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GALOIS ACTION ON THE PRO-NILPOTENT COMPLETION OF
THE FUNDAMENTAL GROUPS OF ALGEBRAIC CURVES

FERRZHERDT f&H 2= (TAKAYUKI ODA)

§0. FL®IC .
§80.1 Credo of “Topos Church”.

KRB LK D cohomology HERICIEI VA WA D b, Algebraic de Rham cohomol-
ogy, étale cohomology, C _EDZHEAD & & I singular cohomology & % ®_E® Hodge
K& etc... T HFE~A ® cohomology PR XTI Tl A BCEH & L CEBH I 5.
BRI OWITHE > Twd, Thi b - b EENICE b2 SECKLTERT S &,
REZHK D cohomology HERDHIC X, &~ @ cohomology theories ICHi B EH D
ETRBEATCH—DERIR. B 5 EHEEH cohomology Bamssd b . fLoHEFRZ Eh
OO HEELTRRELZOTEAVD E W vision ICEET B, T
Grothendieck @ motif §ZTdH 3,

Old Credo (0.1). Cohomology theory of algebraic varieties is motivic.

X CTREZEHEIR D homotopy FHERIC DO WTIR ESTHAL 90 LE DL ELTHS
L BRI, OO nERERUADBDLDIRODILHILEN A v FERICEBT
A\,

New Credo (0.2). Rational homotopy theory of algebraic varieties is motivic. In
particular, the rational fundamental groups of algebraic varieties are motivic.

EC LD 2BDOH L ENESRZEET I CEERHEE L LT, BES2 bk
MOTFTTRCHZ AT _ELHBEEE ADZ. CORRDODWTRELZT>XZ VI AN
CTEDOHBEZBEERICONWTRDLTFEBL I BD B, rchiconwT#HL %,

880.2 Rational fundamental group .

FIHEAABOCE LR L, ZOPRL ZfHRIIEY E-oTRI 5,

X ZAopHZEE & U, SURERE & 350 X Oxic 2—D0F0, CheER LT HR
Brm(X,z) tEL. G=m(X,z) LT3, BG O QRHEOBEY QG & ¥5 &,
iz Hopf algebra %43, ¢ : QG — Q % augmentation, I = ker(e) % aug-
mentation ideal &3 2% & %, 52t QG = lé?_ﬂ@G/I” 3520 Hopf algebra & % %,

A:QG—-QGRQGEgeG - gRgTREDIATRL TS L&, Chox(filb
A: QG — QG ® QG % comultiplication # 5% %,

(0.2.1) Group like elments and Mal’cev completion.
T QG DHHEEG %

g ={g€QGlé=1, A(g) = g®g}
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TEDDE GREYRT. G DIL% group like element &\, HRAFER g G —
QGG — G%BIERC L. ChEBOBFRMTH S, G% G D Mal'cev comple-
tion &), BEGICE Gy =G( {1 +1I™} (m=1,2,...,) ICX 5T central filtra-
tion 2A%0 2% Y. Guy =G Ty [G), 0] C Gaypy- B TDLE Gy lhm
ROEGREBT BTG IC—FK L ED central filtration (&, BEHOFIICKR S, BEG D
lower central series {FHFHARIIC

PlG = G, Pm—f—l == {I‘mG,G]
CXoTEE TN, BRICHFE S h 5 UEFR
Jm  GTm1G — GG = g/g(m+1)

FROYEE % b Do | |

(1) ker(jm) & G/Tmy1G OBEBLIOTCEED L% B,

(2) G/Tm1G DIEBDOTLE KL Ty DEZEBRN BT N € Image(jm).
F7% G/l 16 DEFEDOITn L EEDOEEBEN Kt L <y §/Tmt1G DILH
—BHICEED, n=£EN,

Oi DE@B‘JVCH g/Pm—i—lg =" G/Fm+1G ®Z Q" &%k 6%60

(0.2.2) Primitive elements and Mal’cev Lie algebra.
QG o primtive elements kDL TEES L %

L={zeG|é&)=0, Alz) =z81 + 18z }

TELXYD, LIZz,y € LICKL [z,y] = zy — yz L EPDT Lie algebra AT,
Tk G © Mal'cev Lie algebra & \» 5, L o filtration {£(I™}m>1 1 £ @ lower
cenral series & —F L. RTEETED B “FEB "exp : L — G & 7 IS
"log: G — LLEWSBERBIEG G & LOZHHEED S,

G/Tm41G BEEHAE LoD 2MERBEOAESOATH L HE 2, ZRLHFET
%E%@ﬁ? b %\ Z® Lie %Lze(g/FmHg) X L/Pm+1£ K*ﬁj‘éo

§80.8 Short History toward Motivic Homotopy Theory.
BHEEAHOEERA X D motivic CA > TWBEREZPDLHETHAL S,

(0.3.1) Betti realization=Rational homotopy theory

Rational Homotopy Theory (X D. Quillen DR DERSLT—INDTER % H.7co
Quillen, D. Rational Homotopy Theory, Ann. of Math. 81 (1965), 205-295.
COFL T L D5 ® homotopy B D FIfEM:AEEA . ZHZHRAENT, 1-
connected CW #{&® homotopy B3 differential graded algebra @ homotopy & &
FECTH D C EBRENTWD, Thid. BRETEL . 20D de Rham homo-
topy EFROKRIBICA->TCnb, SEFHORFICEN S OAT OB D, % ® Sullivan,
Chen DAEEE & Kl 2 & BIEZE W,

(0.3.2) de Rham realization=de Rham homotopy theory

1-connected C*°-manifold M &K homotopy & 7y(M) ®z R (¢ > 2) &, B
EfE & IR v, SRRIK M 0 “EEERRE” 7 (M, *)/[Trmpami(M,*) @z R% M o
B OEECELRT 5 C &k —4 T D. Sullivan IC X - T minimal model Dz
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VB k> THADR, fiih K. T. Chen I X » TR 2 - <A b

Nihko ZNE.

Sullivan, D., Infinitesimal Calculations in Topology, Publ. Math. I.H.E.H. 47
(1978), 269-331. ‘

Chen, K. T., Iterated Path Integrals, Bull. of the Amer. Math. Soc. 83 (1977),
831-879.
% ¥ Sullivan OBERE. original OFMEBEOEEHOKEEC R, £ Dnb

I o ROKRDBEFITH 5,

Griffiths, P., and Morgan, J., Rational Homotopy Theory and Differential Forms,
Birkhauser, 1981.

FEOMRCINE., Chen D2 W HDIE S, LV EHMTHO2DLIFEZL S,
HEEIRERD T FAD/NERRLICH LT > TwB 2 TH D, HOIE, itans
25 Illinoi Journal of Math. (1987) 25C7ko. THhicid. HainFHi X %, Chen Of5HE
® survey b H YW FEFICTH 5,

(0.3.3) Hodge realization=Mized Hodge strutures on the rational homotopy groups

& 2, Sullivan & Chen OPEFHICIELS AT, J. Morgan & R. Hain 23 ZHEAD
=K AH homotopy - HHIEAFEIC, (RE Hodge BE&E 2 ED 7co

§1 mHIDRE.

§81.1 The case of single curve .

Rk K _EOIFFFESEE. M ERS 2 iR ¢ <y 22U Lo b DEEX 5o W
MC o K—FEA e : Spec(K) —» CH—D52bhTwbedk, K#*KK 0hy
BPFAIE L C=C QK K &35, m(C)TC oA 2, m(C)TC oEARLE
To CEE, ELF:

1 — m(C) — my(C) — 7 (Spec K) — 1

BHY, oL m(C) — m(Spec K)dz 20FEFEI NS m(z) : m(Spec K) —
7"1(0) %a‘]% & -j— Z)o J:O (7‘(’1(0) &17('1(0) & Wl(Spec I() @ﬂé@*ﬁ“@% Z)o
m1(Spec K) DITIC K B E

Int(o): € — U{a_l (0 € m(Spec K), f € Wl(C_'))

ik > TcFEH
pc,e - m(Spec K) — Aut m1(C) (0 — Int(o))

BEED | #FHET22E, m(C)Dpro-l Btk m(C) &35 & &, £t 4

5t #eFH 11 (C) — 7 (C); DR 22 by Aut 1 (C) — Aut 7 (C); & \»
S5HRHE () HERBEREE 5. T pop EDBEE peri EEL s TD ”non-abelian”|j
l-adic representation pc , ZFHRS L5 C & BSHEEORMEIC R 5. 11 (C) @ pro-
nilpotent completion T1(C )it &, BRRMZEEES p-Sylow BEOEREICA S C & XD ey |
fc%@ﬁ'ignm( W kb,

o ﬁilx OEFIZ 0 L LT, #BDIAR « : K C CRpEDEETSE &, m(C)
% C(C)*™ @ topological fundamental group m (C(C)*", ) ®FFHEL 71(C(C)*", *)@cl}
Zi tExbh b,
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§81.2 Variable moduluis case, or the case of universal base.

M, BB g OFRFRFTMBEER D moduli stack & F 3, M, 2FEH g O—
AR L IR RS IR O moduli stack 2§23, $5&. My = C 3%
moduli M, _EOBHAETTICHIET 5. universal family & 3Zx b b, CDOL X, 2
morphism C;, — M, FZEHEEF (C,2) - C TtHEZ b3, ¥T, Spec K Lot %
&\ BElEIC LT C, Eo geometric point p : Spec  — Cy ICXf LT, % D geometric
fiber % (C,z,) &35 & %, universal monodromy representation

pg;1 : T1(Cq, pt) — Aut m1(C))

55, TR K Lol (C,z) Kt LT, moduli Z2E~D BB % clic,p) : Spec K —+I
Cy &35 & T -

PC,x;l

m1(Spec K) —=— Aut m;(C)

WI(CI(C,:U))J/ ”

m(Cy) 22 Aut m(C,)

DALY 5o

C5FT5¢&, DLELTHDE L, LoD FHD Galois EE OWN-THIEED
moduli I L AVWEREHT*E X 5 & T cyclotomic REDIET —=fbtd -}
Ty QORI LKA LA\ (D% DEERICK D R v) WEMAD DL TEINS, L
LA D, COWRGIES geometric ATy m1(C, @ Q) EHA CIC LT 2 Q Oiff
%t Galois Bf Gal(Q/Q) KA > TWw3B, Ty _"vdl L& bDICHh>TWT, geomet-
ric ZESHCHIBE L7z monodromy FH :

Pyt 1 m1(Cy ® Q) — Aut m1(C)

EHANDB L, 2 OWE IR Galois FEO S IC %ﬁ@{éné LHARFE NG, 2z,
Pl ¥FTARD C L BEEL B b WA, m(C ® Q) DREEICDWT, IRD” HH A
T EREE S,

Theorem (1.1). The fundamental group of the algebraic stack C; ® Q is isomor-
phic to the profinite completion I‘;)l of the Teichmiiller group T'y ; of one pointed
Riemann surfaces of genus g.

SR, [O-1] # R X,
T TRDEITS Py @ transcendental version % FFIICHH~%, Db, Tho
Betti realization Z[HEICT %,

§2 Local monodromy on the fundamental groups of algebraic curves in
the Betti realization.

C OHETT I Hifi® monodromy FIH @ transcendental version @ Betti 2I{ %
RPN %, CoiERE. HHER, REAERKEOXEPFHETH 2, LITOFEL
. EFREUA C Lo ZHADBETEZ %,



322

FEH g DEERBEILR Cy ® local universal deformation f : X — D %FEZ %,
cDEE, DDORITIE3g—3TH->T, HRAL 39— 3HOEREE LTI\, Cp 25
maximally degenerate, D% h £ COBMK S PHEERICA->TWwDE L &, Co ik
3g — 3D 2EA® b b, BHIRSOMEEIL 29 — 2BTH 2, cntE, CoD2HE
% X ETtEZT, b X O critical points DFPFIERHER & LT,

Ty = (1£i53g—3)

DEI. T DI (ty, - ,t3g-3) XZBEMNBD OFEFER L LTEXDCLBTE S, &
TDY ={t =(t1, " ,t39-3) [t #0, forall: (1S:=3g—3)} tBLE, fO
DY ~D#EFRE smooth TH 3, cDt XFBRINABTEEZFLEETET, t € D°
DT FAN— 7)) = Xy 2E L. ThOFEARRE 7( X, *) £D monodromy FH

ps (D% t) — Out 7( X, *)

*HEICT 5,
Fx DB IMBRIRO_ZDOTH 3,

(1) L@ monodromy EHOFELEME LML TD 5o CHIL@EH Picrad-
Lefschetz A3 & FEIE L % B DD, non-abelian version & Hi@ 3 fERTH 5.
Bass-Serre I X 2BD 7 7 7 DFEABOER Y AT, BRI ESILI N5,

(2) b5 —2. LD monodromy X277 7 4 N—DEARFED weight filtration
CEDXSIVEfT 2 H, Rk T 2 THB, ThiE, CoDIT I 7D
rEEYHW G E b,

TN DO DOBROFHMIE. [AMO] KH 2, HIOBRCTE Lt dbDHBDT, CCT

BRELLEI AV, kX, SR OHhT oy r»E B EL T35, EFL T
W72 & 7e o

§3 SBROE.

HEOMEE LT, ROEEEEKT LT L. RALIPFEILI 2dFENAVOR
W@:o@ﬁﬁ%f@é 5 o

—oHX. RifioHPHI A& monodromy FIHORIE% . Hodge realization T#& 2z %
T & THD, T Betti realization TRFELEABRBIEOLONTVWEWLZ, T XD
Hodge analogue 25& 5 %3 X &2, THTE 3, C TR KEMIROBILICHE N,
Z DFAEED Malicev Lie algebra _EDIEA Hodge H&EN & D X 5 ICiREE S 22X 54
ERHb. CHENERED CILREI N Wi FERICRARS C L AMROE 2B LU
EIEMOEZEDLD 2EBORERES O HEROBILICH S variational formulae % FH~
3 L BEEMAREICA S,

C Tl AR 3Dl 2AE D Malcev Lie algebra EDJEA Hodge HE D varia-
tion DT HE% &3, BEIR % BRI 5 AIFEDERLS holomorphic 7% data @ & TFLHk X
T, B2EUDZIELHTCLIERPEI WAV L TH S, T2, EBicid
monodromy ICXBRE L A& \», apparent singularities 23% 0, Thk & 5 WS % 278
—DOREIC AR S, FA-TEZS L, MEOERLICEAREN Th W, KIEERD
FROHEFC XD, B2, E3IWMPSOBFREADEY 74 BEPETE A,

ZoBHE. KB ABET, Betti realization T&E X 5, £ T TIX Cy @ analytic
context TOEBITH 5, analytic stack C7" #FE X 5, Thid K(r,1) space TEZD
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FHAEE (L one-pointed Riemann surface of genus g @ Teichmiiller B 'y 1 ICA& %, §1
T# % 7c monodromy FH p,.; O Betti version ## 2 T, monodromy K

pg - Tg1 — Aut 7 (Cy)

%55, HEL. T, i genus g ® typical Riemann surface.

XCREG py oG TR AR ICH 5, ChiEZhl 2 @ implicite & Hatcher-
Thurston EiICEH 50 LALEE L WO C 82 CERL /FPHIRFCR & MisL 3
5. GO GVEERTH B, chBnTE IR Galois EEHOMED A A LT HEHOH
] D
monodromy FEE DK A I D W CHAETE I T v 3 EROFHIIC S KiciLD
RFTdd,

MEOBARAERILICE. Teichmiller F % F58G R D groupoid & LT&T BA
% groupoid XX, X L IC%Z D graphs of groups ~DVEA |, & graph of groups ®
fundamental groupoid ~OVEF%Z T 5 X 5 CERILT 2D BEATH A5,

ek homotopy D L &b, RIEZ WA A D 5, HHEHWHIZ

Carlson, Clemens, and Morgan

Mixed Hodge structure on m3(X) ®z Q. Ann. Ecol. Norm. Sup. (1984).

R T 5. .
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R H5nE. nnblid.

EEREFABELTHD L, ADEARE L THRIAHANEETHICE>TNnS, §1 @ The-
orem(1.1) DEFICEWZLXHICO TR, b - LA TREZ Y. FTROETH
HDTHOERICEE 7o o BURTIE % 7 speculation O NLZBE TE XN,



