}(\mathcal{M}))arrow^{p}\sim\psi_{t,e^{2\cdot i\alpha}}(DR(\mathcal{M}))qis$ $(-1\leq\alpha<0)$

$DR(\phi_{t,0}^{m}(\mathcal{M}))arrow^{P}\sim\psi_{t,1}(DR(\mathcal{M}))q^{1}s$

(see [SGA7]). Hence we obtain;

THEOREM 5.1 [Kv], [Ma]. For a regu1ar Aolonomic $D_{X}$ -module $\mathcal{M}_{\rangle}$ we

have

$DR(gr_{\alpha}^{V}\mathcal{M})arrow^{qis\sim}\{\begin{array}{l}p\psi_{t,e^{2\cdot\cdot\alpha}}(DR(\mathcal{M}))p\phi_{t,e^{2\tau\cdot\alpha}}\cdot(DR(\mathcal{M}))\end{array}$ $(-1<\alpha\leq 0)(-1\leq\alpha<0)$

.

Moreover under the above quasi-isomorphisms we $h$ a$ve$ th $e$ following corre-

spondences:

$\exp(-2\pi itD_{t})rightarrow T$

$D_{t}$ : $gr_{-1}^{V}\mathcal{M}arrow gr_{0}^{V}\mathcal{M}rightarrow can:^{p}\psi_{t,1}(\mathcal{M})arrow p\phi_{t,1}(\mathcal{M})$

$\frac{[\exp(-2\pi itD_{t})-1]}{tD_{t}}t:gr_{0}^{V}\mathcal{M}arrow gr_{-1}^{V}\mathcal{M}rightarrow var:^{p}\phi_{t,1}(\mathcal{M})arrow p\psi_{t,1}(\mathcal{M})$ .
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COROLLARY 5.2. For a $reg$ular holonomic $\mathcal{D}_{X}$ -mod$u$le $\mathcal{M}$ , we have

$p\psi_{t}(D_{X}(DR(\mathcal{M})))arrow\sim D_{Y^{p}}\psi_{t}(DR(\mathcal{M}))qis$

$p\phi_{t}(D_{X}(DR(\mathcal{M})))arrow\sim D_{Y^{p}}\phi_{t}(DR(\mathcal{M}))q:s$

REFERENCES

[Be] I.N. Bernstein, The analytic continuation of generalized functions with respect to
a parameter, Functional Anal. Appl. 6 (1972), 26-40.

[Bj] J.E. $Bj\tilde{o}rk$ , “Rings of differential operators,” North Holland, Amsterdam, Oxford,
New York, 1979.

[H] N. Honda, D-module ‘ perverse sheaves and the Riemann-Hilbert correspondence,
in this volume.

[Kb] M. Kashiwara, b-functions and holonomic systems, Invent. math. 38 (1976),
33-53.

[K2] M. Kashiwara, On the holonomic systems of differential equations 11, Invent. math.
48 (1978), 121-135.

[Kv] M. Kashiwara, Vanishing cycle sheaves and holonomic systems of differential
eguation$\ell$, Lect. Notes in Math. 1016 (1983), 134-142, Springer Verlag.

[Ma] B. Malgrange, Polyn\^ome de Bernztein-Sato et cohomologie \’evanescente,
Ast\’erisque 101-102 (1983), 243-267.

[Mi] T. Miwa, Determination of b-functions, the case of quasi-homogeneous, isolated
singularity, in Japanese, Suuriken-koukyuuroku 225 (1975), 62-71.

[MS] Z. Mebkhout, $\prime D_{X}$ -modules et cycles \’evane ‘ cents, in collaboration with C. Sab-
bah, in “Le formalisme des six op\v{c}rations de Grothendieck pour les $D_{X}$ -modules,”
Hermann, Paris, 1989, pp. 201-239.

[S] C. Sabbah, D-modules et cycles \’evanezcenti (d’apr\‘es B. Malgrange et M. Kashi-
wara), in “Conf\’erence de La R\’abida 1984, vol m, Hermann, Paris, 1987, pp. 53-98.

[SGA7] P. Deligne, Le formalisme des cycle$\ell$ \’evanezcents, SGA 7 I, expos\’es 13 et 14,
Lect. Notes in Math. 340 (1973), 82-173, Springer Verlag.

[SKKO] M. Sato, M. Kashiwara, T. Kimura and T. Oshima, Microlocal analysis of



64

prehomogeneou$\ell$ vector spaces, Invent. math. 62 (1980), 117-179.

[SSM] M. Sato, T. Shintani and M. Muro, Theory of prehomogeneou$\ell$ vector spaces,
The English translation of Sato’s lecture from Shintani’s note, Nagoya Math. J. 120
(1990), 1-34.

[Y] T. Yano, On the theory of b-function., Publ. RIMS, Kyoto Univ. 14 (1978), 111-202.


