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A Remark on Nowhere Dense Closed P-Sets
Jian-Ping Zhu %k i&¥F
Abstract. Using the methods from continua theory of R*, we

prove that - NCF implies that w* can be covered by an

increasing sequence of nowhere dense closed P-sets.
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Kunen, van Mill and Mills proved in [4] that no compact

space of weight 2“

can be covered by nowhere dense closed
P-sets under CH. It was proved in [1] that, in the model
obtained by adding‘ 01 Cohen reals to a model of MA+]CH, o
can be covered by nowhere dense closed P-sets. It  is not
difficult to show that the axiom of near coherence of filters,
abbreviated as NCF (See [2]), implies that ¥ can be covered

by nowhere dense closed P-sets. Our purpose in this note is to

strengthen the conclusion as follows:

Theorem 1. NCF implies that o can be covered by an

inereasing sequence of nowhere dense closed P-sets.

Our way is to use the methods from continua theory of R*
to guarantee an 1induction construction going smoothly through
the 1limit steps. Acturally, we shall prove, (See also Corollary

5.7 in [5]).

Theorem 2. NCF is equivalent to that 8[0,2)-[0,=) can be
covered by a strictly increasing sequence of subcontinua which

are nowhere dense P-gets.
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It is not difficult to show that if o® can be covered by
nowhere dense ¢losed P-sets then so can R* (See Corollary 4).

But the author don't know whether or not the converse is true.

we refer to [2] for the background on NCF and [5] for

continua theory of R*.

Let Q be the collection of all families of infinite
discrete non-degenerate closed interval of the half real line
[0,»). For £€Q, we let i:0—% be the bijection such that
((n)<i(n+1) for n€w, where ((n)<i(n+l) means that r<s for
all (r,s)€i(n)xi(n+1). Let 1:U¥$—>e be such that i(x)=n if and
only if x€i{(n). Let @81 be the Stone-Cech extension of i from

clBR(Uﬁ) to B8w. For ch*, we define
M(£4,B)=81"1(B)

and, if B={u}, than M({(¥, {u}) is denoted by M(%,u). It is
well-known that M(#,u) 1is a continuum for any u€n " . Moreover,
a subcontinuum C of B[0,»)-[0,=) is called a standard
continuum if C=M(#,u) for some VFGQ and u€e . Note that
every proper subcontinuum of 8[0,x)-[0,x) is nowhere dense
since $#[0,«)- [0,») 1is an indecomposablé continuum.

Recall that a subset B of a space X 1is called a P-set



94

provided that the intersection of countably many neighbourhoods
of B is again a neighbourhood of B. A point 'x of X is
called.a P-point if the singleton {x} 1is a P-set.

For an open set U of a metric space X, we let 0(U)={x€fX:
IFex(FcU)}. Then {O0(U):U is open in X} is a base for B8X. [0]®
is the set of all infinite subsets of @. As usual, 0(A)Ne™ is
denoted by A*  for Ae[w]wn

For #,%'€Q, we say that #' 1is an expander of # if .i(n)

is contained in the interior of <('(n) for all ne€on.

Lamma 3. Bce®© is a noyhere dense closed P-set if and only if

M(£,B) is a nowhere dense closed P-sel of 8[0,»)-[0,=) for £€9.

Proof. Assume.that M(%,B) 1is a nowhere dense closed P-set of
[0,~)-[0,~). It is easily seen that B 1is nowhere dense closed
in . Let £'€Q be an expander of #. Then M(¥4,B) is a
P-set of clBR(UE'). Suppose that {A;:nem} is a family of
countably many neighbourhoods of B. Then {Bﬁ"l(A*):nEQ} is a
family of neighbourhoods of M(#¢,B). Therefore, there is a basic
open set O0(U) such that M(f,B)cd(U)nR*cBﬁ"I(A*n) for all
neo. Note that, for  ueo”, M(#,u)=N{cl, (UF):i ' (F)eu}.
Therefore, for each u€B, there is Aueu such that

U{é(n):nGAu}CU. Let A={{ '(I):1€¥ and IcU}. Then A, CA for

ueB. So A" is a neighbourhood of B. Since O(U)nR*CBﬁ"l(An),
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we have that A*CA; for all n€on.

Assume that B 1is a nowhere dense closed P-set of o' . Let
0(U) be a basic open set of BR and O(U)NM(#,B)=é. Let A=
{n€w:¢(n)NU=#¢}. Then AE[w]w. Since B is nowhere dense, there
is Ale[m]w such that A;cA and ATnB=¢. Therefore, M(E,At)n
M(#,B)=¢. But O(U)M(%,A})=6. So O(U)NR*\M(#,B)=¢. It follows
that M(%,B) is nowhere dense. Suppose that {O(Un):nEw} is a
family of neighbourhoods of M(#,B). Let An={L(I):I€§ and ICUn}
for né€n. As we showed 1in the 1last paragraph, A; is a
neighbourhood of B for all n€w. Since B is a P-set, there is
Ae[w]w such that BcA* and A*CAn for all n€w. We choose a
strictly‘increasing sequence {mn:new} of integers so that for

)

each ne€w ANm_CcA and [m_,m )JNAZ$,  where. . [m_,m
n n n’ n+l n’ n+l

={i€mimnsi<m }. For each iE[mn,m JNA, let Ji be an open

n+l n+l

interval of R such that L(i)chcUn. Let V=L}{Jn:n€A\mO}. Then
M(E,B)CM(},A*)cO(V) and O(V)cO(Un) for n€éw. This completes

the proof of Lemma 3.

Since we can easily choose F,8€Q such that U(fug' )=
[0,) and R® 1is the topological sum of B8(-=,0]-(-®,0] and

B[Oym)—[oym)s we have

Corollary 4. If " can be covered by mnowhere dense closed

P-sets, then so can RY.
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Blass proved in [2] that, under NCF, for any Vuem* there
is a finite-to-one non-decreasing function f:0—w such that
v=8Ff(u) is a P-point. It is easily seen that Bf !(v) 1is a
nowhere dense closed P-set of' o and ueBf l(v). Therefore,
NCF implies that “m* can be covered by nowhere dense closed
P-sets. Our purpose is to sharpen the conclusion so that o
can be covered by an increasing sequence of nowhere dense closed
P-sets under NCF.

We‘ regard o as a subspace of B[O,m)j[o,m). The

following lemma is an easy observation.

Lemma 5. If uen®  is a P-point, then M(&,u)nm* is a nowhere

dense closed P-set of o for f%€Q.

Proof. Let X=on(uf) and Y={i !(I):Ine=¢}. If Y¢u, then,

M(#,u)ne"=¢. So we assume that Yeu. We define a finite to bne

function f:X—Y from X onto Y by f(n)=m if and only if

nei(m). Then M(#,u)ne"=Bf '(u). Since Bf !(u) is a nowhere
*

dense closed P-set in X , M(ﬂ,u)nw* is a nowhere dense closed

. *
P-set in o .

By Lemma 3 and 5, our Theorem 1 and 2 follows easily from

the following theorem.
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Theorem 2°. NCF is equivalent to thal there is a family
{(ﬁa,ua):u<l} such that
‘ (1) ﬁaeg and uaew* is a P-point for all o<x;
¢ ¢ .
(2) M(”a’ua)CM(“B’uB) for all o<fi<x;

(3) 6[0,®)~[0.m)=\){M(ﬁa,qa):a<k}.

Theorem 2' will be proved along the line of the proof of
Corollary 5.7 in [5]. We first recall some properties of NCF
and standard continua. We refer to [2] and [5] for details.

A subset C of a continuum K 1is a composant if, for some
point peC, C 1is the set of all points Xx such that there is a
proper subcontinuum of K containing both p and x.‘ It 1is
well-known that NCF is equivalent to that 8[0,«)-[0,») 1is a
composant of itself (See [3]). Therefore, our conditions in
Theorem 2' implies NCF. .

Recall that there is a natural partial order <§ on M(£%,u)

for £€§) and uew*. defined as follows: For any X,YEM(4,u),

@
X<hy if there are Fex and He€y such that

{i"1(1):1€4 and FnI<HNI}Eu,

For xeM(£,u), we let
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¢ p ,
[X]L:{YEM(ﬂ,u):y is <L—incomparable with x or y=x}.

¢ . '
[x];, 1s called a layer of M(#,u). It is well-known that layers
are indecomposable subcontinua of - M(#,u) and every indecompo-

sable subcontinuum of M(£#,u) 1is contained in a layer.

Lemma 6 (Corollary 2.11 in [5]1). Let C and D be subcontinua
of R*.‘If one of them is indecomposable, then CcD, DcC  or

CND=¢ .

A point uEw* is a:Q-point if every finite-to-one function
from ® to ® 1is one-to-one on a set in u. By Proposition 5.1
in [5], it 1is equivalent to require -the functions in the
definition  of Q-points to be non-decreasing. Blass broved in

{2] that NCF implies that there is no Q-points.

Lemma 7. Under NCF, for every proper subcontinuum C of
f[0,»)-[0,»), there is a standard continuum M(4,u) and a
layer T of M(%,u) such that CcT and M(%,u) 1is a nowhere

dense P—setAof B[0,>)-[0,x).

Proof. Since every proper subcontinuum of pl0,>)-[0,x) is
contained in a standard subcontintum, we assume that CcM(4,,u;)

for some %,€Q and u€e”. Since NCF implies that there is no
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Q-points, there 1is a finite-to-one non—decreasing function
f:0—0 which witnesses that u; is not a Q-point. We define
§g={1n:n€w} as follows: In is the convex hull of the set
Udi (m):mef 1(n)}. Let wu.=f(u,;). Then, M(#,,u;)cM(%s,u.).

¢ .

Moreover, for any X,y€M(f,,u;), x and Yy are <’ “-incomparable

Uz
or x=y. Therefore, M(#;,u,;) 1is contained in a layer - T’ of
M(#%,,u-). By NCF, theré is a finite—to—one non-decreasing

function g:0—® such that u=g(u:) is a P-point. By the same
method as above; we can find $€Q such that M(%.,u:)cM(4,u).
Since T' is an indecomposable subcontinuum of M(#,u), there

is a layer T of M(#.u) such that CcT'cT. By Lemma 3, M(f%,u)

is a nowhere dense P-set of §#[0,»)-[0,x).

Now we are in a position to complete the proof of Theorem
2'. We assume NCF. We define, inductively, ﬁaeQ, ua€w* and a
layer Ta of M(Ea,ua) for o=0 satisfying that

(a) ua is a P-point for all o=0;

@

(b) M(Va,ua)cTB for o<B.
Our induction process will stop at some X if B8[0,»)-[0,®)=

¢ . 1 ¢
\J{M(ga,ua).a<x}. Suppose that we have defined Fsr U and TB
for all #8<oe satisfying (a) and (b). If «=0 or y+1, then, by
Lemma 7, we can easily define ﬂa, ua and Ta satisfying (a)

and (b). Assume that o0 is a limit and ”B[O,m)—[O,w) is not

covered by {M(FB,UB):B<a}. Note that by (b) \J{M(fs,us):6<a}=
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k}{TB:B<a} since o is a limit. Take x,yeB[O,w)-tO,w) such
that XGT0 and y@Ts_ for all #B<x. By NCF, there is a proper
subcontinuum € of B8[0,~)-[0,»). containing both x and y.
By Lemma 6, T,cC for all 8<x. By Lemma 7, there is 9 €Q,
uaew* and a layer,.Tu of M(ﬂu,ua) such that CcTa and 'ua
is a P-point. This completes our inductive construction. Since
{M(ﬁa,ua):azo} is a strictly increasing sequence, our induction

process can not go over IR*| steps. This completes the proof of

Theorem 2°'.
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