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Algebraic Manipulation for Formal Solutions

BEAKRY: B8 30 HEAQ (Masayo KATANO)

1. Introduction

The asymptotic expansion plays an important role in the numerical analysis of physical
and engineering problems, in particular, in many problems treating differential equations.
For example, in the calculation of approximate values of an entire solution for a sufficiently
large variable, the asymptotic expansion is more effective than the Taylor expansion.

According to the well-established local theory of linear differential or difference equa-
tions, an actual solution near an irregular singular point is characterized by its asymptotic
behavior. More precisely, one can find formal powef series solutions, which are, in gen-
eral, divergent, and then one can verify the existence of actual solutions admitting formal
solutions as their asymptotic expansions.

Now, it is not difficult to find (understand theoretically) the existence of formal solu-
tions, but to seek explicit forms of them needs a very tedious calculation. So, our objective
is to construct an expert system of algebraic manipulation for the evaluation of formal
solutions of linear differential equations. We follow the algorithms in the papers [1] and
[2).

Consider the system of linear differential equations

X
= = (Aot it 4 40X (1)

and the single linear differential equation

d"z n & d"tz
t"d—t; = 22 (gj%t’) t“"f-d—tn. (2)
Those differential equations have an irregular singularity of Poicaré rank q at ¢ = co. And
they are of canonical and reduced forms of more general differential equations which have
an irregular singularity.

Near the irregular singularity, one can find formal solutions of the form

Y k_ 00
Xk(t) = exp (—q—"—tq + 3%#1 4+ 4 a’ft) " Hi(s)t™". (3)

=0
The principal characteristic constants A, are given by eigenvalues of A, in case (1), and
by roots of the algebraic equation

J(A) = A" — Z ag.qe A = 0 (4)
=1
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in case (2). Other characteristic constants a;‘ (j =9-1,9—2,...,1) and py are determined
by algebraic processes.

Problems

1. How the af and puy are determined by the principal characteristic constant Ax and
the preceding characteristic constants a{;_l, ey af +1 1N succession ?

2. How the coefficients Hy(s) are calculated by the initial value Hy(0) ?

3. How an identity called Fuchs relation between the characteristic exponents uy and
those p; at the origin :

S o= me  (incase (1)),

=1 k=1

n n n .
o= .“k‘l‘Q(Q) (in case (2)).
j=1 k=1

can be derived ?

We shall now construct an expert system of algebraic manipulation for such prob-
lems. '

2. Algorithms for the first system of equations

We first consider the system of linear differential equations (1). The coefficient H(s)
satisfies the system of linear difference equations

(Ag=MH(s+ @)+ (A1 —)H(s +g—1)+ -+ (Ao —p+s)H(s) =0 (5)

subject to the initial condition that H(r) =0 (r <0).

In order to show that the coefficient H(s) can be determined successively, we have
only to reduce the system (5) of a singular type to that of a regular type, together with
the determination of all characteristic constants.

By decomposing the vector H(s) and the matrices Ay as follows:

h(s) ) (ak B )
H(s)=| = , Ay = » k=0,1,..,9—1),
(3) ( H(S) k e Ay ( q )
we rewrite the system (5) in the form

g—1 g—1

kz (ak — ak)h(s + k) + (a0 — p + 8)h(s) + 3 BeH(s + k) = 0 (6)
=1 k=0
and ot »
H(s+q) =Y, AH(s + k) + (Ao + As)H(s) + 3 ih(s + k), (7)
k=1 k=0
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where the §; and the n; denote (n — 1)-dimensional row and column vectors, respectively,
and the A; are (n — 1) by (n — 1) matrices. Moreover, A is a diagonal matrix

A=diag((A =X)L (A=) ., (A=)
and

Ac=A(A—ox), me=Aw (k=0,1,.,q—1;a0=p).

Substituting (7) into (6) one after another, we calculate the underlined part:

qz_:ﬁkf{(s—{—k)=§P(V:£)ﬁ(s+q—y— +ZQV £:8)H(s—20)

k=0

+ qz_frl(l/ :O)h(s —14+£)+ ZM(V :£)h(s - £)
=1 =1

(v=1,2,...,q9),
finally obtaining
g-1 . g—1 q
S BH(s+ k)= ri(q: Oh(s —1+£)+ > ra(q: L)h(s —¢)
k=0 =1 =1

+ Eq:Q(q :€:s)H(s —0).
=1

Then, substituting this into (6), we consequently derive the required formulas of deter-
mining the characteristic constants and A(s) as follows:

g-1
S(ar—cr+ri(g:k+1))h(s+k)+(a—p+ri(g:1)+s)h(s)
k=1
+Zr2(q eh(s—fz)+2Q s)H(s—0)=0  (ri(g:¢q)=0),
whence

Qg1 = Gg-1,
oar = ap+r(g:k+1)  (k=¢—2,¢-3,..,1), (8)
p=ao+ri(g:1),

and

s)—f—ngq £)h s—€)+ZQq {:5)H(s—4) = 0. (9)

From (7) and (9), we have thus obtained the regular system of linear difference equations -
for H(s):

H(s+q) = By-1(s)H(s + ¢ — 1) + By_a(s)H(s + ¢ — 2) + - - + Bo(s)H(s).



Algorithm of @Q(g: £ : s) and ri(q: £) (: =1,2)

Pv+1:4)=Pv:1)A,¢+ P(v:£+1) (1<£<qg—v-—-1),
{ Qv+1:£:8)=Pv: 1A +Qv:L:3) (1<£<v),

Qv+1l:v+1:s)=Pr:1)(A+A(s—v-1)),

{ riv+1:0)=Pu:1)pgp+r(v:¥ (1<4<q—v-1),

rnv+1:0)=r(v:8) (g—v<L<qg-—1),

{ ro(v+1:4) = P(v:1)nq1-0 + 72 : £) (1<£<y),

ro(v+1:v+1)=Pv:1)n,

subject to the initial conditions

P(0:£) =B, (£=1,2,....,q) and ri(0:4)=0 (£=1,2,...,q—1).

Algebraic Manipulation by REDUCE

%%Y% PROCEDURES %Y%%

Il R T e o e el ot e ot o e e et e e o o e o ek e h e
PROCEDURE S1(X,I,J);
BEGIN
SCALAR PRO;
PRO:=1;
IF I=1 AND J=
IF J=1 AND I=
IF I NEQ 1 AN
PRO:=0;
RETURN PRO$
END;
Tl T T s T s I ol fe el o e h o T o Tl e Tl T ok T T o e ko ke
OPERATOR LMD1,LMD2,LMD3; % LAM;
I R I Tl l T ol T e o K ot ko e oo ok e h e
PROCEDURE LMD(K,I,J);
BEGIN
SCALAR PRO;
FOR L:=1:N DO
FOR M:=1:N DO
IF L NEQ K AND M NEQ K AND L=M THEN
LMD1(K,L,M):=1/(LAM(K)-LAM(L))
ELSE
LMD1(K,L,M):=0;
FOR L:=1:N DO
FOR M:=1:N DO
LMD2(K,L,M) :=(FOR T:=1:N SUM
S1(K,L,T)*LMD1(K,T,M));

K THEN RETURN PRO$
K THEN RETURN PRO$
D I NEQ K AND I=J THEN RETURN PRO$

FOR L:=1:N DO
FOR M:=1:N DO
LMD3(K,L,M) :=(FOR T:=1:N SUM
LMD2(K,L,T)*S1(K,T,M));
IF I<=N-1 AND J<=N-1 THEN RETURN
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PRO:=LMD3(K,I+1,J+1)$
END;
%%%%%%%%%%%%V%%%%%%%%%%%%%%%%%%%%%%%%7A%%%%%%%%Z%%%%%X
OPERATOR A1l; Y% SA;
%%%%%%%%%%%%%%%%%%%%%ZZ%%%%ZY%%Z%%%%%%%%%%%%%%%7%%%%%%
PROCEDURE A(K,N,R,I,J);
BEGIN
SCALAR PRO;
FOR L:=1:N DO
FOR M:=1:N DO
A1(R,L,M):=(FOR T:=1:N SUM S1(K,L,T)*SA(R,T,M));
PRO:=(FOR T:=1:N SUM A1(R,I,T)*S1(K,T,J));
RETURN PRO$
END;
%%%%%%%%%%%%77A%%%%7%%%%%%%%%%%£%%%%%%%%%%%%%%%%%%%%%%
PROCEDURE AH(K,N,R,I,J);
BEGIN
SCALAR PRO;
IF I<=N-1 AND J<=N-1 THEN RETURN
PRO:=A(K,N,R,I+1,J+1)$
END;
WA IR IR I I b el ol ok o R fo o ol ek o el Yotk ol Yok h
PROCEDURE BETA(K,N,R,J);
BEGIN
SCALAR PRO;
IF J<=N-1 THEN RETURN
PRO:=A(K,N,R,1,J+1)$
END;
%%%%%%%%%%%%%%%%7%%%%%%2%7%%%%%%%%%%%%%%%%%%%%%%%%%%%%
PROCEDURE GAM(K,N,R,I);
BEGIN
SCALAR PRO;
IF I<=N-1 THEN RETURN
PRO:=A(K,N,R,I+1,1)$
END;
%%%%%%%%%%%7A%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
PROCEDURE ETA(X,N,R,I);
BEGIN
SCALAR PRO;
PRO: —(FDR T:=1:N-1 SUM LMD(K,I,T)*GAM(X,N,R,T));
RETURN PRO$
END;
%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
OPERATOR ALP;
I T T T Tl T Tt e e T T T T Y A AU LS LAY
PROCEDURE AA(K,N,R,I,J);
BEGIN
SCALAR PRO;
IF I=J THEN RETURN
PRO:=(FOR T:=1:N-1 SUM
LMD(K,I,T)*(AH(K,N,R,T,I)-ALP(K,R)))$
PRO:=(FOR T:=1:N-1 SUM LMD(K,I T)*AH(K N,R,T,J));
RETURN PRO$
END;



IR I T I T T It e T T o T T T o o o o T T o o o ol T o o o e
PROCEDURE P(X,N,Q,NU,R,J);
'BEGIN
SCALAR PRO;
IF NU=0 THEN RETURN
PRO:=BETA(K,N,Q-R,J)$
IF NU>=1 AND R<=Q-NU THEN RETURN
PRO:=(FOR T:=1:N-1 SUM
P(K,N,Q,NU-1,1,T)*AA(K,N,Q-R,T,J))
+P(K,N,Q,NU-1,R+1,0)$
END;
%%%%%%%%%%%%%%%%%%%%%%%%%%Z%%%%%%%%%%%%%%%%%%%%%%%%%%Z
PROCEDURE R1(X,N,Q,NU,R);
BEGIN
SCALAR PRO;
IF NU=0 THEN RETURN
PRO:=0%
IF NU>=1 AND R<=Q-NU THEN RETURN
PRO:=(FOR T:=1:N-1 SUM
P(K,N,Q,NU-1,1,T)*ETA(K,N,NU-1+R,T))
+R1(X,N,Q,NU-1,R)$
IF NU>=1 AND R>=Q-NU+1 AND R<=Q-1 THEN RETURN
PRO:=R1(K,N,Q,NU-1,R)$
END;
BRI Rl L Tl It o b T Tt T T o o o o ok o Tk e
PROCEDURE R2(X,N,Q,NU,R);
BEGIN
SCALAR PRO;
IF NU=0 THEN RETURN
PRO:=0%
IF NU>=1 AND R>=1 AND R<=NU-1 THEN RETURN
PRO:=(FOR T:=1:N-1 SUM
P(X,N,Q,NU-1,1,T)*ETA(K,N,NU-R,T))
+R2(K,N,Q,NU-1,R)$
IF NU>=1 AND R=NU THEN RETURN
PRO:=(FOR T:=1:N-1 SUM
P(K,N,Q,NU-1,1,T)*ETA(K,N,0,T))$
END;
LYY A Yy AN Yy Y SN YYS NS AN AN AN YNy Y YN AN AN AN AN
OPERATOR S;
WL I AL LTI Dl TR T et o h T e e Ak
PROCEDURE QQ(X,N,Q,NU,R,S,J);
BEGIN
SCALAR PRO;
IF NU=0 THEN RETURN
PRO:=0%
IF NU>=1 AND R>=1 AND R<=NU-1 THEN RETURN
PRO:=(FOR T:=1:N-1 SUM
P(K,N,Q,NU-1,1,T)*AA(K,N,NU-R , 1))
+QQ(K N,Q,NU-1,R,S,0)$
IF NU>=1 AND R=NU THEN RETURN
PRO:=(FOR T:=1:N-1 SUM P(X,N,Q,NU-1,1,T)
*(AA(K,N,0,T,J)+(S-NU)*LMD(K,T,J)))$
END;

91
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It Tl T Tt ekl Tk ot h e ek T ol o e e o Y%
PROCEDURE B(K,N,Q,R,S,I,J);
BEGIN
SCALAR PRO;
IF R<O OR R>=Q THEN RETURN
PRO:=0%
IF I=1 AND J=1 THEN RETURN
PRO:=-(1/S)*R2(X,N,Q,Q,3-R)$
IF I=1 AND J>=2 THEN RETURN
PRO:=-(1/8)*QQ(K,N,Q,Q,Q-R,S,J-1)$
IF J=1 AND I>=2 THEN RETURN
PRO:=ETA(K,N,R,I-1)$%
IF R=0 AND I>=2 AND J>=2 THEN RETURN
PRO:=AA(K,N,0,I-1,J-1)+(S-Q)*LMD(K,I-1,J-1)$
IF R>=1 AND R<=Q-1 AND I>=2 AND J>=2 THEN RETURN
PRO:=AA(K,N,R,I-1,J-1)$
END;
T T TR T T Nl Tl Tl Tt o o o o o e o o Yo o Yok
PROCEDURE HH(K,N,Q,S,I);
BEGIN
SCALAR PRO;
IF S<0 THEN RETURN

PRO:=0%$

IF S=0 AND I=1 THEN RETURN
PRO:=1$

IF S=0 AND I>=2 THEN RETURN
PRO:=0$

IF S>=1 THEN RETURN
PRO:=(FOR L:=1:Q SUM
(FOR T:=1:N SUM
B(X,N,Q,Q-L,S,I,T)*HH(K,N,Q,S-L,T)))$

END;
P N RN R YR RN R N AR AN AR AN AR AR YA
PROCEDURE H(K,N,Q,S,I);
BEGIN '
SCALAR PRO;

PRO:=(FOR T:=1:N SUM S1(X,I,T)*HH(K,N,Q,S,T));
RETURN PRO$
END;
BB R R AR I Db R RRAK Db ARLAALD L bbb A%,

Y YN NN NS YA SN NS YA N YA YA YA YA N AN NS A AN A A
OPERATOR SA,LAM,MU,R1;
Y YN A AN N YA ANy YA AN S YA YA S NN YA YA YA A AR AT NS YA A A

%%%  MAIN PROGRAM  %%%

FOR K:=1:N DO
FOR R:=Q-1 STEP -1 UNTIL 0 DO
BEGIN
IF R=Q-1 THEN
R1(X,N,Q,Q,R+1):=0;



ALP(K,R) :=A(K,N,R,1,1)+R1(K,N,Q,Q,R+1);
END;
WRITE
" kkdokk SYSTEM OF LINEAR DIFFERENTIAL EQUATIONS sokkokx';
WRITE 1} N - II,N’II s Q = Il’q;
WRITE " ***x ALP(K,R) **x";

FACTOR SA;
ON RAT;

FOR K:=1:N DO
BEGIN
FOR R:=Q-1 STEP -1 UNTIL 1 DO WRITE
] ALP(H’K’H’"’R’H) = II’ALP(K,R);
WRITE " MU(",K,") = ",ALP(K,0);
END;

OFF RAT;
REMFAC SA;

WRITE " *%* FUCHS RELATION *%*';
WRITE " " (FOR K:=1:N SUM MU(K))," ="

, (FOR K:=1:N SUM ALP(K,0));
A A L L A L
END;

Output
skkdk SYSTEM OF LINEAR DIFFERENTIAL EQUATIONS sk
N=4,Q=2
k% ALP(K,R) ***
ALP(1,1) = SA(1,1,1)
- SA(1,4,1)*SA(1,1,4)
LAM(4) - LAM(1)
- SA(1,3,1)*SA(1,1,3)
LAM(3) - LAM(1)
- SA(1,2,1)%SA(1,1,2)
------------------------ + SA(0,1,1)
LAM(2) - LAM(1)
ALP(2,1) = SA(1,2,2)
- SA(1,4,2)%SA(1,2,4)

LAM(4) - LAM(2)



- SA(1,3,2)*5A(1,2,3) SA(1,2,1)%SA(1,1,2)

------------------------ + =mmmmmmme—e-—-—--——-- 4+ SA(0,2,2)
LAM(3) - LAM(2) LAM(2) - LAM(1)
ALP(3,1) = SA(1,3,3)
- SA(1,4,3)%sA(1,3,4) SA(1,3,2)*sSA(1,2,3)
MU(3) = —==---=------ommomeoe oo + mmmmmmmm—m——e oo +
LAM(4) - LAM(3) LAM(3) - LAM(2)

SA(1,3,1)*SA(1,1,3)
--------------------- + 54(0,3,3)
LAM(3) - LAM(1)

ALP(4,1) = SA(1,4,4)

SA(1,4,3)%SA(1,3,4) SA(1,4,2)*SA(1,2,4)
MU(4) = -~==m==m=cmmmmmmm e + mmmmmmmm—mmemme +
LAM(4) - LAM(3) LAM(4) - LAM(2)
SA(1,4,1)*5A(1,1,4)

--------------------- + SA(0,4,4)
LAM(4) - LAM(1)

*** FUCHS RELATION *%**

MU(4) + MU(3) + MU(2) + MU(1)
= SA(0,4,4) + SA(0,3,3) + SA(0,2,2) + SA(0,1,1)

3. Algorithms for the second equation

We now consider the single linear differential equation (2), though expert systems of
algebraic manipulations for the reduction of (2) to (1) are developed by S. Ohkohchi and
M. Kohno.

In this case, it is not easy to derive a linear difference equation satisfied by the coeffi-
cient H(s) only by the direct substitution of the formal solution (3) into (2). So we use
the following algorithm: We put '

dPz e

z,(t) = t~@-Vp = = exp(P(t) Y hy(s)t  (p=1,2,..,n),
8=0 /

where .
P(t) = exp (Z ﬂtk) (ag = )).
‘ k=1 k
Then, from the relation

zp(t) = 70D a1 (1) + (¢ = D(p — ™" zpa(2)

and the linear differential equation (2), we have
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hy(s) = S uhpr(s— g 4 )+ (=54 (a—Vp+ Dhpss— ), ()

k=1

n gt
hn(s) = Z Z Qy.r hn-—f(s +r— q£)7 (11)

=1 r=0
where

ho(s) = H(s).

First, from (i) we attempt to express the A,(s) in the form

ap
ho(s) =D M(p:v:s)H(s—v) (p=1,2,..,n). (10)
v=0
Then, substituting these formulas into (ii), we obtain the required linear difference equa-
tion for H(s) as follows:

ng ng n
Z{M(n:u:s)—zz ag,qg_rM(n—fiV—T'IS—T’)}H(S—-V) = 0.
v=0 r=04¢=1

Here the first ¢ coefficients are vanishing and such relations determine the characteristic
constants A, og_1, ..., 01:

ng n
M(n:y:s)—zz arg—r M(n—L:v—r:s—r)=0

r=0{=1
= 0y (0<v<qg—-1)

and moreover,
ng n

Mn:q:q) =Y. arg-rMn—£L:qg—r:9—1)=0

r=0¢=1
=M.

After that, we finally obtain the g(n — 1)-th order linear difference equation of a regular
type for H(s):
(s —q)J'(MH(s—q) Z {M(n:v:s)— --- }H(s—v).
v=g+1 ;

In order to carry out the above calculation, we have only to seek the coefficients
M(p:v:s)in (10) by means of the following algorithm.

Algorithm of M(p: v : s)

Mp:v:is) = > auiM(p—1:v—k:s—k)
k=0
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(0<v<qg—-1l;04=A),
g—1
Mp:v:s) = > i Mp—-1:v—Fk:s5—k)
k=0
+(p—s+(g-p+1)M(p—1:v—q:s—gq)

(¢<v<qp-1)),

‘M(pzl/:s) = S ek Mp-1:v—-k:s—k)

k=v—q(p-1)
+(p—s+(g-p+1)M(p—1:v—q:s—q)
(¢lp—1)+1<v <gp).

It Tttt he e T T T ksl Tk e e T s e T e e o o o o e
OPERATOR MU,S,ALP,X,J,A,LAM,TH;
Lttt st T T T T T Tl e Tl Tl Tl o o T T o T o e e T o e
PROCEDURE M(X,Q,P,NU,S);
BEGIN
SCALAR PRO;
ALP(K,Q) :=X;
IF NU<O OR NU>Q*P THEN RETURN
PRO:=0%$
IF NU=0 AND P=0 THEN RETURN
PRO:=1$
IF NU>=0 AND NU<=Q-1 THEN RETURN
PRO:=(FOR T:=0:NU SUM
ALP(X,Q-T)*M(K,Q,P-1,NU-T,S-T))$
IF NU>=Q AND NU<=Q*(P-1) THEN RETURN
PRO:=(FOR T:=0:Q-1 SUM
ALP(K,Q-T)*M(K,Q,P~1,NU-T,S~T))
+(MU(K)-S+(Q-1)*P+1)*M(K,Q,P-1,NU-Q,S-Q)$
IF NU>=Q*(P-1)+1 AND NU<=Q*P THEN RETURN
PRO:=(FOR T:=NU:Q*P-1 SUM ALP(K,Q*P-T)
*M(K,Q,P-1,NU+Q*(P-1)-T,S+Q*(P-1)-T))
+(MU(K)-S+(Q-1)*P+1)*M(K,Q,P-1,NU-Q,S-Q) $
END;
B Rl Rl R Rl o b ol o h e b T oo o o b o o o o

4. Examples

4.1. An important proposition

As an application of our system of algebraic manipulation, we can easily verify and
calculate the explicit values in the following proposition, which played an important role
in obtaining the estimates of H(s) for sufficiently large values of s in [2]:

Proposition Let s tend to the positive infinity. Then

sllrg‘sl—kM(p:kq:s)=(—-1)’°)\p"k(:‘) (0<k<p)



and

.1
Bim 2 M(p: kg +£:8) = cprqte
(0<k<p-1, 1<L<Lq—-1).
%4%% MAIN PROGRAM %%%%

OPERATOR CC;
I T T It R Tl Tl Tl T T o Tt e o e o T e o o o e o ok e e o
PROCEDURE TH1(K,Q,P,R,S);
BEGIN
SCALAR PRO;
U:=REMAINDER(R,Q);
IF U=0 THEN J:=R/Q
ELSE J:=(R-U)/Q;
cCc(X,R) :=COEFFN(M(X,Q,P,R,S),S,1);
LET X=LAM(K);
PRO:=CC(K,R);
CLEAR X;
IF R>=0 AND R<=P*Q THEN RETURN PRO$
END;
IRl R DR T TR T Tt el he ks b h A N s K e e he

WRITE
" skkkk PROOF OF PROPOSITION skskakkk!',
WRITE " p = ",N," , q = u’Q;
FOR 1I:=0:N DO
BEGIN
R:=I*Q;
IF I=0 THEN
WRITE * c_{",N,",0} = ",TH1(X,Q,N,R,S)
ELSE
WRITE " C_{",N,",",I,"*",Q,"} - ",TH].(K,Q,N,R,S);
END;
WRITE " u;
FOR J:=1:Q-1 DO
FOR I:=0:N-1 DO

BEGIN
R:=I*Q+J;
IF I=0 THEN
WRITE " c_{",N,",",J,"} = ", TH1(X,Q,N,R,S)
ELSE ,
WRITE " C_{",N,",",I,"*",Q,"+",J,"} ="
,TH1(K,Q,N,R,S);
END;

Y AN NN A S YN SN N NSNS YA YN SN Y NS YN YA A YA AN

END; '
*x%k%% PROOF OF PROPOSITION okskoksksk
p=5,q=3

5
c_{5,0} = LAM(1)

97
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4

C_{5,1%3} = -~ 5*xLAM(1)
3

C_{5,2*3} = 10*LAM(1)

2
c_{5,3*%3} = - 10*LAM(1)
C_{5,4%3} = 5*LAM(1)
Cc_{5,5%3} = -1

4
C_{5,1) = 5*ALP(1,2)*LAM(1)

3
C_{5,1*3+1} = - 20*ALP(1,2)*LAM(1)
2
C_{5,2%3+1} = 30*ALP(1,2)*LAM(1)
C_{5,3%3+1} = - 20%ALP(1,2)*LAM(1)

C_{5,4*3+1} = 5*ALP(1,2)

3 2
Cc_{5,2} = 5*«LAM(1) *(2*ALP(1,2) + ALP(1,1)*LAM(1))

2 2
C_{5,1%3+2} - 10%LAM(1) *(3%ALP(1,2) + 2*%ALP(1,1)*LAM(1))

2
C_{5,2%3+2} = 30*LAM(1)*(ALP(1,2) + ALP(1,1)*LAM(1))

2
Cc_{5,3%3+2} - 10%x(ALP(1,2) + 2*ALP(1,1)*LAM(1))
Cc_{5,4*3+2} = 5%ALP(1,1)

4.2. The Airy equation

As an example of illustrating our system of algebraic manipulation, we here deal with
the Airy equation

d*y
& =0
which is transformed to
2y + sty — Py =0 11
y' + 3ty y = (11)
" by the change of variables
' 2
t = g Z%.

Moreover, by putting Y = (y;,y2)7 , where

{ n =ty,
Yy, =ty’,
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we can rewrite (11) in the Birkhoff system

S (A R ()| P

As for the system (12), using the first program, we have

5 5 385
LAM(1) := 1 MU(1) = --=  H(0) = 1 H(1) = ---- H(2) = -------
6 72 10368
85085 37182145 5391411025
H(3) = --------- H(4) = -=-=--=-=-- H(B) = -======-=o-—-
2239488 | 644972544 46438023168
5 385
LAM(2) := -1 MU(1) = ---  H(0) =1 H({) = - === H(2) = -------
72 10368
85085 37182145 5391411025
H(3) = = =======o- H(4) = —======o-u- H(B) = = ==——=——===o=-
2239488 644972544 46438023168

As for the single equation (11), it is easy see that the coefficients A(s) satisfy

1 2
(X = Dh(s +2) +2X(=s =1+ p+ 2 )h(s +1) + (s — p)(s — p + 3 )h(s) = 0
and are therefore given by

(1Y T(s—wl(s—p+3)
hls) = (2A) T(s + DT (—m)D(—p+2)

Combining PROCEDURE M(K,‘Q ,P,NU,S) with other procedures, which we have not stated
because of the limitation of pages, we have

2
COEFF H(S + 2) = LAM(1) - 1

LAM(1)*(6*MU(1) - 6%S - 5)
COEFF H(S + 1) = =--===commmmmomtccmmmm

3
(3*(MU(1) - S - 1) + 1)x(MU(L) - S)
COEFF H(S) = =mmmmmmmmmmmmmmmmmm oo
| '3
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