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Abstract

This paper presents a comprehensive formulation of open-endedness of types
as well as objects in Martin-Lof’s type theory. This formulation is a natural
generalization of Allen’s non-type-theoretical reinterpretation of the theory,
and demonstrates a structural extension of Howe’s formulation of compu-
tational open-endedness. Suppose that a language underlying the theory is
specified as a method system, which consists of a preobject system as the
computational part and a pretype system as the structural part. Then types and
their objects are uniformly and inductively constructed as a type system that is
built from the method system and that can provide a semantics of the theory.
The main theorem shows that the original inference rules concerning objects
or types remain valid in any type system built from a deterministic and regular
extension of the original method system. This result includes a prescription
for the class of types that can be introduced into the theory, which prescription
is useful for checking whether specific new types can be introduced.

1 Introduction

This paper provides a mathematical interpretation of the “open-endedness” property in Martin-
Lof’s type theory. This semantical property, which has played a vital role in the design of the
theory, is here formulated and studied from the mathematical viewpoint. We begin with an
informal and general definition of open-endedness.
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1.1 Informal Definition of Open-Endedness

In general, a theory—that is, a framework composed of languages, their semantics, and inference
rules—is called open-ended provided that,

when a programmer or a mathematician using the theory works in a language Lo, whose
semantics M (L) is given by a mapping M, any possible sequence Ly C L; C L, C - --
of extended languages satisfies the following conditions:!
e semantical anticipation: M also gives the semantics M (L;) of L; for every 7 > 1
“effectively”; "

e validity persistency: every inference rule in Lo is valid in M(L;) forallz > 0.

In other words, an open-ended theory is one whose inference rules remain valid under extensions
of its underlying language.

Extensibility of language is one of the most important requirements for a basic theory
for “interactive” proof development systems, which need to support the dynamic and partial
reasoning processes of human thought. It should be possible for newly invented concepts,
such as novel proof techniques and original data types, to be introduced into the current
language. Instead of simply “adding” them from outside the language, we can of course adhere
to “defining” them within the language. However, the flexibility inherent in being able to add
them is more important than the stability resulting from being able to introduce them only by
definitions. This is because such definitions, even though they are possible, often force us to
handle very delicate and complicated encodings. Each concept should be introduced in its most
appropriate form, so we should consider a theory that has the open-endedness property.

Martin-Lof’s Intuitionistic Type Theory (ITT) [14, 15], the basis for such interactive proof
development systems as those described in [8, 18], is open-ended and designed to anticipate
the introduction of new objects and types. Open-endedness in ITT can be viewed generally as
follows.

1.2 Open-Endedness in ITT

The open-endedness property comes from self-containedness, which is essential to any fun-
- damental theory for constructive mathematics. In general, we can specify the semantics of a
formal language used in programming or mathematics by means of modeling, or synonymously,
translation into another language. So, how many times should we repeat this process? We
would like to obtain an ultimate theory whose languages have no need of further modelings or
translations. It is natural that this theory should based on the most basic concepts explained
only by purely semantical means. As a result of semantical investigations, ITT was proposed
as an example of such an ultimate theory [16].

The selected basic concepts in ITT, objects and types, are explained by purely semantical
means in terms of the “primitive” notion, methods.? In other words, those concepts on which
ITT is built are naturally “open.” This inherent open-endedness of objects and types is the
reason why ITT anticipates the introduction of new objects and types. For example, a judgement
of the form “A type,” which says that A is a type, means that the method A has a canonical

'These conditions are not trivial because this paper will consider “semantics” to be “term models.”

2 A similar situation can be found in the Brouwer-Heyting-Kolmogorov (BHK-) interpretation of the fundamental
logical connectives; indeed, proofs of the propositions built from such connectives are semantically explained in
terms of the primitive notion, methods. Consequently, open-endedness of proofs follows.
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type as its value, where the type denoted by A is defined by prescribing how a canonical object
of the type is formed as well as how two equal canonical objects of the type are formed. There
is no limitation on this prescription except that the equality relation in a canonical type must be
reflexive, symmetric, and transitive. The definition of a canonical type is thus fairly arbitrary,
and this results in open-endedness of types. Another kind of judgement, of the form “a € A,”
presupposes that A is a type and asserts that a is an object of type A. This means that the
method a has as its value a canonical object of the canonical type denoted by A. There is no
intensional restriction on the method « in this explanation, and this lack of restriction produces
open-endedness of objects.

This type-theoretical semantics is useful for a basic theory for interactive proof development
systems. For example, suppose that a programmer or a mathematician wants to define the
type N of natural numbers. The conventional definition, which says that N consists of
0,5(0),S(S(0)),. . ., is not sufficient because possible future members such as 10'°, 10 + 10,
10000!, and “a natural number expressed by using some real-valued functions introduced
later” are not considered when N is defined. This problem disappears in the type-theoretical
semantics because open-endedness of objects guarantees that the definition of N anticipates
the introduction of new natural numbers. Open-endedness of objects also supports such
mechanisms as (1) an object of type A— B is applicable to every possible future member of A,
and (2) a family D(z) of types over C is defined in such a way as to anticipate the introduction
of new objects of C. Furthermore, by virtue of open-endedness of types, a universe of types
is defined so that new, previously unimagined types may later be introduced into the universe.
This feature of ITT is expected to overcome the difficulties of reflecting the dynamism of human
thought, whereas conventional static theories are restricted by the necessity of describing their
entire structure in advance in rigorous detail. There is a need, however, to bring this profound
but rather philosophical open-endedness into sharper relief so that it may be used to design new
systems for programming and mathematics.

1.3 Overview of This Paper

This paper presents a comprehensive formulation of open-endedness of objects and types in
ITT; that is, a complete demonstration of the semantical anticipation and validity persistency
conditions with regard to ITT. This requires the formulation of the following notions: (a)
language, (b) extension, and (c) semantics.

a) The class of method systems is introduced to define an open-ended body of languages
underlying the theory. A method system consists of two parts. One—the “computational”
part—is a preobject system, which is the same as a structured lazy computation system
in [12, 13, 6]. It specifies a set of operators, a set of canonical operators, and a set of
evaluation rules. Then the set of terms, the set of canonical terms, and the lazy evaluation
relation between two closed terms, are generated. The other—the “structural” part—is a
pretype system defined on the preobject system. It grants to special canonical operators
the privileges of type constructors, and it assigns to each of the type constructors the
following:

o the kind of the type constructor—any of the type constructors in ITT can be regarded
as a map that assigns a new canonical type to bundles of “families of types” and
associated “functions,” and the notion of kind is abstracted from the domains of such
maps;
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e an expression that can serve as a strictly positive inductive definition of the equality
relation in a canonical type formed by the type constructor—the class of such
expressions is systematically defined by using the kind of the type constructor.
(Details are presented in Section 2.)

b) The notion of extension of a method system is defined in such a way as to preserve the
meaning of the original system. (Details are presented in Section 3.)

¢) Suppose that a language underlying the theory is specified as a method system L. Then
types and their objects are uniformly and inductively—that is, “effectively”— constructed
as a type system MY, In fact, M’ is a partial mapping from the set of closed terms to the
set of binary relations in closed terms, and can provide a semantics of ITT. Statements of
the following forms:

Ttype, T=T', teT, and t=t €T
will be interpreted, respectively, as
T € dom(ME), ME(T)= ME(T"), (t,t) € ME(T), and (t,) € ME(T).

However, to serve as an adequate semantics of ITT, M’ has to have the property called
extensionality. The construction is done in a more uniform way than in [3, 4] by making
the best use of the kinds of the type constructors introduced in the pretype-system part of
the method system. The validity of the inductive definition of M’ is guaranteed by this
“kind-based” construction, which 1s intrinsically due to predicativity in ITT. (Details are
presented in Section 4.)

The main theorem in this paper uses these notions and shows that the semantical anticipation
and validity persistency conditions hold for ITT; that is, the original inference rules given in [14]
remain valid in any type system built from a deterministic and regular extension of the original
method system that includes all the type constructors explicitly presented in [14]. Determinism
guarantees the uniqueness of the result of evaluating a term, and regularity guarantees that the
binary relation generated by the defining expression of each type constructor will be a partial
equivalence relation in closed terms.

From a practical viewpoint, this result includes a prescription f01 the class of types that

can be introduced into the theory; that is, it prescribes that the class should consist of types
representable in some type system built from a deterministic and regular extension of the
original method system. We can use this criterion to determine whether new types under
consideration can be introduced.

1.4 Comparison with Related Work

This paper’s result is a natural generalization of Allen’s non-type-theoretical reinterpretation of
ITT [3, 4], and it demonstrates a structural extension of Howe’s formulation of computational
open-endedness {12, 13].> In fact, Allen’s reinterpretation, which is closely related to such
realizability-like interpretations as in [7, 20, 11], is exactly the same as building the type system
from the original method system. And Howe’s formulation would be obtained by restricting
the present formulation to extensions of the computational part of the method system. Since

*Howe presented a language large enough to create a classical model of ITT in which schemas for the law of
the excluded middle are valid. This result corresponds to the fact that the BHK-interpretation serves as a classical
semantics when methods are understood to mean set-theoretical functions.
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the notion of pretype system is created as the extensible structural part of a method system,
open-endedness of types is also well-formulated here for the first time. It is notable that
this paper’s result is more explicit and comprehensive than that in [4] because it clarifies the
relevant underlying conditions and includes a prescription for the class of types that can be
introduced into the theory. This class not only includes all the canonical types formed by the
type constructors originally presented by Martin-Lof [14], but also seems to be large enough
for practical applications.

In [17, 2], a systematic approach was developed to analyze a series of extended languages
and their semantics: the target example was the Logical Theory of Constructions (LTC). An
“effective” procedure for extending the semantics as the language advances, however, has not
been presented.* The formulation presented here for ITT provides such a procedure.

A general way of introducing types is also developed in [10], and this way is related to
the treatment of types in [5, 9]. Although the method in [10] is developed for a more rigid
variant of ITT based on “typed” languages,’ it gives useful rules for new types, whereas the
present paper gives a semantical condition. This semantical characterization of when a type
can be sensibly added, however, is obtained as a corollary of the main result, which is the
complete demonstration of semantical anticipation and validity persistency in ITT under the
concrete construction of type systems. This is very different from the presentation of rather
direct set-theoretical semantics in [10].

2 Method Systems

A method system is denoted by a pair L = (C,S), where C is a preobject system and S is a
pretype system on C'.

2.1 Computational Part: Preobject Systems

A preobject system® is denoted by a quadruple C = (O, K, o, R), where O is a set of operators,
K C O isasetof canonical operators, « is a function from O to {(ki, ..., k) | n, k; > 0}, and
R is a set of evaluation rules that will be described later in this subsection. For p € O, a(p) is
the arity of p and specifies the number and binding structure of the operator’s arguments.

For each m > 0, fix an infinite set of variables called the second-order variables of arity m.
In particular, a second-order variable is called a variable if its arity is 0; otherwise it is called a
metavariable. The second-order term schemas of arity m are inductively defined as follows:

1. a second-order variable of arity m is a second-order term schema of arity m;

2. if p is an operator with arity (ky,. .., k), if ¢1,. .., ¢, are second-order term schemas of
arity ki, . .., k, respectively, and if 7 is a list of m distinct variables, then T.p(cy, . .., ¢,)
is a second-order term schema of arity m;

3. if b is a second-order term schema of arity n, if all of a4, ...,a, are second-order term

schemas of arity O, and if T is a list of m distinct variables, then Z.b(ay,...,a,) is a
second-order term schema of arity m.

“This seems to be due to LTC’s lack of semantical explanation.

SFor example, [10] does not treat such “valid” statements as E(Ap(¢,t),2y.0) = 0 € N, where t =
A(z.(Ap(z, 2),0)). In fact, the present paper deals with richer languages by dividing a language into the “untyped”
computational part and the more rigid structural part.

6Since a preobject system is the same as a structured lazy computation system developed by Howe [12, 13],
this paper basically follows his definition.
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In particular, the term schemas are the second-order term schemas of arity 0. The second-order
terms of arity m are the second-order term schemas of arity m including no metavariables, and
in particular, the terms are the second-order terms of arity 0. A simple term schema is a term
schema of the form p(¢), where p is an operator and ¢ is a list of distinct second-order variables.
A term or a simple term schema of the form p(¢) is canonical if p is a canonical operator;
otherwise it is noncanonical.

Binding structure can be added by specifying that in a second-order term schema z, . .., z,,.b
of arity m, each z; binds in b. And second-order term schemas are assumed to be identical up
to renaming of bound variables. Moreover, if z1,...,2n,.b is a second-order term schema of
arity m and if ay, . . ., a,, is a list of term schemas, then (z, . .., Zm.b)(a1,. . ., an) is identified
with the result of simultaneous substituting in the term schema b the term schemas a,,...,a,,
for free variables zy, ..., z,, respectively. The set of closed second-order terms of arity m is
denoted by 7 (C'). In particular, the set of closed terms is denoted by 7'(C).”

A valuation is a map that assigns an arbitrary element of 7™(C) to each second-order
variable of arity m. The domain of a valuation is naturally extended to the set of second-order
term schemas.

Consider now a set R = {r; };c; of evaluation rules, where each r; has the form

a—b <= a —b & &a,—b, (n>1)°2

and satisfies the following conditions: (1) a is a noncanonical simple term schema; (2) each
b; (1 <1 < n)is a variable or a canonical simple term schema and has neither variables nor
metavariables in common with a or b; (5 # ¢); (3) eacha; (1 <7 < n) is a term schema whose
free variables and metavariables must occur in @ or b; (7 < ¢); and (4) b is the same variable
as b,,.

Let Rt be the set {a — a | a is a canonical simple term schema} U R. The evaluation
relation —¢C T(C) x T(C) is defined by the inductive definition: if V is a valuation, if
a—>b < a— b & - &a, — b, isin RY, and if V(a;) —¢ V(b;) for every %, then
V(a) —¢ V().

Lemma 2.1 The evaluation relation —¢ of a preobject system C' has the following property:

1. if ¢ —¢ s, then s is canonical, and

2. if s is a closed canonical term, then s — u if and only if s = w.

Proof. Immediate from the definition of —¢. ’ [ ]

This property shows that the evaluation is lazy. The evaluation relation is deterministic if for
every t, s, and u, t —¢ s and ¢t —¢ w imply s = u. A preobject system is deterministic if the
evaluation relation produced by its evaluation rules is deterministic, and a method system is
deterministic if its preobject system is deterministic.

2.2 Structural Part: Pretype Systems

The following specifications will be necessary to introduce a canonical type:
e a type constructor that, with its arguments, will form the canonical type;
e a prescription for the equality relation in the canonical type.

"In general, a, b, ¢, ... are syntactical variables that vary through second-order term schemas; s,t,u, ... are
syntactical variables that vary through closed second-order terms; and z, y, z, . . . are syntactical variables that vary
through variables.

8More generally, the set of premises of a rule can be extended to an infinite set providing it is well-ordered.
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These are specified as a pretype system S = (D, k,¢) defined on a preobject system C' =
(O,K,a,R).

2.2.1 Type Constructors and Their Kinds

A set of type constructors is specified as D C K — {U, | n > 0}, where the fixed set
{U, | n > 0} of universes is supposed to be included in the set of canonical operators of every
preobject system. A function’

k2D — (U {1H{ey {2H{o} (33 {0}" - {m} {D}*)

gives the kind x(A) of A foreach A € D.
Some basic operations associated with kinds are introduced: if

K(A): 10...g...mo...g..-10...0.---m,, O0..-0
ki3S kim, O’S kn,1 08 knmn 08

for A € D, then
|k(A)] =n, &(A); =m,, K’(A)i,j =k;;

forevery ¢z and 7 suchthat1 <: <nand1 < j <m,, and

A

B(x(A)) = (0,0, ...,0,....,m—1,m—1,...,m—1,...,0,0, ..,0, ..., m,—1,m,—1, ..., m,—1).
N’ D e — N’

k,0’s k1m,m1—1’s ko0’ EnymnMn—1’S

In ITT, any of the type constructors can be regarded as a map that assigns a new canonical
type to bundles of “families of types” and associated “functions,” and the notion of kind is
abstracted from the domains of such maps. For example, the kinds of the basic type constructors
are listed in Table 1.

Table 1: Kinds of the basic type constructors.

Kind € 1007 11 12
Type Constructor || N,, N I + |1, X, W

More generally, a type constructor A will assign a new canonical type to |«(A)| bundles of
“families of types” and associated “functions’:

e foreach ¢ suchthat 1 <7 < |k(A)], the i-th bundle has x(A); layers of families of types;
o for each 7 and j such that 1 < ¢ < [k(A)| and 1 < j < k(A);, the j-th layer family of
types in the ¢-th bundle is accompanied by x(A); ; associated functions.
For the sake of the compatibility of kinds with arities, impose the following condition on «:
forevery A € D,
B(r(A)) = a(D).

®When S and S’ are sets of symbols, the concatenation of S and S’ is denoted by SS’, and the Kleene closure
of S is denoted by S*.
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Because of this condition, a canonical type formed by A € D will have the form

A((Tgs iy - - tign(a)i;1<i<in(a)])s
1<5<R(A)
where all of T ;, ¢ j1, - - -, tijx(a); ; are closed second-order terms of arity j — 1 for every ¢ and

jsuchthat1 < < |k(A)|and 1 < j < k(A),.

2.2.2 Prescriptions for Equality Relations

The main difficulty in defining pretype systems is to present a uniform mechanism by which we
can prescribe a large variety of equality relations for various canonical types. Such uniformity
will be necessary to create “effective” semantics for a variety of extended languages. To achieve
uniformity and effectiveness, this paper develops a systematical way to generate a certain large
class £(A) of expressions from a type constructor A in such a way that any of them may be a
prescription for the equality relation in a canonical type formed by A. Now a function

¢ ([1A € D) &)

is introduced. To specify £(A) for each A € D, we need a preliminary formal language. When
V is an arbitrary set of second-order variables, the £(A)y-terms are inductively defined as
follows:

1. avariable is an £(A)y-term;

2. if ¢ € V is a second-order variable of arity m and if all of a,,. .., a,, are £(A)y-terms,
then c(ay, . .., a,) is an E(A)y-term,

3.if 7 and j are such that 1 < ¢ < |k(A)] and 1 < 7 < k(A); and if all of ay,...,a;-;
are £(A)y-terms, then F; j1(ay,. .. a;5-1),. ., Fijxay,, (a1, .., a;-1) are also E(A)y-
terms, where all of F; ;1,. .., F} j <(a), ; are new symbols.

In particular, the £(A)y -terms are the £(A)y -terms including no variables other than those in
V.
The £(A)v-formulas are inductively defined as follows:

1. if a; and a, are E(A)y-terms, then P(ay,a;) is an £(A)y-formula, where P is a new

symbol;
2. if7and jare such that 1 < ¢ < |k(A)land 1 < j < k(A); and if all of ay,..., a4, are
E(A)y-terms, then Q; ;(ai,. .., a;41) is an E(A)y-formula, where (); ; is a new symbol;

3. if A and B are £(A)y-formulas, then 1, A & B, A V B, and A = B are also
E(A)y-formulas;

4. if v is a variable other than those in V and if A is an £(A)y-formula, then Vv.A and Jv.A
are also £(A)y-formulas.

In addition, impose the following conditions on an £(A)y -formula:

1. its free variables must be among the variables in V;

2. strictly positive condition: every occurrence of P must be strictly positive;'°

3. contextual condition: for every i and j such that 1 < ¢ < |k(A)]and 1 <7 < k(A);, if
Qij(a1,...,aj-1,a,a;41)occurs in the formula, then forevery k suchthatl <k < j-1,
there exists its subformula A, = By such that

(a) By includes the occurrence of Q; ;(a1,...,aj-1,a;,a;4+1) and no variable in aj is
bound in By;
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(b) Ay has the form Qi,k(bla cey bg_y,an, a;c) or Qi,k(bla cey b, ajc, ak).

Let 0, -- -0 be a string of distinct canonical operators in K — (D U {U,|n > 0}), and
suppose that e and ¢’ are £(A)y-terms. An E(A)9 (e, ¢)-expression has the form

EETElc—l’e — 91(_6_1_) & 6’ — 01(51—’) & Al
Voo V
Jc, 3¢, .e — 0n(ch) & € — 0,(Tr') & A,

where for each [ such that 1 <[ < h,

1. 6,(¢) and 6,(¢) are canonical simple term schemas such that all of the second-order
variables in ¢; or ¢’ are distinct and other than those in V', and

2. A, is either
(@) an & (A)Vl—formula, or
(b) an E(A)Y ™ (f, f')-expression such that 7 - -7 is a stringA of distinct canonical
operators in K — (D U {U,|n > 0}), and both f and f’ are £(A)y,-terms,
where V] is the result of removing from V U {<, ¢’} all the second-order variables in e or

e'.

An E(A)-expression has the form

pP.(z,z'). 9,
where ¢ and 2’ are distinct variables and ¥ is an & (A)?;’ﬁ’}‘(m, ¢')-expression for some string
6, - - - 0, of distinct canonical operators in K — (D U {U,|n > 0}). In this case, 8;---0, is
called the canonical index of the £(A)-expression.

Let £(A) be the set of £(A)-expressions. To guarantee a certain non-overlapping property,
impose the following conditions on ¢: forevery A, A’ € D, the canonical indices of ¢(A) and
»(A’) have no canonical operators in common.

By using valuations, an £(A)-expression 3 of the form pP.(z,2").¥[P,z,z'] will be
interpreted as the least relation [)] C T'(C') x T(C) such that

[¥1G,%) < [9)([¥], ¢, 1),

where [¥] is the standard interpretation of ¥ under an appropriate translation of the parametric
symbols Q;;, Fij1,. .., Fijxa),; in ¥. Note that standard intuitionistic theory of inductive
definitions directly allows the definition of [¢]; the existence of such [[¢] is guaranteed by the
strictly positive condition on W. See [9, 10, 21, 22, 19] for the development of the theory of
inductive definitions.

3 Extensions of Method Systems

A language that includes all the type constructors explicitly presented in [14] 1s specified as the
original method system Lo = (Cy, So).

Lemma 3.1 The method system L is deterministic.

Proof. Induction on elements in — ¢, shows that for every ¢ and s such thatt —¢, s,t —¢, u
implies s = u for every . =
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Table 2: Method System L, = ((Os, Ko, @6, Rs), (Do, Koy ©0))-

O, = {N,0,S,R,II, \, Ap, U, (for every n > 0)},
K,={N,0,S,II,\, U, (forevery n > 0)},

() if pis N, 0, U, for n > 0,
(0) if pis S,
1 if pis A,
a(p) = EO,)O) if p is Ap,
(0,1) if p is 11,
(0,0,2) if pisR,
R(c,d,e) > f & ¢c—0&d— f,
R, = { R(c,d,e) = f < ¢— S(a) & e(a,R(a,d,e)) — f, } ,
Ap(c,a) > d < ¢— Ab)&bla) = d
D° = {N,H},
e ifAisN,
Fo(B)=1 12 ifAs 1,
uP(z,2'). 2 —>0& 2" >0V if Ais N,
A = Jadd’. 2 — S(a) & =’ — S(a’) & P(a,a’)
Po(B) =Y p(2,2'). 3. & — A(b) & 2’ — A(B) if A s 1.

&V‘UV’U’. Q]yl(v,vl) = Ql,Z(v>b(v)7 bl(vl))

The complete description of Lo is given in Appendix A. Table 2 describes only the subsystem
Ls = ((O¢y Ko, 6, Ry), (Do, ko, 9s)), which includes natural numbers, Cartesian product of a
family of types, and universes.
Let L = ((O,K,e, R),(D,k,9)) and L' = ((O',K',o/,R"),(D',£',¢")) be arbitrary
method systems. If the following conditions hold, L’ is called an extension of L:
e OC O
e K=K'NO;
e a=20a|0;
e Vrire Rere R &o(r) € O],
where if 7 has the form p(¢)— b < a; — b &- - - &a, — b, then o(r) = p;
e« DC D, |
o k=+«"|D,
¢ p=¢" | D; A
where f | Z denotes the function f : X — Y whose domain is restricted to Z C X. It is easy

to see that the binary relation induced by the notion of extension is a partial ordering of method
systems. From the computational viewpoint, the following lemma holds:

Lemma 3.2 [computational conservativeness] Suppose that L' = (C”, S’) is an extension of
L =(C,S). Forevery t and s such that t —¢» s, ¢t € T(C) implies t —¢ s.

Proof. Suppose that ¢! = (O, K',¢/,R') and C' = (O, K,a,R). The lemma is proved
by induction on elements in —¢. It is trivial when { is canonical, so assume that ¢ and

10See [23], for example.
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Table 3: Method System L, = ((On, Kn, @ny Br), (Dny £ny @n))-

On=0,U{N,,B}, Kn=K,U{N,¢},
(0,0) if pisn,
0 if pis ¢,
an(p) = EO?I) if pis B,
as(p) otherwise,
R.=R,U{B(c,d) = e <= c— i(a) &d(a) — e},
Dy,=D,U {H}v
11 if Ais M,
wn(B) = { Ko(A) otherwise,
wP.(z,2'"). 3ada’. z — 1(a) & 2’ — (d) if Ais T,
Pn(A) = { _ & Qii(a,ad’) & Q21(a,a’)
©o(A) otherwise.

s are respectively written as V(p(<)) and V/(b), for an evaluation rule r € R’ of the form
p(€)— b <= ay— by & - &a, — b, and for a valuation V. Since ¢t € T(C), p must be in O;
hence r € R. So it suffices to prove that V(a;) —¢ V(b;) for every i. This follows immediately
from induction hypothesis and the definition of evaluation rules. |

Along the lines mentioned above, various extensions of L, can be built to obtain richer
languages. The method system L, is a deterministic example of such an extension, and a
large class of inductively defined types can be incorporated successively. Some other examples
follow.

Example 3.3 The method system L, which is the deterministic extension of L, with “inter-
section” types, is described in Table 3.

Example 3.4 The method system [, which is the deterministic extension of L, with “union”
types, is described in Table 4.

Example 3.5 The method syStem L., which is the deterministic extension of L, with “subset”
types, is described in Table 5.

Example 3.6 The ‘method system L,, which is the nondeterministic extension of L, with the
“Amb” operator, is described in Table 6.

4 Type Systems

This section presents a semantics of ITT whose underlying language is specified as a method
system. Let L = (C, S) be an arbitrary method system, where C = (O, K, a, R) is a preobject
system and S = (D, «, ) is a pretype system on C.

In [1], the abbreviation A & = B is used for A & [A = B]. Also see the descriptions of ¢o(X) and po(W) in
Appendix A.
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O,=0,U{u,v,A}, K,=K,U{U,v},
(0,0) if pisL,
(0 if pisv,
aulp) = (0,1) if pis A,
ao(p) otherwise,
R, =R, U{A(¢,d) m e =c— v(a) &d(a) — e},

D, = D, U {U},
11 ifAisy,
mu(B) = ko(A) otherwise,
pP.(z,2").Jada’. 2 — v(a) & 2" — v(d') if Ais U,
pu(A) = & [Q1,1(a,a") V Q2.(a,a’)]
©0o(A) otherwise.

Table 5: Method System L. = ((O¢, K¢, ac, Rc), (De, kcyoc))-

OC:OOU{{'\'}ﬁ'ub?L}? I(C:I{OU{{'l'LSUb}a
(0,1) if pis £,
(0)  if pissub,
ac(P) =19 (0/1) ifpisL,
as(p) otherwise,
R. = Ry U{L(c,d) — e <= ¢ — sub(a) & d(a) — e},
De = D. U {13},

12 ifAis ],
re(B) = { Ko(A) otherwi{se,}
pP.(z,2"). 3ada’. © — sub(a) & 2’ — sub(a’) if Ais {|},
pel)= & Quifa,a)
& Qy(a,a’) =[36.Q12(a,b,b) & AV.Q ,(d', ¥, 0"
Yo(A) otherwise.

Table 6: Method System L, = ((Oy, Ky, oy, Ra), (Dy, iy 5))-

0, = O,U{Amb}, K, =K.,

[ (0,0) if pis Amb,
alp) = { ae(p) otherwise,
R, = R, U {Amb(a,b) —» c <= a — ¢, Amb(a,b) —» c<=b— c},

D* = Do; Ky = Roy  Px = Po-
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4.1 Inductive Definitions of Type Systems

A type system T over L is a subset of T(C) x 27(©)XT(C) In this subsection, a certain type
system over L is inductively constructed as the least fixed point of ZZ(o,- ), where Z7 is a
binary function on type sysiems over L, and o is an appropriate base. Intuitively, ZZ(o,7) is
the type system that consists of (1) types in o, and (2) types constructed by type constructors
in L with bundles of “families of types” and associated “functions” in 7. More formally, it is
defined by

Yo, 7T, ¢) & o(T,$) V KL(r)(T, 4);

KE(r)(T, ) < IA € DINIFD. T —¢ A(Q)
& Bunﬁ’(A)(T, Q, @)
&V [9(1,1)  [p(A)f o (t )] -

Here ) has the form of a sequence

(Togs tig 1 - igos(A)i s 1<i<n(A)]
15 <R(A);

such that all of T: ;, ¢, 51, . . . , 1 j,x(a); , are closed second-order terms of arity j — 1 for every ¢
and 7, and ¢ has the form of a sequence

(¢i,j)1gig|n(A)|
1<5<r(A):

such that ¢, ; is a (j + 1)-ary relation in T'(C) for every i and j. Intuitively, Bung( a)(1,Q, @)
represents () with @ to be bundles of “extensional families of types” and associated “extensional
functions” in 7. The precise definition of Bung( a) 1s given by

[ Vuy - -V Vuy -Vl ]
qﬁi,](_ul, u',) & - & ¢i,j—l(ﬂa Uj—1, u;’—l)
T (Ti(,j(ﬁa(uyl‘—l}; ¢;,j(ﬂ, ztj,—l)l) ) |
& 7(T; (T, ul_y), ¢i (T,
L 1,7 y Wi—1/r %1y )y Yg—1
Bun’“(A)(T’ &, (I)) A lgiégé(A), & VSVS'[@'J(@, Uj_1, S, 5,) g ¢i,j (a/7 u;_l, S, SI)]

<l > ) .
1Sise(A): & ¢i (W, uj—1, ti 1 (W wim1), tign (@, uf_y))

L L& (Wi, b jmay (T ui-1)s i n(a):; (@5 U5_1) |

where 7 and @' are the abbreviations of the sequences vy, ..., u;_3 and uj,...,u;_,. Finally,
[¢(A)]§ .5 is the standard interpretation of (A) under the following translation: (1) for every
iand jsuch that 1 <7 < |k(A)|and 1 < 7 < k(A);, the symbols Fij 1, ..., Fijxa),; inp(A)
are interpreted as the respective second-order terms ?;;1,. . ., % jx(a); ; in §}; (2) for every ¢
and j such that 1 <7 < |s(A)|and 1 < j < k(A);, the symbol Q; ; in p(A) is interpreted as
the relation ¢; ; in ®; and (3) the symbol — in (p(A) is interpreted as —¢.

It is easy to see that for each o, Ir (o,-) is a monotone function on type systems over L;
therefore, the type system p” (o) is well-defined!? by

pHo)(T,¢) & Vr [TE(o,7) C 7 = (T, ¢)]
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as the least fixed point of Z%(c,- ). This can be used to define the type systems SZ and ML for
each n > 0, and also to define the type systems S* and M?%:

SEo= {(T,=m)|0<m<n &T —¢c U,

/ &VSYS'S = pz, S' & Ip.ME(S,;6) & ME(S,$)I};
ML = g5 (Sp);

UnZOS‘rLL/;

ME = uE(SH).

1%
S
i

4.2 Semantics of ITT

A statement of L has one of the following forms:

T(zy,...,z,) type (z; €TY,...,2n € Tp(z1,. .., Z0_1));
T(z1,...,2n) = T'(21,...,2,) (z1€Th,... 2 € Tp(z1y -, Zno1));
t(z1,...,2,) € T(z1,...,20) (z1 €Th,. .. zn € Tn(z1,. .., Tno1))s -
Hzr,..yzn) =V(21,...,20) €T (21, y20) (21 €T, oy 2n € Tn(21, .., Tno1))s
where z,, . .., x, are distinct variables, and 7', 7", ¢, ¢', T}, . .. , T, are closed second-order terms,
respectively, of arity n, n,n,n,0,...,n— 1. The sequence z; € T1,...,z, € T,.(z1,...,Zp1)

is called the hypothesis of the statement.

The type system MY’ provides a semantics of ITT whose underlying language is specified as
L. In fact, the property M” = O of a statement © of L, which expresses that © is valid in ML
can be defined as follows:

MEET(zy,. .., z,) type (3 €T, ..., 20 € To(z1,- .., Tno1))
& H¢i)i1<icnIb. Buny iy (ME, (Tiii<n, T, (65)1<i<n, )5

ML |—_—T(ZL'1, “ee ,.’En) = T’(CL‘I, e ,xn) (II)] € Tl, B € Tn(flfl, e )mn—l))
& Hoi)i<i<nIPS" Bunf...n(n+1)(ML (Tih<icn, T, ($5)1<i<n, ) &

Bunf 'n(n-l—l)( ( )1<j<n7 ,7 (¢'j)1§j§n7 ¢/) &
v vun ¢l(ulau1) &qsn(ula"'vun—launaun)
= VsVs' [qﬁ(uh ey Uny 8,8T) & (U, . .., U, 8, 8]

ML':t Lyy. £L'n) c T(IL‘], . ) (.’Bl € Th R & T (IEI, . In—l))
Aad EI(¢J 1<J<n3¢ Bunl n(n+l)D(M (T)1<J<n7Tt (¢J)1<J<n>¢)

(
)
MUEt(zy,. .. mn)—t(:vl, ) T(z1y.y2n) (21 €Thye ooy 30 € Tz, .oy Tny))
= 3(¢J)1<]<n3¢ Bunl (nt1)0 ( Lt )1<]<n’ T t, (¢J)1<]<m¢)
Bunl n(n+1)0 ( ( )1<J<n7 T ¢ (¢J)1_<_J_<_">¢)
Vup - Vu,. ¢1(ug,ug) & -+ & dplug, .oy Unoq, Un, Uy)
= d(uy,. .. ,un,t(ul,. coyUn )yt (U, e UR)).
In particular, the definition for a hypothesis-free statement is simply given as follows:
MEET type & Jo.ME(T, ¢);
MUET =T & Ao MIU(T, $) & ME(T', ¢);
MbsteT & Jp.MUT, ¢) & 6(¢,1);
Mit=t €T < F¢MUT, ¢) & ¢(t,1).

12As pointed out by Allen [3], the definition of p*(s) is not only set-theoretically valid but prob-
ably will be convincing to intuitionists as well because u’(c) may be defined as the least T such that
VIV¢ [IX (o, 7)(T, ¢) = (T, $)] and because the relation I (o, 7)(T, ¢) is strictly positive in 7.
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4.3 Extensionality

To serve as an adequate semantics of ITT, a type system 7 over L has to satisfy the following
conditions:

Fun’(r) & VIVGVY' [1(T,¢) &7(T,¢) = ¢ =] 7

TSyl (1) & VIV¢ [7(T, $) = ¢ is transitive and symmetric] ;

Val®(r) & VIV [7(T, ¢) = ViVt [¢(¢t, 1) & st —c s & ¢(s,t)]];
TyVal®(r) & VIV [r(T,¢) © IS.T —¢ S & 7(S, ¢)] .

If 7 satisfies these four conditions, it is said to be extensional.
If TrSy” (7) implies TrSy” (KX (7)) for every type system  over L, then L is called regular.'

Lemma 4.1 The method system L is regular.
Proof. Suppose that TrSy™ (7). Since L is deterministic, [[goO(A)]]é?q, is transitive as well as

symmetric for each A € Dy and for every €2 and ® such that Bunﬁg( A)(’F, 2, ®). Use induction
when A is N or W, u

Among the examples shown in Section 3, L, and L. are regular. On the other hand, neither
deterministic L, nor nondeterministic L, satisfies regularity.

The strategy shown in [3] is also applicable to prove the following lemmas. Note that the
uniform construction of types in the type systems enables such properties as extensionality to
“be proved “uniformly” instead of “by case analysis.”

Lemma 4.2 [extensionality lemma] If L is a deterministic and regular method system, then
SE, ME, ST, and MT are extensional type systems over L for every n > 0.
Proof. Suppose that L = (C,S), where C' = (O, K, o, R) and S = (D, &, ¢), is deterministic
and regular. By virtue of the determinism of Z, it is straightforward that (1) for each n > 0, if
ML is extensional for every m such that 0 < m < n, then ST is also extensional; and (2) if
Mﬁz is extensional for every m > 0, then § L js also extensional. Hence it suffices to prove that
if o is an extensional type system over L and if for every 1" and ¢, o (7, ¢) implies ' —¢ U,,
for some m, then p% (o) is also extensional.
Define two type systems over L by e = {(T,¢) | V¢’ [ul(o)(T,¢') = ¢ = ¢']} and
sy = {(T,¢) | ¢ is transitive and symmetric}. Then it can be proved that Z2(o, Tpu) C Tu
_ by the determinism of L and by the contextual condition on ¢(A) for each A € D; therefore,
'FunL( uX (o)) holds. It is also proved that Z%(o, Trsy) C Trsy Y the regularity of L; therefore,
TrSy”(u* (o)) holds. Val*(u* (o)) and TyVal*(u*(o)) also hold because Val*(Z*(c,7)) and
TyVal®(ZX (o, 7)) for every 7 and because T%(o, % (0)) = p% (o). u

Lemma 4.3 If L is a method system, then ML C MZ%_ and ML C MZ forevery n > 0.

Proof. Itsufficesto provethato C o’ implies u”(o) C p(o’). Since (o', uX(o")) C ut(o’),
I (o, pt (")) C 4l (o") holds if & C 0. m

S Open-Endedness of Objects and Types

The system of inference rules given in [14] can be formalized as the deduction system ITT,,"
which is built up in the language Lo. When L is an arbitrary extension of L, and O is a statement

13This condition implies that 7 is a partial mapping from 7(C) to 2T (€)XT(C),
14Regularity is the natural formulation of Martin-Lof’s semantical criterion for the equality relation in a canonical

type.
15See Appendix B.
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of L, ITTX - © means that a derivation of © can be obtained in ITT, by using a valuation of L
to get instances of inference rules. The following theorem shows that the system of inference
rules given in [14] is built up to meet any series { M%} of type systems indexed by a sequence
{L;}i>o of extended languages that satisfy both determinism and regularity.

Theorem 5.1 [open-endedness of objects and types] If L is a deterministic and regular
extension of Lo, then ITTS - © implies M’ |=© for every statement © of L.

Proof. Let L = (C,.S) be an arbitrary extension of Lo, and suppose that L is deterministic and
regular. The theorem is proved by induction on the structure of the derivation of ©. Consider
only the case in which the derivation ends up with an instance

c=fell(A,B) a=deA
Ap(c,a) = Ap(f,d) € B(a)

of the hypothesis-free second Il-elimination rule. The treatment of the other cases follows a
similar pattern.
By induction hypothesis, we have

36.ME(I1(A, B), ) & é(c, f), and
3. ME(A, ) & (a,d).

Since IV (St, ML) = ME, ME(T1(A, B), ¢) implies KL(MFE) (II(A, B), $); so there exist
¢4 and ¢ such that

ML(Aa ¢A)
& Vuu' . a(u,u') = ME(B(u), ¢p(u))

& ME(B(u'), ¢p(v'))

& VsVs'[¢p(u,s,s') & op(u',s,s')]
& ¢ = [[990(H)]]ﬁ,3,¢4,¢5'

There also exist b and e such that

c—c Mb) & f —¢ Ae)
& Yuu' . a(u,u') = ¢p(u,b(u),e(u’))

because [@o(I1)]5 5.4, .4, (¢ f). Since M is extensional, ¢4 = 1; s0 $a(a, d). Hence

MY (B(a), ¢8(a)) & ¢5(a,b(a), e(d)).

This b(a) can be replaced with Ap(c,a) because they have the same value and M’ is
extensional. For the same reason, e(d) can be replaced with Ap(f,d). This proves that
MP = Ap(c,a) = Ap(f,d) € B(a). =

Corollary 5.2 If L is a deterministic and regular extension of Lo and if L’ is a deterministic
and regular extension of L, then ITTZ I- © implies M™' |= © for every statement © of L.

Corollary 5.2 is contrasted with the nonmonotonicity of a series {M*} of type systems:

Claim 5.3 It is not true that if L is a deterministic and regular method system and if L’ is a
deterministic and regular extension of L, then M’ |= © implies ML’ |= © for every statement
© of L.

Proof. A counterexample is simply given by taking
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Table 7: Method System Ly = ((Ov, Kv, @y, Ry), (Dv, £v,9v))-

Ov = Op U {Urec, (foreveryn > 0)}, Ko = Ko,
(0,0,0,4,4,4,4,4,0,...,0) if pis Urec, forn > 0,
ay(p) = e
ao(p) otherwise,

Urec,(a, a1,az, a3, a4, as, ag,a7,0as3, ...,0745) 2 b <= a— N &a;—b )

for every k£ > 0,
Urec,(a, a1, a2, a3, s, as, Gg, a7,a8, ..., @747) b <= a—N & ay— b,
Urec,(a,ay,az,as, as, as, ag, a7,as, ..., a74,) = b <= a—1I(A, ¢, d)

& asz(A, ¢, d,Urec, (A, ay,...,a74n))— b,
Urec,(a, ay,az, as, aq, as, ag, a7,dg, ...,a74,) = b<=a—A+ B

& a4( A, B,Urec, (A, ai,...,a74n), Urec,(B, a1, ..., a74n)) — b,
Urec,(a, a1, az, a3, aq, as, as, az, ds, ..., a745) = b <= a—II(A, B)

"
Fo = Ho U & as(A, \(B),Urec, (A, ay, .. a7+n) Aw.Urec,(B(w),at,...,a74n))) — b,
Urec,(a,ay,ay, as,aq, as,ag, az,dg, ...,474,) — b <= a— X(A, B)
& ag(A, A\(B),Urec,(A,ay, .. a7+n) Aw.Urec,(B(w),ay,...,a74,))) — b,
Urec,(a,ay,az, a3, as, as, ag, a7,08, ..., a74n) — b <= a— W(A, B)
(A,

& a7(A, \(B )Urecn(A,al,...,a7+n),/\(w.Urecn(B(w),al,...,a7+n)))—>b,
Urec,(a, ay,az,as,as,as,ag, a7,as, ..., a74n) —b =a—U; &agyr—b
forevery k € {0,1,...,n— 1}, '
| for every n > 0,
Dy = DO, Ky = Ko, @v = @o-

e as L, the extension Ly of Ly with the “Urec,,” operators for universe elimination, which
extension is described in Table 7,

e as L', an arbitrary extension of L that includes a fresh type constructor and satisfies both
determinism and regularity, and

e ‘as O, II(Uy, v.Urecy(v, N, N, 2yzw.N, zyzw . N, zyzw.N, zyzw.N,zyzw.N)) e U;. =

6 Concluding Remarks

This paper has treated ITT as an open-ended framework essentially consisting of
¢ flexibly extensible languages,
¢ their uniform, effectively given semantics, and
o persistently valid inference rules.

This purely mathematical approach may, of course, not deal with a number of philosophical
aspects of open-endedness. From the mathematical viewpoint, however, deeper analysis and
more general treatment of open-endedness may be based on this formulation. The uniform
construction of types can also be used theoretically to prove properties of types other than
extensionality “uniformly” instead of “by case analysis.” In addition, a prescription for the
class of types that can be introduced into the theory—that is, the prescription that this class
should consist of types representable in some type system built from a deterministic and regular
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extension of the original method system—will be practically useful for checking whether new
types under consideration can be introduced.

It will be possible to further extend the class of types that can be validly added. An interesting
extension is to allow types that “grow,” like universes, through the introduction of their new
canonical-object constructors. And, closely related to Corollary 5.2 and Claim 5.3, does the
following conjecture—the conservativeness of a series { M*} of type systems—hold?
Conjecture 6.1 If L is a method system and if L’ is an extension of L, then ML’ = © implies
ML = © for every statement © of L.
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A Method System L

The original method system Ly = (Co, So), where Co = (Oq, Ko, a9, Ro) and Sy = (Do, ko, ¥0),
is described below.

N,O,S,R,I,I‘,J, +>i>jaDa

N,,m,,R, (foreveryn > 0andm € {0,1,...,n — 1}),
0o =
I1, A\, Ap, %, (-, ), E, W, sup, Tr, U, (for every n > 0)

o= N,,m, (foreveryn > 0andm € {0,1,...,n — 1}),
71 N,0,8,Lr,4,i,j,1I, \, %, (-, -), W, sup, U, (for every n > 0)

() if pisN,, m,,N,0,1,U, forn >0andm € {0,1,...,n— 1},
(0) if pis S, 1, ],
(1) if pis X,
(0,0) if pis Ap, (-,-),J, +, sup,
(0,1) if pis I, &, W,
(0,2 if pis E,
colp) = (0,3) if pis Tr,
(0,0, 0) if pisT,
(0,0,2)  ifpisR,
(0,1,1) if pisD,
(0,0,...,0) ifpisR, forn > 0.
n
R.(¢c,cop...y¢hoy) > d & c—m, &¢p — d
foreveryn > 0andm € {0,1,...,n — 1},
R(e, ,e)—>f<:c—>0&d—>f,
R(c,de) = f < c— S(a) & e(a,R(a,d;e)) = ,
Ro = J(c, )—>e<=c—>r&d*>e,

D(c,d,e) = f <= c¢—i(a) & d(a) — f,
D(edie) = /= e = (b &el) .
Ap(c,a) — d < ¢— Ab) & b(a) — d,
E(c,d) > e < ¢— (a,b) & d(a,b) — e,
Tr(c,d) — e < ¢ — sup(a,d) & d(a, b, A(v.Tr(Ap(b,v),d))) — e

Do = {N,, (foreveryn > 0),N,[,+ 1,3, W}
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€ if Ais N, N,
100 ifAisl,
A=V i As 4
12 if AisII, X, W.
pP.(z,2'). 2 — 0, &z' — 0, if Ais N,
VooV
t—(n-1),&z - (n-1),
pP.(z,2'). 2 > 0&2" -0V if Ais N,
v Jadd’. ¢ — S(a) & 2’ — S(a’) & P(a,d’)
pPz,2). 2 - r&a - r& Q1 1(Fi1,1, Fi12) if Ais1,
pP.(z,2'). Jadd'. ¢ — i(a) & &' — i(a') & Q1,1(a,d’) V if Ais +,
363. z — j(b) & 2’ — (V') & Q21(b, V) :
(A) = pP.(z,2'). 363, 2 — A(b) & ' — A(V) if AislI,
L) = & Yo', Q11(v,v") = Q12(v,b(v), ' (V"))
pP.(z,2'). JabJa'V. © — (a,b) &2’ — (d', V) ifAis X,
& Qr1(a,a’)
& Qm(a, a’) = Ql,z(a, b, bl) ‘
pP.(z,z'). JabIa’t'. © — sup(a, b) & =’ — sup(d’, V') if Ais W.
& dg3g’. b — Ag) &V — A(¢')
& Ql,l(a,a/)
& Qy1(a,a") = Yo' Q2(a,v,v’)
= P(g(v),9'(v"))

B Deduction System ITT

The system of inference rules given in [14] can be formalized as the deduction system ITT,
which is built up in the language Lo. The essential part of ITT, is described below. A shghtly
more rigorous description is available in [23], for example

In this appendix, Latin letters A, B,C,D a,b,c,d,... denote second-order variables of
appropriate arities.

General rules.

Reflexivity:

ac A Atype

a=acA A=A
Symmetry:

a=beA A=HB

b=a€A B=A
Transitivity:

a=bcA b=cecA A=B B=C
a=c€EA A=C

Equality of types:

a€A A=B a=be A A=RB
a€B a=b€e B
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Substitution:

a€A B(z)type(z€A) a=c€A B(z)=D(z)(z€A)

B(a) type B(a) = D(c)
a€A bz)e B(z)(z€A) a=ceA bz)=d(z) € B(z)(z€A)
b(a) € B(a) b(a) = d(c) € B(a)
Assumption:
A type
€ A(zeA)
Cartesian product of a family of types.
II-formation:
B(z)type (rt€A) A=C B(z)=D(z)(z€A)
(A, B) type (4, B) = 11(C, D)

IT-introduction: :
b(z) € B(z) (z€A) b(z) =d(z) € B(z) (z€A)

\(b) € 1I(A, B) A(b) = A(d) € 1I(A, B)

II-elimination:
cell(A,B) a€A c¢c=fell(A,B) a=deA
Ap(c,a) € B(a) Ap(c,a) = Ap(f,d) € B(a)

II-equality:

a€A b(z) € B(z)(zeA) celIl(A,B)
Ap(A(b),a) = b(a) € B(a) A(z.Ap(c,z)) = c€ II(A, B)

Disjoint union of a family of types.

Y -formation:
B(z)type (z€A) A=C B(z)=D(z)(z€A)

~(A, B) type %(A, B) = %(C, D)

Y-introduction:

Y.-elimination:
C(z) type (z€X(4, B))
ce€X(A,B) dlz,y) e C(z,y)) (z€A,yeB(z))
E(c,d) € C(c)

C(2) type (€ £(4, B))
c=ce%(4,B) dly)=f(z,y) € C((z,y)) (x€ A,y B(x))
E(c,d) = E(c, /) € C(c)

Y.-equality:
a€A beBla) d(z,y)eC((zy)) (z€A yeB(z))
E((a,b),d) = d(a,d) € C((a,bd))
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Disjoint union of two types.
+-formation:
Atype Btype A=C B=D
A+Btype A+B=C+D

+-introduction:
a€A Btype a=ce A Btype

i(a) cA+B i(a)=i(c)€A+B

Atype be B Atype b=deB
B eA+B (B =jd)€A+B

+-elimination:
C(z)type (:€ A+ B)
c€ A+ B d(z) € Cli(z) (z€A) ely) € C(i(y)) (yeB)
D(c, d, e) € C(c)

C(z) type (:€ A+ B)
c=f€A+B dz)=g(z)€C(i(z)) (zeA) ely) = h(y) € Clily)) (y€ B)
D(e,d,e) = D(f,g,h) € C(c)
+-equality:

a€A dz)eCli(z)) (z€A) e(y) € Cly) ¥eB)
D(i(a),d, ) = d(a) € C(i(a))

be B d(z) € Cli(= ))(z A) ely) € CG)) (e B)
D(j(b),d, ) = e(b) € C(j(b))

Identity relation.

I-formation:
a€A beA A=C a=ceA b=deA

I(A,a,b) type - I(A,a,b) =1(C,¢,d)

I-introduction:
a=bc A a=be A

rel(A,a,b) r=rel(A, a,b)

I-elimination:

c€I(A,a,b)
a=be A
C(z) type (z€1(A,a,b)) cel(4,a,b) de Cx)
J(c,d) € C(e)
C(z) type (z€1(A,a,b)) c=e€l(A,a,b) d=f€C(r)
Ie,d) = (e, f) € C(e)
I-equality:
a=beA deC(r)
J(r,d)=d e Cr)
Finite types.

N,.-formation:
N,type N,=N, (n=0,1,...)
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N,,-introduction:
mnp €N, m,=m, €N, (m=0,1,...,n—=1)
N,,-elimination: | | .
C(z)type (z€N,) c€N, ¢,€C(m,) (m=0,1,...,n—1)
R, (¢, coy- ..y cno1) € C(c)

C(z)type (z€N,)) ¢=d€eN, ¢,=d,€C(m,) (m=0,1,...,n—1)
R.(¢,coy.--y¢n1) =Rp(d,do,...,d,_1) € C(c)

N, -equality:

cm € C(my)
R,(my, coy. ..y Cne1) = ¢ € C(my,)

(m=0,1,...,n—1)

Natural numbers.
N-formation;

N-introduction:

a €N a=beN
0eN Syen 0=0€N Fy=smeN

N-elimination:

-equality:
Mequallty d€ C(0) e(z,y) € C(S(z)) (zeN,ye C(x))
vR(O,d,e)EC’( ) v

a €N deC0) e(z,y) e C(S(x)) (xEN,yGC(w))
R(S(a),d,e) = e(a,R(a, d,e)) € C(S(a))

O~

Well-orderings.

W-formation: B(z)type (z€A) A=C B(z)=D(z)(z€A)

W(A, B) type W(A,B)=W(C,D)

W-introduction:
acA beB(a) > W(A,B) a=ceA b=deB(a) - W(A,B)
sup(a, b)e W(A, B) sup(a, b)=sup(c,d) e W(A, B)

W-elimination:
C(w) type (we W(A, B))
ceW(A, B)
d(z,y,z)€C(sup(z,y)) (z€A,y€ B(z) = W(A, B),z€ II(B(z), v.C(Ap(y,v))))
Tr(c,d) € C(c)
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C(w) type (we W(4, B))
, c=eEW(A, B)
d(z,y,2)= f(z,y,2) €C(sup(z,y)) (z€ A,y € B(x) > W(A, B), z €II(B(z), v.C(Ap(y,v))))

Tr(e,d)=Tr(e, f) € C(c)
W-equality:
acA
be B(a)~W(4, B)
d(z,y,2) € C(sup(z,y)) (€ A,y € B(@)—W(A, B), z € TI(B(z),v.C(Ap(y, )))
Tr(sup(a, bd), d)=d(a, b, \(v.Tr(Ap(b,v),d))) € C(sup(a, b))

Universes.
U,,-formation: : ,
U, type U, =1U,

U, -introduction:

AeU, B(z)eU,(zeA) A=CeU, B():D()eU(xeA)
II(A,B) € U, (A, B) =11(C,D) €

A€U, B(z)eU,(z€A) A=Ce€U, B(z)=D(z)cU, (z€A)
%(A,B) €U, %(A,B) =%(C,D) e U
AeU, BeU, A=CeU, B=DcelU,
A+BeU, A+B=C+DelU,

AeU, a€A beA A=CelU, a=ceA b=dec A
I(A,a,b) € U, I(A,a,b) =1(C,c,d) € U,

Noe U, No=NoeU,
NlEUn N1=N1€Un

NeU, N=NelU,

AeU, B(z)eU,(z€A) A=CeU, B(z)=D(z)eU,(z€A)
W(A,B) e U, W(A,B)=W(C,D)c U

Uy e U, U():U()EUn

U'n,—l € Un U'n,—l = Un—l S Un

U,,-elimination:
AeU, A=BeclU,
A type A=B

AeU, A=BelU,
AeUn+1 A:BEUn+1




