goooogooogn
0 8210 1893D 8-31

On A Certain Class Of Starlike Functions.II

M. K. AOUF(Mansoura k%) and M. NUNOKAWA(Hi)I| #&, BEEXF)

ABSTRACT. There are many classes of starlike functions
in the unit disc U=£z: |z|< ;}. In this paper we consider
a class SB@YVB,U,A,B) of starlike functions of the form

' ad p+n . . .
f(z)=z + ¥ a z (p € N) in the unit disc U and

n=1 p+n

satisfying the condition

2£(z) _ |
f(Z) < F
7 7
(B-A)UTEELEl -0) + A(Efﬁil -1
1 f(z) f(z)

for some o((o\<°(<1),/5(o<F\<1), U (0<¥g1) and -1gA<Bgl, o<Bgl.

It is the purpose of this paper to show a representa-
tion formula, a distortion theorem and a sufficient condi-
tion for the class SB(N,F,U,A,B). Moreover we give the

radius of convexity for functions in the class SI’;(O(,/B,D',A,B)‘



1. Introduction.

Let S denote the class of functions of the form

o0
f(z) =z +31__ anzn
n=2

which are analytic in the unit disc U={}: |z| <t}. A
A function f(z)€ S 1is said to be starlike of order o

(ogolk1) in the unit disc U if

/
Re iéﬁiﬁl;} >
£(z)

for some @, and for all 1z €U. And the above condition

is equivalent to

2£(2) _
—f(z) , <1
2(zf(z) - o)- (zf(z) - 1)
£(2) £(2)

In this paper, we consider the class SE(N,F,U,A,B) of

functions of the form

00

£(z) =z +5— a__ 2P (p eN= {1,2,..3‘)

n=1 p+n

which are analytic and starlike in the unit disc U

satisfying the condition
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2% °’

7
zf£(z) _ 1
£(z) L < f (1.1)
B-ny EEE g 4 Al gy
f(z) £(z)

for some o (0gA<1), P(o<fsl), ¥(o<¥g1), -1gA<BgT, o<Bgl,

and for all ze U. The classes ST(N,1,%,—1,1), 87(0,1,

28-1 1 1y (1), s (1+z?’ L8 1,1 (0<¥s1), SH(1-4,1

i,-1,1), ST(“,1,U,— ,1) and S?(“sF:U’A’B) were studied by

McCarty [6], Singh [13,14], Padmanabhan [12], Eenigenburg[3],
Juneja and Mogra [4] and Aouf and Nunokawa [1], respecti-
vely. Also in [8,9,10,11] Owa showed some results for

functions in the class S;(agﬁ,5,4,1).

2. A representation formula.

First of all, we require the following lemma.

Lemma 1. Let a function
H(z) = 14D 2Psb P (p &N)

be analytic in the unit disc U. Then H(z) satisfies

the condition

(B- A)U(H(z) a) + A(H(z) - 1)
for some & (og%<1), ﬁ(o<fs1),8(o<6$1) and -1<Ag¢Bg1l, o<Bgl1,
if and only if there exists an analytic function d¢(z) .

in the unit disc U such that '4(2)|<F for zeU and
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1+ [ (B-A)x¥+A] 2Pp(2)

H(z) :
1+ [ (B-A)¥ +A] zpcp(z)

Proof. We use a method by Padmanabhan [12]. Assume

that a function
H(z) = 1+b 2Peb L (p €N)

satisfies the condition

H(z)-1 l< /2

(B-A)T(H(z)-)+A(H(z)-1)

for some “(os«<1),f(03551), U(o<¥g1) and -1gA<Bgl, o<Bgl.

Let

1-H(z )

zp—1h(z) =
- (B-A)¥(H(z)-a)+A(H(z)-1)

o

Then we see that the\function h(z) is analytic in the unit
disc U, and Ih(z)‘ €ﬁ for z€U and h(o)=o. Accordingly,
by Schwarz's Lemma [7], we have h(z)=z4¢(z), where 4%2) is
an analytic function in the unit disc U and satiéfies

’4’(2), \<P for z € U. Thus we get

1+ [ (B-A)a¥+A1 2P Th ()
1+ [ (B-A)¥+A) 2P~ Th(2)

H(z)=

_ 1+ [(B-Mx ¥+ Al 2P(2)
1+ [ (B-A)¥+A]zPep(2)
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Conversely, if

1+ [ (B-A)a¥+A] zPep(2)
1+ [ (B-A)T+A] zPep(z)

H(z) =

and I‘P(Z)l \</€ for z€ U, then H(z) is an analytic in the
unit disc U. Further, since lzp¢(z),\<ﬁlz,p <F for z €U,

we get

H(z)-1 = I p I
= (z)
5 z ¢»z | </3

(B-A)B(H(z)-&) + A(H(z)

for z eU. Hence we have the lemma.

Theorem. 1. Let a function

o0

£(z) =z + 73 a_.n PR (peN)
n=1 p

be ahalytic in the unit disc U. Then the function f(z)

belongs to the class Sg(u,ﬁ,J,A,B) if and only if

£(2)=2 exp{-(B-—A)UU-N) } P 'pce) > df}, z.1)
| o 1+[(B-A)B+A] tPp(t)

where gp(z) is analytic in, the unit disc U and satisfies

’¢(z)l\<P for z €U.

Proof. Let a function



£(z) =z + Ban 2 (p €N)

=
i

belong to the class SI’;(O(,F,Z}‘,A,B). Then, since the func-

tion f(z) satisfies the condition (1.1), we can write

2£(2) _  1+[(B-A)A¥+A]zPd(2)
£(z)  1+[(B-A)F+AlzPg(2)

by using Lemma 1. Hence we get

 B-MF-0 2P lb(2)

‘ 1+ [ (B-A)¥+A] zPgp(z)

H
~

N
(-

—

Hy
—~
N
~

On integrating both sides of the above equality from o to

z, we obtain the repreéentation formula (2.1).

On the other hand, if f(z) has the representation (2.1),

it follows that

2£12) _ 1+ [(B-M)X¥+A] 2Pp(2)
£(z) 1+ [ (B-A)¥ +A] zPgp(z)

holds with ¢%z) as in Lemma 1. Therefore we see that f(z)

is in the class SE(«QF,J,A,B) by using'Lemma-1.

3. A distortion theorem.

Lemma 2. Let a function

13



14

oo
f(z) =z +Y ap+n 2P (p €N)
n=1

belong to the class SE(u,F,y,A,B). Then we have

1+ [ (B-AE+AIB 2] P oo S2f() T 1-1(B-AMT+AIR)2]P
T+ [(B-AB+AIp |2 |P £(z)) 1-1B-MFAIB[z [P

for 1z €U.
Proof. Let a function

00
HOR LS sl (p€N)
n= .

be in the class S;(N,P,U,A,B). Then, by using/Schwarz's
Lemma [7], the condition (1.1) implies that 1%%%% assumes
values lying in the disc obtained by taking the line segment

joining two poits

1+ [ (B-A)ot¥+A]g |z |P
1+ [ (B-A)B+AIB]z] P

and

1-1(B-A)ad+A1f) z |P
1-[(B-A)F+A1 B | 2|

as diameter. Consequently we have the lemma.



Theorem 2. Let a function

o0
£(2) =z +) . PH0 (p €N)
n=1

be analytic in the unit disc U and suppose f(z)€ S;(«;
F,Z,A,B). Then we have

‘f(z)|>, | 2|

in [ (B—A)U+A]/8]z,1?}

(B-A) ¥(1-)
[(B-A)T+A]p

and

|| < v 2]
(B-A)¥ (1-4)

[(B-A)¥+Alp
ﬁ [ (B- A)8+A]/9| []

for og&<1, oﬂﬁk1, o<¥gl, B # —-A——— , -1gA<Bg1, o<Bg1 and
(B- A)?S
z € U. Moreover, for og«<i, 0<P51, = TEE%T_’ -1gA<B«Y,

o<Bg1 and z € U, we have
- - - -o
z‘ expi—!—\é—(“—u ,z,ﬁ < If(z),s’z,expz—A% [z[j
p
Proof. Since the function f(z) is in the class S;(ag

P,U,A,B), we have

2£(2) _ 1+ [(B-A)X¥+A] 2P 2)
£(z) 1+ (B-A)S +Al zPp(z)
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where qp(z) is an analytic function in-the unit disc U
and I4>(z)| \<F for z eU. Consequently we obtain

£z) _ 1. B-NFU-0P ) (3.1)
VA

£(2) 14 [ (B-A)F +A] 2P 'ep(2)

' On integrating both sides of (3.1) from o to z and taking

real parts of both sides of the resulting equation, we have

7 /
log £z ). Reflog(————f(z))v}= Re j z———-f(t) - %}dt
z z o (£(t)
Z  _(n_ _ p-1
CRe [ TBMBU-0ET0) g,
0 1+[(B-A)F+A1tPap(t)
Bl _maga-e [ poeet® |7
S0 1+ [ (B-A)¥ +A] tP elpegb(tele)l
Hence
Izl (n P
1og |E£C2) [ ¢ { (B-MBB(1-e0t dt
z o 1-[(B—A)b’+A]/3tp

o (BB 155 §1-[(B-A)¥+A] f’}
[(B—A)U+A]p Ogi +. lBIZ’

(B-A)y (1-)
[(B-A)¥ +A]p

-log i1—[(B—A)6+A]IB,z,§'

for ogoki, 0ﬁp$1, o<¥<1, B¢ T%%KT and -1gA<Bg1, o<Bg«l
-A

and z € U. Furthermore, for og®&<1, o<P<1, ¥ = AT



and -1gA<Bg1, o<Bgl, we obtain

£(z) Iz p-1
log < -AB(1-a) t dt
YA F : ]O
-Agg—o«) [ 2/P.

Therefore we see that

e 2] 2]
(B-A)F(1-a)

g [(B-A)¥+Alp
i}—[(B—A)5+A]Flz’?}

for ogO<1, o<Bsl, ¥+ (B A) and -1g¢A<Bgl, o<Bgl1,

lecol <« |z] exp{i%lﬂ Izl‘i}

for oge<1, o<ﬁ<1 ¥ =

-A
B-A) and -1<A<Bg1, o<Bgl.

On the other hand, by using Lemma 2, we get

izf(z)}> 1+ [ (B-A)x¥+Alp|z] P
f) )~ 1+[(B-A)K+A]/3,z|p

for ogd<1, o<ﬁ31, 0<8<1, -1<A<Bg1, o<Bg1 and z €U.

this, we obtain

and that

From

17
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’ ‘
;%% (log f(z)i} = Re {?i(z) - ;}
(z)

1+ [ (B-A)«¥+AIprP
1+ (B-A) FrAlpr?

_ . (B-MpyUI- o()rp
1+ (B- A)U+A]/g

Thus we see that

log £(z) ‘= Re f;log £(z)
yA zZ
. } - (B-Mps (-t
75 1+[(B-A)U+A]/3tp“
Therefore we have
log f(Z)|>/ ~ (B‘A)K(1“d) 10g{1+[(B—A)X+A]PrIj
yA [ (B-A)S+A]p .
(B-A) ¥ (1-a)
T(B-A)¥+Alp
= -log {1+[(B—A)U+A]ﬁri’} 4
for ogd<l, o<pgl, o<¥sl, sz(—‘};-f}ﬁ and -1¢A<BgT,
and
tog ApU0_ o

o<B«1



for og&«1, o<ﬁs1, o<¥gl, U = (ééA) and -1gA<Bg1, o<Bgl1.
Consequently |
e > Lz ——
(B-A)¥(1-&)

[(B-A)¥+Alp

im(B AS +AIB |z |J

for osu£1, Oﬁﬁ$1’ o<¥gl, ¥ # (B A) and -1gA<Bg1, o<Bg«l,

and

el 5 lel exp f AP o)

-A

for ogH<1, o<ﬁ51, U= ) and -1gA<Bgl, o<Bgl. Finally,

for equality, we may take

Z

(B-A)B(1-4)

| [ (B-A)¥+Alp
i1 -1 (B—A)znA]pzf}

f(z) =

for og&<1, oipsl, o<¥g1, ¥ # (B A) and -1gA<Bg1, o<Bgl,

and

f(z) = z exp i—j\ (1-%) in}
p

for og¥<1, o<fgl, ¥ = (B:ﬁ) and -1g¢A<Bg1, o<Bgl.

19
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4. A sufficient condition for the class S;(«iﬁzZ!A!B).

Theorem 3. Let a function

f(z) = z + % ap+n P (p eN)
n=1

be analytic in the unit disc U. If we have
00
:ﬁp+n'1_)+ﬁ(-1\(p+n+1 )- (B-A)Ep- (B-A)¥n
n=1
_(B-A)o(?fjlapm I < (B—A)/B J(1-%) (4.1)

for some K(ogl<1), ﬁ (o<ﬁ\<1) , U (o<¥g —(T;—/_—\-A—T) and -1g<A<Bg<1,

0<Bg1, then the function f(z) belongs to the class S;(«,/L

U,A,B).

Proof. We employ the technique used by Clunie and
Keogh [2]. We assume that the condition (4.1) holds. Then

we obtain

I / ’ /
|zf(Z)—f(Z)l-ﬁl(B-A)b’(zf(Z)-df(Z))+A(zf(2)-f(2)) l

—FI(B-A)B(T—O()Z +

o0
y— p+n
n=1 (p+n-1)ap+n g

o0 oq
A _ p+n_ AL _ p+n
5 (-A- (B A)cxz;)apmz 5( A-(B A)!S)(pm)apmz I
00 pen
) (p+n-1) ap+n lz' -

n=1
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00
B- - -A- (B-A)XJ p+n
ZI(B A)/gzm )z+)rl:=1: (-A- (B-A)X )/; 8 un?

- %g% ("A-(B-Ajv%ﬂ(p+n)lap+nllzlp+i:§

00 .\
< (p+n-1 l prn-_
R R

{(B-A)/sb”m-oo ] z| - %(-A-(B-A)dlﬂﬁlamnuz’p+n
s

» co

00
N (p+n—1)+/i(-/\(p+n+1)—(B-A)xp
n=1

_(B—AJNJF(B—A)Un;}.I ap+nl-(B-Ay35(1—d)]I z| < o

for ogu&<1, 0<F<1, o<¥g -1<A<Bg1, o<Bg1 and z eU.

-A
(B-A) °
Hence, by the maximum modulus theorem f(z) is in the

class S*(&,8,¥,A,B).
S p( ﬁ y, )

5. The radius of convexity for functions in_ the class

§p(d,p,lgA,B)-

Theorem 4. Let a function

oo
f(2) =z + T a 2P (p € N)
n=1
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. . ) -A
be in the class Sp(ng,agA,B) with og«<1, o<ﬁ$1, o< ¥g B-N

and -1g<A<Bg1, o<Bgl. Then the function f(z) maps

1

-ae A (1-00 - JT-a-1+ BB -0 1 [-Ar 1+ BBy T (10 ]

[z] < «
f

on to a convex domain if

)

{[-A+(-B—;ﬂ)v(1—«)]— -A-1+ By wcr-00 7 [-ar 10 B m—a)}}.

RS 100+ J(B-A) B (1-00 [-A+ BSBy (10001

- y P
< Jtn-1e ENsa-a1 a1+ ERyp1-a01)

- _ Z p
\<(/[—A-1+(B2A)X(1-«)][-A+1+(BZA)K(1-«)]) :
This result is sharp.

Proof. We employ the technique used by
Lakshminarasimhan [5]. Since f(z) belongs to the class

SI’;(o(,}g,b’,A,B), by Theorem 1, we get

2£(2) . _1+[(B-Nad+AlzP(2) o (5.1)
f(z 1+ [ (B-A)F+A] zPep(2)

where ¢(z) 1is analytic in the unit disc U and satisfies

,{{z), s/? for z€U. On differentiating both sides of (5.1)
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with respect to z 1logarithmically, we-have

2£2) | 1+[(B-A)a¥+AlzP¢(2)
£(2) 1+ [ (B-A)V +A] zPgp(2)

;1+

_ (B—A)U(1—q){PZR¢(Z)+Zp+uPtZ)} .
{1 1B-25+A12Pp ()] [ 1+ 1 (B-RIas+n1 2P0}

Furthermore we have

2
P (2)
I ¢>/’§z) < l ;s'z, '2 (5.2)
1 - |z

for the analytic function ¢bp(z) in the unit disc U. Now,

since
pe & 1+ L(B-M)&¥+A] 2Pgp(2)
1+ [ (B-A)B +A]zP(z)

_ 1+ L(B-AxF+AT [(B-M)B+A] | 2Pep(z) | 2+ [ (B-Mex¥+ (B-M) ¥ +2AT Re (Pe(2))
|1+ L(B-A8 +A12Pp(2) |©

{1+[(B -Mag+Al | p4>(z)|}{1+[(3 A¥+A] | 2Ph(z) I}
|1+[(B AT +A) 2P (2) |

1+ [ (B-Mab+A] | 2Pg(2) ]
1+ [(B-A)S+A] | zPep(2) |

>

and
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pPez) + 2P H2) Aj
{w[(s -0¥+A] | Ppo)| T e LB-madia] | 2P [f

plePon | + [P |
© Teie-ag | e If{1+ cp-noadar| |}

< plePpcay] + [P 8]
etz n | Ppe|}

we obtain

Re ij+ zfé(z{}, 1+[(B—AJ«U+A]! znﬁ(z)l
£(2) 1+[(B-A)¥ +A] | 2Pgp(z) |

BB a-a) o lPea] <P Bl .
{1+[(B—A)25+A]| Zp¢(z)|}l

If we assume that
2 |.p 2 p
1+A° | z 4:(2)' + [2A-(B-A) T (1-4)p] l zv¢(z)

> o, (5.3)

/
c/)(Z)
then we have

Re {ﬁ + Ei—ii{} 0.
f(z)

Now, in virture of (5.2), the condition (5.3) will be satis-

fied
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1+‘lzp¢(z)|2 + [-2A-(B-A)6(1-¢x)]| ngb(z)‘ -

.
B-A 81 |2 |P*T_F- J_d';(?z_)L__

> 0.
1 - |z|2
On putting a = ]z' and t = lzn¢(z)l, the above condition
can be re-written as |
2 2
(1-a™) i1+t +[2A-(B-A) ¥ (1—dﬂt}-
(B-A)Y (1-a) ( Bal*T! - —t%——) > 0
f al~ ] ’
that is,
.2 _{(1_&2) . (B-M)¥(1-a) }+
p-1
£° ‘
2 2
t(1-a")[2A-(B-A) ¥ (1-K)] + 1-a"-
(B~A)/61¢(1-0<)ap” > o, (5.4)

where o0<a<1 and ostsﬁ;ap. If G(t) denote the left hand

side of (5.4), then we see that

G(t) = 2t -{_(1-32) . BT (1-%) ’j )

paf’

(1-a%)[2A- (B-A) ¥ (1-6)] = o
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for
paPl-ahy - B ¥ (100
t=t,=
bopaTlamah - aenpa-w

Moreover

144 - -

Sty = 2{(1_612) ., (B-A¥ (1 a)j> o,

p-1
/Sa

because o<a<l. Now t, - /;ap is positive and negative
with

pa‘P - gl B ¥ (- gal

-B-A¥U-daP + A EDE 1w 1aPT

respectively. Let

E(a) =f3a2p+1—18a2p"1—[—A+(B'2'A) K(1—“)]ap+1

B-A

-(B-MF1-0aP + A B Er-0 74P

and let a be the positive root of E(a) = o lying in the

open interval (o,1). Then E(a) is positive for o<a<a and
/

so t, > lgap. Hence G(t) is negative for ogtslﬂap, Gggap)<

G(t) and the condition is satisfied if Ggﬁap) > o. This

is equivalent to
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B-A

pra’P-at)-2aP (1-a®) - B aCi-w0) + (12?50,

that is,

(1-a%) {’32a2p—%p[—A+(B£A) B(1-007aP + t} > o

which holds for

B-A B-A B-A

[-A+ (= YECT-001- JI-A- 1+ C 5 (-0 T [-A+1+(

P

Y¥(1-d)] p

2 Y.

a<(

Further we can show that

- 1
-ae EDya-a - fi-a-1e ENga-0 1 -ans ENFa-w) 3

ao>( ,3 )
if
-ar B 50100 1- J-ae 1+ B ¥ -0 1 -ase By g om0 g et

The condition on )8 implies that

1
BEA)U(1-“)]-jG—A—1+(2%5)3(1-¢)][-A+1+(B£A)5(1-d)] ) P

P

[-A+(

<1,

and so
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1
e BN (- 1-f1-a- 1+ Eyp - T -ar 1+ BN r (i) P
a1=( F ) <ag
if E(a1)>0. Moreover E(a1)>o is satisfied if
Jiea1e Ebya-m 1 -ans Ed -0 x 1
| 1
7‘_z_p

x J[=A+(

BAYy(1-a)1- J1-A- T+ B B01-00 1 [-Ae 1+ (52 51 -0 fEP

Aygci-o0] -

1
p
Mycr-a ]J[a

M¥1-a)1 x

- (B-A)B(1-00) i[-A+(B£

Ji-n-e By g1 -as e &

- Jea e B a-w) [-Ae1+ (B

x{[—A+(B

1+

1
P
B Ay¥(1-a) ]J

;A)xu—a)]-/[—z\—n(B;A)m—«)] [-A+1+(

which holds if

[-a+ B

Ay 1-a1- J1-A- 1+ s (100 [-nr 1+ (B

(q/[ A- 1+(

Ay (1-00]
X

p
)5(1 -X)1(- A+1+( Ay 1-01)
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- - p
x i(BTA)b’m—aw j(B—A)vm-aJ[~A+(BZA)U(1-009 .

Let CPCQQPQU,A,B) denote the'gight hand member of the above

inequality. If F==Cp(q,F,K,A,B), then we see that

(s EF -0 [1-a- 1+ B -0 1 - e ERr-07 b
ao= F ) .
This shows that
1
oy - - p
2] ([—A+(¥)6(1—oo]—/[—A—1+(BZA)5(1-001[—A+1+(BZA)6(1—«)]
z|< )

P

is mapped on to a convex domain by f(z) provided Cp(N,F,J,A,B)

<

N

F$1. To show that the estimate is sharp, we choose

£(z) = 2

(B-A)T(1-4)

[(B-A)E+Alp
i1—[(B—A)B+A]/8zp}

so that f(z) € SI’;(a,F,b’,A,B) while

4
1+ zf (z) _ o

/
f(z)

when

B-A B

-he B g 1001 [1-a- 10 By g (- ] (A 1o

F

1
Myga-ay P
)

z=(



ogA<, o<f31, o<¥< T%éKT » —1g&A<Bgl, 0o<Bgl, so that f(z)

is not convex is any disc [z|< R if R exceeds

B- B-A

B-A A
B (-0 1 [-A+1+ (55

A EDy - 1- fl-a-14 ¢

( P

Furthermore, for oga<l, o<ﬁ$1,5'=

1
Jg(1-a) ] )p

(B-A)

and -1gA<Bgl,

0<Bg1, we ought to choose

P

f(z) = z exp 2;:Aéiﬁlll_ i} .

This completes the proof of the theorem.
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