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A LINEAR OPERATOR AND ITS APPLICATIONS
TO CERTAIN SUBCLASSES OF MULTIVALENT FUNCTIONS

HITOSHI SAITOH (HE&E® wHE A)

[. INTRODUCTION

Let Ap denote the class of functions of the form

£z) = 2P+ ] a 2PTK (el =1(1,23,...1 (1.1)
k=1 P

which are analytic in the open unit disk |J = {z:|z| < 1}. A function
f(z): belonging to the class Ap is said to be in the class Rp(a) if it

satisfies
Re{£P)(2)} > « - (1.2)

for some o (o <.pl) and for all z ¢ |J. A function £(z) belonging to

the class Ap is said to be p-valently starlike of order o if and only

if it satisfies

Re{ —f£%£§i— } > « | (1.3)

*
for some o (0 < @ < p) and for all z ¢ |J. We denote by Sp(a) the class
of all functions in Ap which are p-valently starlike of order o in {J.

A function f£(z) belonging to the class AP is said to be p-valently

convex of order o if and only if it satisfies

zf'"(z)
efi s S22 o
f'(z)

for some a (0 < a < p) and for all z ¢ |J. Denoting by Cp(a) the class
of all functions in Ap which are p-valently convex of order a in {J,

it is easily seen that

£(z) e [ () & z£'(2) s§<a> (0O <a<p) (L.5)
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Further, a function f£(z) belonging to Ap is said to be p-valently
close-to-convex of order o if and only if there exists a p-valently
starlike function g(z) such that

Re{ —i£%£§l— } > o - (1.6)

for some o (0 < o < p) and for all z e |J.
For the functions fj(z) (j = 1,2) defined by
n+p

£5(2) = Zoaj,n+pz PelN), (1.7)

we denote the Hadamard product (or convolution) of fl(z) and fz(z) by

£,%E,(z) = ntp (1.8)

} a a z
n=o L,0tp 2,n+p
For a function f(z) belonging to the class Ap’ we define the

generalized Libera integral operator Jao p by

c +p

c

Je,plEE) = —

Z e-1
I t £(t)dt, c > -p. (1.9)
0
For p =1 and ¢ ¢ \, the operator Jo 1 was introduced by Bernardi [1].
In particular, the operator J1 1 was studied earlier by Libera [4] and

Livingston [5]. Some interesting results for the operator J, , was

»P
proved by Saitoh [1l] and Saitoh et al. [12].
Now, let the function ¢p(a,c) be defined by
o (a)
¢ (a,c;z) = | —F P (z e ), (1.10)
P n=0  (c),

for ¢ # 0, -1, -2, ..., where (a)n is the Pochhammer symbol given by
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r(a + n) 1, ifn=20
“hnT T

Also, we define a linear operator Lp(a,c) on Ap by

Lp(a,c;z)f(z) = [ Z G zn+p]*f(z)

n=0 (c)n J

for f£(z) € Ap and ¢ # 0, -1, -2,

The operator Ll(a,c) was introduced by Carlson and Shaffer [2]
in their systematic investigation of certain interesting classes of

starlike, convex, and prestarlike hypergeometric functions.

Lp(a,t) has the integral representation

1
L (a,c;z)f(z) = J u“pf(uz)du(u),
P 0

where yu satisfies
ua—l(l _ u)c-a-—l

du(u) = du ,
B(a,c-a)

and

J; du(u)‘= 1.

REMARKS, (1) For £(z) e A} = A,

L (n+l,1;2)£(z) = D"£(z) = *£(z)
1 (1 - Z)n+1
is Ruscheweyh derivative of £(z) ([8]).
(2) .For £(z) ¢ Ap,
- on+p-1 al
L (ntp,1;z)£(z) = DV'PT E(z) = a5 *£(2)
P (1 - )P
is Ruscheweyh derivative introduced by Goel and Sohi [3].

(1.11)

a(a + 1)+---(a+n - 1), if n e |.

(1.12)

(1.13)
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(3) For f(z) ¢ Ap’
Ly(etp,ctptl;z) £(2) = J, (£(2))

is the generalized Libera integral operator ([11], [12]).
(4) ¢1(a,c;z) is an incomplete beta function, related to the Gauss

hypergeometric functions by

¢1(a,c;z) = zzFl(l,a;c;z).

2. SOME RESULTS

We shall now prove the following results.
THEOREM I, Let f(z) ¢ Ap and ¢ > a > 0. If £(2) € Rp(a)
(z el , o <pl), then we have

Lp(a,c;z)f(z) € Rp(a).

ProoF, It is sufficient to show that
4P
Re{ L (a,c;z)f(z)} > o (z e ).
. dzP p

Using the integral representation, we have

dP 1 1
Re{ . Lp(a,c;z)f(z)} - J w11 - w2 R (£P) (uz) 1du
dZ . B(a;c-a) o
1
. o J wd - yeratlyy
B(a,c-a) 0
= ————:i———— B(a,c-a)

B(a,c-a)

= a’

which evidently completes the proof of Theorem 1.

CoroLLARY . Let £(z) e A, and ¢ > -p. If £(2) e R (o)
(z € |J, o« < pl), then we have

I p(E(@) & Ry(@).

In order to prove our main results depicting properties of the

function Lp(a,c;z)f(z), we shall need the. following lemma.
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LEMMA, Let y(z) and g(z) be analytic in |J and satisfy
¥ = v (@ = ... =3P Doy =0, yP(0) #0,
g(0) = g'(0) g® D) -0, g #o0.

Suppose that for each o (o] 1) and p (|p] = 1) we have

]
fl
il

: 1 + poz
Y(z)% ——— g(2z) # 0 (z ¢ |J-{0}). (2.1)

1l - oz

Then for each function F(z) analytic in U and satisfying

Re{F(z)} > 0 (zel), (2.2)
we have
' (V*Fg) (2)
Re{ __f__%__i__ } >0 (z e ). (2.3)
(Y*g) (z)

REMARK., In the case p = 1, this lemma was given by Ruscheweyh

and Small [9]. The proof of this lemma is similar to their proof.

Applying the above lemma, we now have

THEOREM 2.  Let £(z) ¢ S;(a) (0 < o < p) and let

1 + poz

in

t
o

Lp(a,c;z) ]f(z) (z € |J-{0}) (2.4)

l - oz
for each ¢ (|o| = 1) and p (|p| = 1), and for ¢ # 0, -1, -2,
Then we have

Lp(a,c;z)f(z) € S:(a).

PRoOF, It is sufficient to show that

,c;2) £ !
Re{ ZELp(a c;z)f(z) ] } -
Lp(a,c;z)f(z)

(2.5)

for z ¢ |J. Since

Re{ z[Lp(a,c;z)f(z)] } _ Re{ Lp(a,c;z)zf (2z) }
Lp(a,c;z)f(z) Lp(a,c;z)f(z)
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¢ _(a,c;z)*(zf'(z2))
_ Re{ p } (2.6)
¢p(a,C;Z)*f(Z)
putting
zf' (z)
v(z) = ¢ _(a,c;z), F(z2) = ————— - a, and g(z) = £(2z)
P £(z)
in Lemma, we can see that
(V*Fg) (z) ¢ (a,c;z)*{zf'(z) - af(z)}
RE{ ——___g____. } = Re{ P . }
(wfg)(Z) ¢p(a.C;Z)*f(Z)
(L_(a,c;2)f(z)]"
= Re{ i 3 } -a >0, (2.7)
Lp(a,C;Z)f(Z)
which completes the proof of Theorem 2. /
COROLLARY 2, Let f(z) e S:(a) (0 < o < p) and let
1 + poz
L (C+P.C+p+1;z)( ]f(z) #0 (z ¢ -0} (2.8)
p 1l - oz

for each ¢ (|o| = 1) and p (|p| = 1), and for ¢ # -p-1, -p-2, -p-3, ...

Then we have
£ *
Jo plE@) € S ().
Setting p = 1 in Theorem 2, we have

COROLLARY 3 (Owa et al. [7]), Let f(z) € Sf(a) (0 < o < 1) and let

1l + poz .
Ll(a,c;z)[ —_— |f(2) #£ 0 (z ¢ |J-{0})

1l - oz

for each ¢ (|o| = 1) and p (|p] = 1), and for ¢ # 0, -1, -2,

Then we have
*
Ll(a,c;z)f(z) € Sl(a).

Next, we prove

THEOREM 3, Let f(z) ¢ Cp(@ (0 < a < p) and let
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1 + poz

Lp(a,c;z)[ ]zf'(z) # 0 (z € Y-{0})

1l - oz

for each o (|o| = 1) and p (|p| = 1), and for ¢ # 0, -1, -2,

PROOF.  Note that £(z) & (,(a) if and only if zf'(2) e S:(a).
By using Theorem 2, we know that |
£(2) € Cy(a) &= 2£'(2) ¢ § ()
= Lp(a,C;Z)zf'(Z) € S:(a)
= 2[L,(a,c;2)E@ ] € ()
= Lp(a,c;Z)f(z) € Cp(a),

which completes the proof of Theorem 3.

COROLLARY 4, Let £(2) € Cp(a) (0 < o < p) and let

1 + poz

Lp(c+p,c+p+l;z) ]zf'(z) #.0 (z e J-{0})

1l - oz

for each o (|o| = 1) and p (|p| = 1), and for ¢ # -p-1, -p-2, -p-3,

Then we have
Jo, p(E(2)) & C (a).

Finally, we prove

THEOREM U, Let f(z).e Kp(a), i.e., there exists g(z) ¢ S:(O)

such that
zf'(z)
Re{ —_— } > o (0<a<p; zel).
g(z)
Further, le£
1 + poz
L (a,c;z)[ }g(z) # 0 (z € |J-{0})
P 1l - oz

for each o (|o| = 1) and p (|p| = 1), and for ¢ # 0, -1, -2, ..

(2.9)

(2.10)

(2.11)

(2.12)
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Then we have

Ly(a,c;2)f(2) « Kp(a). ‘ C (2.13)

* *
ProoF, By Theorem 2, if g(z) € SP(O), then Lp(a,c;z)g(z) € SP(O).

It is sufficient to show that

z[L_(a,c;z)f(z2)]"
Re{ P } > o (2.14)
Lp(a,c;z)g(z)
for z ¢ |J. Since
Re{ z[Lp(a,c;z)f(z)]' } _ Re{ Lp(a,c;z)zf'(z) }
Lp(a,c;z)g(z) Lp(a,c;z)g(z)
(a,c;z)*(zf'
_ Re{ bpla,ciz)*(at’ (2)) }, (2.15)
¢p(a,C;Z)g(Z)
setting
zf'(2) .
W(Z) = ¢p(a,C;Z), F(Z) = - - a, and g(Z) = g(Z)
g(z)
in Lemma, we observe that
(V*Fg) (z) ¢_(a,c;z)*{zf'(z) - ag(z)}
Re{ _..g—_..._ } = Re{ P g }
(v*g) (2) ¢p(a,C;Z)*g(Z)
(L_(a,c;2z)f(z)]"
= Re{ sthp(a, i)z } -a >0, (2.16)

Lp(a,C;Z)g(Z)

which completes the proof of Theorem 4.

" COROLLARY 5. Let £(z) ¢ Kp(a), i.e., there exists g(z) ¢ S;(O)
such that

zf'(z)
Re{ _— } > a (0<a<p; zel).
g(z)

Further, let

1 + poz
LP(C+P,C+P+1;Z)[ ]g(Z) #0 (z ¢ |J-{0}) (2.17)

1l - oz
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for each ¢ (|o| = 1) and p (|p| =.1), and for ¢ # -p-1, -p-2, -p-3,

Then we have

(1]

£2]

(3]

(4]

(5]

[6]

(7]

(8]

(93

Jc,p(f(Z)) € Kp(a).
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