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Some characterizations of generalized complex ellipsoids

in C" and related problems

Akio Kodama

Let D be a domain in Cn, Aut (D) the group of all biholomor-

phic transformations of D and x a point on the boundary 8D of D.

Assume that there is a local holomorphic peaking function for D at

x, and that x is an accumulation point of an Aut (D) -orbit. Can we
then determine the global structure of D from the local shape of
the boundary 9D near x ? There are several papers closely re-

lated to this problem [1,2,6,8,9,10,12,13,14,17,18]. For instance,

in 1977 it was shown by Wong [18] that if D is a bounded strictly
pseudoconvex domain in Cn with C -smooth boundary and Aut (D) is
noncompact, themn D is biholomorphically equivalent to the open unit

B" in C?. It was later extended by Rosay to the following

Theorem R (Rosay [17]). Let D be a bounded domain in C° with
a C2—smooth strictly pseudoconvex boundary point x € 9D. Assume that
there exist a point b € D and a sequence {¢v} c Aut (D) such that
wv(b) 2+ X as VYV > o Then D 1is biholomorphically equivalent to the

unit ball B" in C".

Here it seems natural to ask what happens when the point x 1is a
weakly pseudoconvex boundary point of D. The first result in this

direction was the following theorem of Greene and Krantz [8], which
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gives a characterization of the pseudoconvex domain

n n_1 2 2m
E(m = { z € C ; Elzil + lznl < 1 }, 1< meZ?
i=1
Theorem G-K (Greene and Krantz [8]). Let D be a bounded domain
R n . n+l .
in C with a C -smooth boundary such that x = (1,0,...,0) € 8D.

Assume that there are neighborhoods U, V of X in c" such that,
up to a local biholomorphism, U N D and V N E(m) coincide. Assume
further that there exists a point b € D and a sequence {wv} C Aut (
D) such that wv(b) -+ X as VvV - é. .Then D is biholomorphically

equivalent to the model domain E (m)

Note that the point x = (1,0,...,0) is a Cm*smooth weakly pseudo-
convex boundary point of D. Their proof was based on normal families
argument, combined with some complicated uniform estimates for the 5*

equation on D. Without using O - methods, it was later extended by

Kodama [13,14] to the more general domain

n 2 Zpi
E(p,,...,p) = { z € C >lz. | < 1 }, 0 < p. €R,
1 n . i i
i=1
as follows
Theorem K (Kodama [13,141]). Let D be a bounded domain in Cn
(n > 1) with a point X = (xl,...,xn) € dD. After renumbering the

coordinates if necessary, we assume that the following three condi-
tions are satisfied

(1) There exist an integer k > 0, real numbers P, with 0 < P,
Zz 1 (k+1 £ i € n) and an open neighborhood U of x in c”

such that
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(i) x € 8E(1,...,l,pk+1,...,pn) and
(ii) DNU = E(l,...,l,pk+17...Tpn) nUu ;
here it is understood that E(l,...,l,pk+1,...,pn).= B
(2) #{ i € Z ; xi¢ 0, 1<ign } = i, where # denotes the number of
elements contained in the set.
(3) There exist a point b € D and a sequence (Qv) C Aut (D) such
that Qv(b) - X as Vy o o

Then we have 1 £ j £k and D = E(l""'l'pk+l""’pn) as sets ;

hence x is necessarily of the form x = (xl,...,xk,O,...,O).

Here, it shoud be remarked that a glance at the proof of Theorem K
tells us Theorem G-K follows immediately from ours.
The maiﬁ purpose of this short note is to announce the following
Theorems I, Il and III due to Kodama, Krantz and Ma [15]. From these
we see that the analogue of Theorem K is still valid for the general-

ized complex ellipsoid

E(n;nl,...,ns;pl,...,ps)
n, n s 2pi
= {(z,,...,2) € €C xX-+-%XC ; Sz .l <1 1}
1 s . i
i=1

n | ns
in € = C XeeeX €C °, where pl,..., pS are positive real numbers
and Dy,..., O are positive integers with n = n, + + ng. In

general this domain is not geometrically convex, and its boundary is
not smooth. For convenience and without no loss of generality, in the

following we will always assume P, ~© 1, Pyr-- -5 Py #Z 1, n2,...,nS >

0, and write a generalized complex ellipsoid in the form E(n;nl,nzw

.,nsil,pz,...,ps). Here it is understood that 1 does not appear if

nl = 0, and also this domain is the unit ball Bn if s = 1. Under
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this assumption, we can prove the following

Theorem 1. Let D be a bounded domain in C° and E a general -

ized complex ellipsoid in c. Let x € 9D and X € 9E. Assume that
the following two conditions are satisfied

. . ~ n

(1) There exist open neighborhoods Q of x and 5 of x in C

and a biholomorphic mapping [ : Q — 6 such that T (x) = X and

ronqQ =Enda.

o

(2) There exist points b € D, € E and sequences {wv} C Aut (D),

~

(&v} C Aut (E) such that ¢v(b) - x, and wv(g) > %X as Vv o o

Then D is biholomorphically equivalent to E.

In the special case where all’' the P, are integers, it follows
that E is a geometrically convex bounded domain with c®-smooth

boundary; hence, all of its boundary points are of finite type in the

sense of D’ Angelo [31]. Thus, our Theorem I is an immediate conse-
quence of Kim [10]. If all n, = 1, this reduces to Theorem K above
Moreover, under the strong assumption that one can choose I, b, g,

(o}, (a } in such a way that T (¢ (b)) = a () for all sufficient-
v Vv v v
ly large v, our theorem may be proved by the arguments in a recent

paper by Lin and Wong [16].

Before proceeding, we need to introduce some terminology

Definition 1. Let

E1 = E(g;nl,nz,...,ns;l,pz,...,p ),
E2 = E(n;ml,mz,...,mt;l,qz,...,qt)

be two generalized complex ellipsoids of the same dimension. Then we



say that El precedes E2 if s £t and there is a permutation O

of the t-1 numbers {2,...,¢t} such that (pj, n.) )

' T Gy o)

for j = 2,...,s.

Definition 2. Let M and N be complex manifolds. We say that

N exhausts M, or M is exhausted by N, if for every compact subset
K of M, there is an injective holomorphic mapping fK : N— M such

that fK(N) o K.

It would be natural to ask :
(%) If N exhausts M, then how is M related to N ?

In this connection, Fornaess and Stout [4] showed that M has to be

biholomorphically equivalent to N, provided that M is hyperbolic
in the sense of Kobayashi [11] and N is the unit ball or the unit
polydisk. This result was extended by Formaess and Sibony [5] to the
case where N is a hyperbolic manifold with compact quotient N/Aut (
N). On the other hand, Fridman [7] proved that if a complqte hyper-
bolic manifold M can be exhausted by a bounded C3—smooth strictly
pseudoconvex domain D in Cn, then M is biholomorphically equiva-
lent either to D or to B™ ’_In view of these results, we shall
restrict ourselves to the case wheré M is hype;bolic and we want to
ask the following : What happens when N is a generalized complex
ellipsoid in (*) ? The answer is remarkable : Generalized complex
ellipsoids can exhaust only generalized complex ellipsoids (possibly

different). More precisely, we have

Theorem I1I. Let M be a hyperbolic manifold of complex dimension
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n. Assume that M «can be exhausted by a generalized complex ellip-
soid E. Then M is biholomorphically equivalent to a generalized
complex ellipsoid E that precedes E.

Bn, this is just the result of

In the special case E = E(n;u;l)
Fornaess and Stout [4] mentioned above.

We remark that in general the property that N exhausts M does
not imply that M and N are biholomorphically equivalent. Indeed,
we can prove the following Theorem IIl that gives an explicit example
in the class of generalized complex ellfpsoids. This theorem also
indicates that in Theorem Il the two ellipsoids E and E are not
biholomorphically equivalent, in general.

Theorem II1. For each p > 0, the unit ball B" in C can be
exhausted by the generalized complex ell?psoid |

E(n;n-1,1;1,p) = ((z,w € € L x e ; nzn2 + |wl?P <1 ).

For the complete proofs of Theorem I, Il and III, see our joint
paper Kodama, Krantz and Ma [15].

We finish this note by some problems concerning the characteriza-
tion of generalized complex ellipsoids. Recall that, in Theorem I,
we assumed the following

(#s) There exist a point P € E and a sequence {av} c Aut (E)

~ N ~
such that wv(b) > X as V - o

for all i.= 1,...,s, we do not need

]
—

However, in the case of ni
to assume the condition (=s). . In fact, by Theorem K this follows

automatically from the other. In view of this fact, we would like to
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ask the following

Problem 1. In Theorem I, can we drop the condition (*s#*)? ;namely,
let D be a bounded domain in c® and E a generalized complex
ellipsoid in c”. Assume that there exist a common boundary point x

€ D N QE and its open neighborhood U in ¢" such that D NnNuU =
E n U. Assume further that there are a point b € D and a sequence
(wv} c Aut (D) such that ¢v(b)}ﬁ X as VY = o Can we then choose a
point b € E and a sequence {av) c Aut (E) such that av(%) - x as

V> @ ?

As the proof of Theorem I shows, we can prove at least the follow-

ing Proposition, which is a natural generalization of Berteloot [2]:

Proposition. Let D be a bounded domain in C" and E a'gener—

alized complex ellipsoid in c”. Let x € 8D and x € 9E. “Assume

that the following two conditions are satisfied

~

(1) There exist open neighborhoods Q of x and Q of in C

e

]

and a biholomorphic mapping [ : Q — 6 such that T (D N Q)
End TI& = x

(2) There exist a point b € D and a sequence {wv) c Aut (D) such
that wv(b) - X as V - o

Then D is biholomorphically equivalent to a generalized complex

ellipsoid E  that precedes E.

At this moment, we have not succeeded in proving that E is bi-

holomorphically equivalent to E. Even in the case where 38D s c®-



63

smooth near X (and hence, so is OQE near P ), it seems difficult
to verify this.

Next, recall the proof of Theorem R in the case of Cz'smooth
strictly pseudoconvex boundary points x. Then one can see that the
following fact is a crucial point for the proof : Up to a local bi-

n of the

holomorphism, the boundary 38D of D and the boundary 9B
unit ball BY are very close in the sense that the defining fuﬂctions
of D and Bn have the same Taylor expansions up to order 2 at X.

So it is natural to attempt to prove an analogue of Theorem I in the

case where D and E are very close; so that we ask the following

Problem 2. Does Theorem I remain true in the case where, up to a
local biholomorphism, 9D near x and OE near X are very close
"in some sense” ? (Recall that the boundaries 9D and QE are not

necessarily smooth in our case.’)
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