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\S 1. Introduction and theorem. In this paper, we consider Davey-Stewartson

system:

(1) $i\theta_{t}u+\theta_{x}^{2}u+\delta\theta_{y}^{2}u=a|\tau\iota|^{2}\tau\iota+bu\theta ae\psi$ ,

(2) $\theta_{x}^{2}\psi+m\theta_{y}^{2}\psi=\theta_{x}(|u|^{2})$.

Here $u=u(t, x, y)$ is a complex valued function of $t\in R$ and $(x, y)\in R^{2}$ , and $\psi=$

$\psi(t, x, y)$ is a real valued function. This system is introduced by Davey and Stewartson

[DS] in 1974, as the equation of 2-dimensional long waves over finite depth liquid.

They considered l-dimensional progressive wave $i\epsilon\omega\exp[ikx]+complex$ conjugate,

and $u$ is related to the distortion from this progressive wave. $\psi$ is related to the

velocity potential. And real parameters $\delta,$ $m,$ $a,$
$b$ are determined by the wave number

$k$ , frequency $\omega$ of the first progressive wave, and the depth $h$ .
In their work, $\delta<0$ and $m>0$ , but considering the effect of the surface tension,

$(\delta, m)$ may become $(-,$ $+),$ $(+, +)$ and $(+, -)$ physically. (See the work of Ghidaglia

and Saut [GS].) We call each of above cases hyperbolic-eUiptic case, elliptic-elliptic

case, and eUiptic-hyperbolic case respectively.

Elliptic-elliptic case is usual 2-dimensional nonlinear Schr\"odinger equation with

non-local interaction, and we can construct a unique solution by usual methods.

Since its nonlinear term has non-symmetry, the corresponding stationary problem

is quite difficult, and Ohta [Ohl], [Oh2] discussed this problem by using concentra-

tion compactness methods. Hyperbolic-eUiptic case is so-called hyperbolic Schr\"odinger
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equation. We can construct the time-local solution of it by similar way for usual non-

linear Schr\"odinger equation, but we can not obtain a-priori estimate for this solution,

so it is unknown that above time-local solution becomes time-global or not.

In this paper, we consider the elliptic-hyperbolic case $(\delta, m)=(+, -)$ , and for the

simplification, we take $\delta=1$ and $m=-1$ . In this case, since (2) is hyperbolic equation

for $\psi,$ $\psi$ is not determined uniquely if we impose no condition for the behavior of $\psi$

as $|x|,$ $|y|arrow\infty$ . So, we demand following radiation condition:

(3) $\psi,$ $\nabla\psiarrow 0$ as $y\pm xarrow\infty$ .

Under this condition, we can rewrite (2) as following:

(4) $\psi=\theta_{x}K(|u|^{2})$ , where $K(f)$ $:=\mathcal{F}^{-1}(\eta^{2}-\xi^{2}+i0)^{-1}\mathcal{F}$ .

Here, $\mathcal{F}$ is Fourier transform from $R_{x,y}^{2}$ to $R_{\zeta,\eta}^{2}$ . By using (4), we rewrite (1) and (2)

under the condition (3) as following:

(5) $i\theta_{t}u=-\Delta_{x,y}u+a|u|^{2}u+bu\partial_{x}^{2}K(|u|^{2})$.

This equation is a nonlinear Schr\"odinger equation on $R_{x,y}^{2}$ , but since the second

nonlinear term $bu\theta_{x}^{2}K(|u|^{2})$ has $s$o-called derivative loss, then we can not directly

apply the contraction mapping method. Although, by using the compactness method,

there exist some results for the Cauchy problem for (5) with initial data $u(O, z, y)=$

$u_{0}\in X$ , where $X$ is some Banach space. (See the works of Ghidaglia and Saut

[GS], Tsutsumi M. [TM].) They obtain a global weak solution of (5), but one can

not obtain uniqueness of the solution. To obtain the uniqueness, we want to solve

(5) using contraction mapping method. So we regard the local smoothing property

of free Schr\"odinger equation.

The main result of this paper is following.

THEOREM 1. Let $a$ be a real con$st$an $t$ and $b$ a $re$al function of $(x, y)$ such that $b\in$

$W^{3,\infty}(R_{x,y}^{2})$ and $\langle r\rangle^{1/2+e}b\in L^{\infty}(R_{x,y}^{2})$ for $some\epsilon>0$ , where $W^{k,p}$ $:=\{f\in L^{p}$ :

$\theta^{\alpha}f\in L^{p}$ for $|\alpha|\leq k$ } an$d\langle r\rangle=(1+|x|^{2}+|y|^{2})^{1/2}$ . Then, if $u_{0}\in\Sigma(5)$ is sufficiently
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smdl for the norm of $t$his space, where $H^{k}=W^{k,2}$ , there exists a $\mathfrak{n}$nique time-local

solution $u\in X(T)$ of

(6) $\{\begin{array}{l}i\theta_{t}u=-\Delta_{x,y}u+a|u|^{2}u+bu\partial_{x}^{2}K(|u|^{2})u(0,x,y)=u_{0}(W,y)\end{array}$

Here,

$\Sigma(k)$ $:=$ { $f\in L^{2}(R_{x,y}^{2})$ : $x^{\beta_{1}}y^{\beta_{2}}\theta_{x}^{\alpha_{1}}\theta_{y}^{\alpha_{2}}f\in L^{2}(R^{2})$ for $\alpha_{1}+\alpha_{2}+\beta_{1}+\beta_{2}\leq k$ }

$=H^{k}(R^{2})\cap L_{k}^{2}(R^{2})$ ,

$||f;\Sigma(k)||$
$:= \{\sum_{\alpha_{1}+\alpha_{2}+\beta_{1}+\beta_{2}\leq h}||x^{\beta_{1}}y^{\beta_{2}}\theta_{x}^{\alpha_{1}}\theta_{y}^{\alpha_{2}}f;L^{2}(R^{2})||^{2}\}^{1/2}$

,

and

$X(T)=X_{0}(T)\cap X_{a}(T)$ ,

$X_{0}(T)$ $:=C([0, T];\Sigma(3))$ ,

$X_{a}(T)$ $:=\{v$ : $\theta_{x}^{\alpha}\partial_{y}^{\beta}v\in W^{1,\infty}(R_{x} ; L^{2}([0, T]\cross R_{y}))\cap W^{1,\infty}(R_{y} ; L^{2}([0, T]\cross R_{\varpi}))$

for $\alpha+\beta\leq 3$ }.

Recently, Linares and Ponce[LP] proved the existence and uniqueness of time-

local solution of (6) in the case that $b$ is constant not only $a$ . They showed if

$u_{0}\in H^{12}(R_{x,y}^{2})\cap H^{6}(R_{x,y}^{2} ; \langle r\rangle^{6}dxdy)$ is sufficiently small, then there exists unique

time-local solution of (6) in suitable space. But the spaces which they used are very

complicated and their initial space is too narrow. Here,we show if $b$ decays, one can

construct the solution in more wide space.

OriginaUy, Davey-Stewartson system is introduced for a kind of 2-dimensionalization

of l-dimensional cubic nonlinear Schr\"odinger equation:

(7) $i\theta_{t}u=-\Delta u+\lambda|u|^{2}u$ ,

and in case that parameters $\delta,$ $m,$ $a$ and $b$ satisfy some relations, it becomes a soliton

equation as like as (7). So, there exist several works which one deals it as a soliton

equation, (e.g. $[AbFo],$ $[AnFr]$ , [BC], [FS]), but in this paper, we consider more general

situation, and we use functional analysis methods.
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\S 2. Proof of theorem. First, we change the variables $x,$ $y$ for $x’= \frac{1}{\sqrt{2}}(y+x)$ and

$y’= \frac{1}{\sqrt{2}}(y-x)$ , and rewrite the equation (6). The rewritten equation is

(8)

$\{i\theta_{t}u=-\Delta u.+a|u|^{2}u+bu(\int_{x}^{\infty}\theta_{y}|u(\xi,y)|^{2}d\xi+\int_{y}^{\infty}\theta_{x}|u(x, \eta)|^{2}d\eta)$

,

Here, to simplify the notations, we denote again by $z,$ $y$ in place of $x$ ‘, $y’$ . The corre-

sponding integral equation for (8) is

(9) $\{\begin{array}{l}u(t)=U(t)u_{0}-i\int_{0}U(t-s)N(u(s))dsN(u)\cdot.=a|u|^{2}u+bu(\int_{x}^{\infty}\partial_{y}|u(\xi,y)|^{2}d\xi+\int_{y}^{\infty}\partial_{x}|u(x,\eta)|^{2}d\eta)\end{array}$

where $U(t)$ $:=\exp[it\Delta_{x,y}]$ is free Schr\"odinger propagator. Since (8) and (9) are

equivalent if $u\in X(T)$ , it suffices to prove that (9) has a unique solution $u\in X(T)$ .
Now, remark that the free Schr\"odinger propagator $U$ satisfies following well-known

estimates.

LEMMA 2. (1) $U$ : $\phi\mapsto U\phi$ is a bounded operator $hom\Sigma(k)$ to $C([0, T];\Sigma(k))$ for

any $k\in\overline{N}$ , and

$||U\phi;C([0, T];\Sigma(k))||\leq C(1+T^{h})||\phi;\Sigma(k)||$ .

(2) $S$ : $f\mapsto Sf$ $:= \int_{0}^{t}U(t-s)f(s)ds$ is a bounded operator &om $L^{1}([0,T];\Sigma(k))$ to

$C([0, T];\Sigma(k))$ for any $k\in\overline{N}$ , and

$||Sf;C([0, T];\Sigma(k))||\leq C(1+T^{k})||f;L^{1}([0, T];\Sigma(k))||$ .

Moreover, $S$ satisfies following key estimate.

LEMMA 3. $S$ is a bounded operator fiom $L^{1}(R_{x}; L^{2}([0, T]\cross R_{y}))$ to
$W^{1,\infty}$ $(R_{x} ; L^{2}([0, T]\cross R_{y}))$ , an $d$

$||Sf;W^{1,\infty}(R_{x}; L^{2}([0,T]\cross R_{y}))||\leq C(1+T)||f;L^{1}(R_{x} ; L^{2}([0, T]\cross R_{y}))||$.

This estimate means if $f$ decays for x-direction, then $Sf$ becomes more regular

with respect to x-variable than $f$ at least locally. That is, this estimate means some

kind of local smoothing effect of $S$ .
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Then, we define following auxiliary space:

$Y(T)=Y_{0}(T)\cap Y_{a}(T)$ ,

$Y_{0}(T)$ $:=L^{1}([0, T];\Sigma(3))$ ,

$Y_{a}(T)$ $:=\{v$ : $\theta_{x}^{\alpha}\theta_{y}^{\beta}v\in L^{1}(R_{x}; L^{2}([0, T]\cross R_{y}))\cap L^{1}(R_{y} ; L^{2}([0, T]\cross R_{x}))$

for $\alpha+\beta\leq 3$ }.

Lemma 2 and Lemma 3 show the operator $S$ maps $Y(T)$ to $X(T)$ .
Next, we estimate the nonlinear term $N(u)$ . Let $N_{1}(u)$ $:=bu \int_{\varpi^{\infty}}\theta_{y}|u(\xi, y)|^{2}d\xi$.

Remark following facts:

(i) By Sobolev’s inequality, we have

$||f;L^{p}(R^{2})||\leq C||f;H(R^{2})||$ for $1/p=1/2-s/2$ , $0\leq s<1$ ,

and

$||f;L^{\infty}(R^{2})||\leq C||f;H^{1+e}(R^{2})||$ .

From here, $\epsilon$ means a certain small positive number.

(ii) By Holder’s inequality, we have

$||f;L^{p}(R_{z}^{\tau\iota})||\leq C||\langle z\rangle^{\iota+e}f;L^{q}(R_{z}^{n})||$ for $s/n=1/p-1/q$ .

(iii) For any $p\in[1, \infty]$ ,

$||f;L^{p}(R_{x}; L^{p}([0, T]\cross R_{y}))||=||f;L^{p}(R_{y} ; L^{p}([0, T]\cross R_{x}))||$

$=||f;L^{p}([0, T];L^{p}(R^{2}))||=||f;L^{p}([0, T]\cross R^{2})||$ .

(iv) If $\alpha+\beta\leq k$ , then

$||\langle r\rangle^{\alpha}\theta_{x,y}^{\beta}f;L^{2}(R^{2})||\leq C||f;\Sigma(k)||$ .

We have to estimate $||N_{1}(u);Y_{0}(T)||$ and $||N_{1}(u);Y_{a}(T)||$ by $||u;X||$ .
Let $u\in X(T)$ . Then we have $||u;C([0, T];\Sigma(3))||<\infty$ and $||\theta^{4}aeu;L^{\infty}(R_{x}$ ; $L^{2}([0, T]\cross$

$R_{\tau}))||<\infty$ .
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Remark if we differentiate $N_{1}(u)$ with respect to $x$ , the term which this differenti-

ation operates integral factor is low order. So, we only consider the derivation with

respect to $y$ . By Leibniz’s rule, we have

$\theta_{y}^{3}N_{1}(u)$

$= \sum_{\alpha_{1}+\alpha_{2}+\alpha_{3}+\alpha_{4}=3}\frac{12}{\alpha_{1}!\alpha_{2}!\alpha_{3}!\alpha_{4}!}\theta_{y}^{\alpha_{1}}b\theta_{y}^{\alpha_{2}}u\int_{x}^{\infty}{\rm Re}\{\theta_{y}^{\alpha_{3}+1}u(\xi, y)\theta_{y}^{\alpha_{4}}\overline{u}(\xi, y)\}d\xi$.

Taking care of the derivative order, we use following term. We denote

$\theta_{y}^{\alpha_{1}}b\theta_{y}^{\alpha_{2}}u\int_{x^{\infty}}\theta_{y}^{\alpha_{3}+1}u(\xi, y)\theta_{y}^{\alpha_{4}}\overline{u}(\xi, y)d\xi$ by $(\alpha_{1}, \alpha_{2}, \alpha_{3}+1, \alpha_{4})$ -term. Then, appear-

ing terms in $\partial_{y}^{3}N_{1}(u)$ are following: (0,0,4,0), (0,0,3,1), (0,0,2,2), (0,0,1,3), (0,1,3,0),

(0,1,2,1), (0,1,1,2), (0,2,2,0), (0,2,1,1), (0,3,1,0), (1,0,3,0), (1,0,2,1), (1,0,1,2), (1, 1,2,0),

(1,1,1,1), (1,2,1,0), (2,0,2,0), (2,0,1,1), (2,1,1,0) and (3,0,1,0). But since third and

fourth factors have even role, we can quit (0,0,1,3), (0,1,1,2) and (1,0,1,2)-terms.

Firstly, we estimate $||N_{1}(u);L^{1}(0, T;\Sigma(3))||$ . First, (0,0,4,0)-term is estimated as

following:

$\Vert bu\int_{x}^{\infty}\theta_{y}^{4}u\overline{u}d\xi;L^{1}(0, T;L^{2}(R^{2}))\Vert$

$\leq T^{1/2}\Vert bu\int_{x}^{\infty}\theta_{y}^{4}u\overline{u}d\xi;L^{2}([0, T]\cross R^{2})\Vert$

$\leq T^{1/2}||b;L^{\infty}||||u;L^{2}$ $(R_{x} ; L^{\infty}([0,T]\cross R_{y}))||$

$\cross\Vert\int_{x}^{\infty}\theta_{y}^{4}u\overline{u}d\xi;L^{\infty}(R_{x}; L^{2}([0, T]\cross R_{y}))\Vert$

$\leq CT^{1/2}||b;L^{\infty}||||\langle x\rangle^{1/2+e}u;L^{\infty}([0, T]\cross R^{2})||||\theta_{y}^{4}u\overline{u};L^{1}(R_{x} ; L^{2}([0, T]\cross R_{y}))||$

$\leq CT^{1/2}||b;L^{\infty}||||\langle x\rangle^{1/2+e}u;L^{\infty}([0, T]\cross R^{2})||||\theta_{y}^{4}u\cdot\langle x\rangle^{1/2+e}\overline{u};L^{2}([0, T]\cross R^{2})||$

$\leq CT^{1/2}||b;L^{\infty}||||\langle x\rangle^{1/2+\epsilon}u;C([0, T];H^{1+e}(R^{2}))||$

$\cross||\partial_{y}^{4}u;L^{\infty}(R_{y} ; L^{2}([0, T]\cross R_{x}))\Vert||\langle x\rangle^{1/2+e}u;L^{2}(R_{y}; L^{\infty}([0, T]\cross R_{x}))||$

$\leq CT^{1/2}||b;L^{\infty}||\Vert\langle x\rangle^{1/2+e}u;C([0, T];H^{1+e}(R^{2}))||$

$\cross||\partial_{y}^{4}u;L^{\infty}(R_{y}; L^{2}([0, T]\cross R_{x}))||||\langle x\}^{1/2+e}\langle y\}^{1/2+e}u;L^{\infty}([0, T]\cross R^{2})||$

$\leq CT^{1/2}||b;L^{\infty}||||u;C([0, T];\Sigma(2))||||u;X_{a}||$

$\cross||\langle x\rangle^{1/2+e}\langle y\rangle^{1/2+e}u;C([0, T];H^{1+e}(R^{2}))||$

$\leq CT^{1/2}||b;L^{\infty}||||u;C([0, T];\Sigma(2))||||u;C([0,T];\Sigma(3))||||u;X_{a}||$.



146

By similar way, the setimate of (0,0,3,1)-term is

$\Vert bu\int_{x}^{\infty}\partial_{y}^{3}u\theta_{y}\overline{u}d\xi;L^{1}(0,T;L^{2}(R^{2}))\Vert$

$\leq CT^{1/2}||b;L^{\infty}||||u;C([0, T];\Sigma(2))||||\theta_{y}^{3}u\theta_{y}\overline{u};L^{1}(R_{x}; L^{2}([0, T]\cross R_{y}))||$

$\leq CT^{1/2}||b;L^{\infty}||||u;C([0, T];\Sigma(2))||||\theta_{y}^{3}u\cdot\langle x\rangle^{1/2+e}\theta_{y}\overline{u};L^{2}([0, T]\cross R^{2}))||$

$\leq CT^{1/2}||b;L^{\infty}||||u;C([0, T];\Sigma(2))||||\theta_{y}^{3}u;C([0, T];L^{2}(R^{2}))||$

$\cross||\langle x\rangle^{1/2+e}\theta_{y}u;L^{2}([0,T];L^{\infty}(R^{2}))||$

$\leq CT||b;L^{\infty}||||u;C([0, T];\Sigma(2))||||\theta_{y}^{3}u;C([0, T];L^{2}(R^{2}))||$

$\cross||\{x\rangle^{1/2+e}\theta_{y}u;C([0, T];H^{1+e}(R^{2}))||$

$\leq CT||b;L^{\infty}||||u;C([0, T];\Sigma(2))||||u;C([0, T];\Sigma(3))||^{2}$ .

Next, (0,0,2,2)-term is estimated as following:

$\Vert bu\int_{\varpi}^{\infty}|\theta_{y}^{2}u|^{2}d\xi;L^{1}(0, T;L^{2}(R^{2}))\Vert$

$\leq CT^{1/2}||b;L^{\infty}||||u;C([0,T];\Sigma(2))||||\theta_{y}^{2}u;L^{2}(R_{x} ; L^{4}([0, T]\cross R_{y}))||^{2}$

$\leq CT^{1/2}||b;L^{\infty}||||u;C([0,T];\Sigma(2))||||\langle x\rangle^{1/4+e}\theta_{y}^{2}u;L^{4}([0,T]\cross R^{2})||^{2}$

$\leq CT||b;L^{\infty}||||u;C([0, T];\Sigma(2))||||\langle x\rangle^{1/4+e}\theta_{y}^{2}u;C([0, T];L^{4}(R^{2}))||^{2}$

$\leq CT||b;L^{\infty}||||u;C([0,T];\Sigma(2))||||\langle x\rangle^{1/4+e}\theta_{y}^{2}u;C([0, T];H^{1/2}(R^{2}))||^{2}$

$\leq CT||b;L^{\infty}||||u;C([0,T];\Sigma(2))||||u)C([0, T];\Sigma(3))||^{2}$ .

Since second factor is estimated by $C([0, T];\Sigma(2))$-norm not $C([0, T];\Sigma(3)),$ $(0,1,3,0)-$

term and (0,1,2,1)-term can be dealt by similar way. Besides, the estimate of $(0,2,2,0)-$

term is

$\Vert b\theta_{y}^{2}u\int_{x}^{\infty}\partial_{y}^{2}u\overline{u}d\xi;L^{1}(0, T;L^{2}(R^{2}))\Vert$

$\leq T^{1/2}||b;L^{\infty}||||\theta_{y}^{2}u;L^{2}(R_{x}; L^{3}([0, T]\cross R_{y}))||||\theta_{y}^{2}u\overline{u};L^{1}(R_{x} ; L^{6}([0,T]\cross R_{y}))||$

$\leq CT^{1/2}||b;L^{\infty}||||\{x\rangle^{1/6+\epsilon}\theta_{y}^{2}u;L^{3}([0, T]\cross R^{2})||||\partial_{y}^{2}u;L^{6}([0, T]\cross R^{2})||$

$\cross||u;L^{6/5}(R_{\varpi}; L^{\infty}([0, T]\cross R_{y}))||$

$\leq CT||b;L^{\infty}||||\langle x\rangle^{1/6+\epsilon}\theta_{y}^{2}u;C([0, T];L^{3}(R^{2}))||||\theta_{y}^{2}u;C([0, T];L^{6}(R^{2}))||$

$\cross\Vert\langle x\rangle^{S/6+\epsilon}u;C([0, T];L^{\infty}(R^{2}))||$



147

$\leq CT||b;L^{\infty}||||\langle x\rangle^{1/6+e}\theta_{y}^{2}u;C([0,T];H^{1/3}(R^{2}))||||\theta_{y}^{2}u;C([0,T];H^{2/3}(R^{2}))||$

$\cross||\langle x\rangle^{5/6+e}u;C([0, T];H^{1+e}(R^{2}))||$

$\leq CT||b;L^{\infty}(R^{2})||||u;C([0, T];\Sigma(3))||^{2}||u;C([0,T];\Sigma(2))||$ .

Since fourth factor is estimated by $C([0,T];\Sigma(2))$-norm, (0,2,1,1)-term can be dealt

with similar way. }furthermore, (0,3,1,0)-term is

$\Vert b\theta_{y}^{3}u\int_{x}^{\infty}\theta_{y}u\overline{u}d\xi;L^{1}(0,T;L^{2}(R^{2}))\Vert$

$\leq||b;L^{\infty}||||\theta_{y}^{3}u;C([0, T];L^{2}(R^{2}))||\Vert\int_{x}^{\infty}\theta_{y}u\overline{u}d\xi;L^{1}(0,T;L^{\infty}(R^{2}))\Vert$

$\leq T||b;L^{\infty}||||u;C([0, T];\Sigma(3))||||\theta_{y}u\overline{u};L^{1}(R_{x}; L^{\infty}([0,T]\cross R_{y}))||$

$\leq CT||b;L^{\infty}||||u;C([0, T];\Sigma(3))||||\theta_{y}u;L^{\infty}([0, T]\cross R^{2})||$

$\cross||\langle x\rangle^{1+e}u;L^{\infty}([0, T]\cross R^{2}))||$

$\leq CT||b;L^{\infty}||||u;C([0, T];\Sigma(3))||||\theta_{y}u;C([0,T];H^{1+e}(R^{2}))||$

$\cross||\langle x\rangle^{1+e}u;C([0, T];H^{1+e}(R^{2}))||$

$\leq CT||b;L^{\infty}||||u;C([0, T];\Sigma(3))||^{3}$ .

The estimates for the terms which have non-zero derivative’s order to $b$ with respect

to $y$ are easier than non-derivative terms, so we omit them.

Next, we consider the estimation for the term which has weight of the spatial

variables. We only need to estimate following term.

$\Vert\langle r\rangle^{3}bul^{\infty}\theta_{y}u\overline{u}d\xi;L^{1}(0,T;L^{2}(R^{2}))\Vert$

$\leq||\{r\rangle^{3}u;C([0, T];L^{2}(R^{2}))||\Vert b\int_{x}^{\infty}\theta_{y}u\overline{u}d\xi;L^{1}(0, T;L^{\infty}(R^{2}))\Vert$

$\leq T||b;L^{\infty}||||u;C([0, T];\Sigma(3))||||\theta_{y}u\overline{u};L^{1}(R_{x}; L^{\infty}([0, T]\cross R_{y}))||$

$\leq CT||b;L^{\infty}||||u;C([0,T];\Sigma(3))||||\theta_{y}u\cdot\langle x\rangle^{1+e}\overline{u};L^{\infty}([0, T]\cross R^{2})||$

$\leq CT||b;L^{\infty}||||u;C([0,T];\Sigma(3))||||\theta_{y}u;L^{\infty}([0,T]\cross R^{2})||||\langle x\rangle^{1+e}u;L^{\infty}([0, T]\cross R^{2})||$

$\leq CT||b;L^{\infty}||||u;C([0,T];\Sigma(3))||||\theta_{y}u;C([0,T];H^{1+e}(R^{2}))||$

$\cross||\langle x\rangle^{1+e}u;C([0, T];H^{1+e}(R^{2}))||$

$\leq CT||b;L^{\infty}||||u;C([0,T];\Sigma(3))||^{3}$ .
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Then, putting together above all estimates, we obtain

$||N_{1}(u);Y_{0}(T)||\leq C(T+T^{1/2})||b;L^{\infty}||||u;X||^{3}$ .

Secondly, we consider $Y_{a}$ -norm. In this norm, we have to estimate $||\theta_{x,y}N_{1}(u)$ ;

$L^{1}(Roe ; L^{2}([0, T]\cross R_{y}))||$ and $||\theta_{x,y}N_{1}(u);L^{1}(R_{y} ; L^{2}([0, T]\cross R_{x}))||$ . For the same

reason in the previous estimates, we only consider The derivation with respect to $x$ ,

and we omit the estimation for the term$s$ whose first number is zero. First, $(0,0,4,0)-$

term is estimated as following:

$\Vert bu\int_{x}^{\infty}\theta_{y}^{4}u\overline{u}d\xi;L^{1}(R_{x}; L^{2}([0, T]\cross R_{y}))\Vert$

$\leq||bu;L^{1}$ $(R_{x} ; L^{\infty}([0, T]\cross R_{y}))||||\theta_{y}^{4}u\overline{u};L^{1}(R_{x}; L^{2}([0, T]\cross R_{y}))||$

$\leq C||b;L^{\infty}||||\langle x\rangle^{1+e}u;L^{\infty}([0,T]\cross R^{2})||||\theta_{y}^{4}u\cdot\langle x\rangle^{1/2+e}\overline{u};L^{2}([0,T]\cross R^{2}))||$

$\leq C||b;L^{\infty}||||u;C([0, T];\Sigma(3))||||\theta_{y}^{4}u;L^{\infty}(R_{y} ; L^{2}([0, T]\cross R_{x}))||$

$\cross$ I { $ae\rangle^{1/2+e}u;L^{2}(R_{y};L^{\infty}([0,T]\cross R_{x}))$ II
$\leq C||b;L^{\infty}||||u;C([0, T];\Sigma(3))||||\theta_{y}^{4}u;L^{\infty}(R_{y} ; L^{2}([0, T]\cross R_{x}))||$

$\cross||\{x\rangle^{1/2+e}\{y\rangle^{1/2+e}u;L^{\infty}([0, T]\cross R^{2})||$

$\leq C||b;L^{\infty}||||u;C([0, T];\Sigma(3))||^{2}||\theta_{y}^{4}\tau\iota;L^{\infty}(R_{y} ; L^{2}([0, T]\cross R_{x}))||$,

and

$\Vert bu\int_{x}^{\infty}\theta_{y}^{4}u\overline{u}d\xi;L^{1}(R_{y} ; L^{2}([0, T]\cross R_{x}))\Vert$

$\leq C\Vert b\langle y\rangle^{1/2+e}u\int_{x}^{\infty}\theta_{y}^{4}u\overline{u}d\xi;L^{2}([0,T]\cross R^{2})\Vert$

$\leq C||b;L^{\infty}||\langle y\rangle^{1/2+e}u;L^{2}(R_{x}; L^{\infty}([0, T]\cross R_{y}))||||\theta_{y}^{4}$ utt; $L^{1}(R_{x} ; L^{2}([0, T]\cross R_{y}))||$

$\leq C||b;L^{\infty}||||\langle x\rangle^{1/2+e}\langle y\rangle^{1/2+e}u;L^{\infty}([0, T]\cross R^{2})||||\theta_{y}^{4}u\cdot\langle x\rangle^{1/2+e}$Of; $L^{2}([0, T]\cross R^{2})||$

$\leq C||b;L^{\infty}||||u;C([0,T];\Sigma(3))||||\theta_{y}^{4}u;L^{\infty}(R_{y} ; L^{2}([0,T]\cross R_{x}))||$

$\cross||\langle x\}^{1/2+e}u;L^{2}$ $(R_{y} ; L^{\infty}([0, T]\cross R_{x}))||$

$\leq C||b;L^{\infty}||||u;C([0,T];\Sigma(3))||||\partial_{y}^{4}u;L^{\infty}(R_{y} ; L^{2}([0,T]\cross R_{x}))||$

$\cross||\langle x\rangle^{1/2+e}\langle y\rangle^{1/2+e}u;L^{\infty}([0, T]\cross R^{2})||$
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$\leq C||b;L^{\infty}||||u;C([0,T];\Sigma(3))||^{2}||\theta_{y}^{4}u;L^{\infty}(R_{y} ; L^{2}([0,T]\cross R_{x}))||$ .

Next, the estimate of (0,0,3,1)-term is

$\Vert bu\int^{\infty}ae\partial_{y}^{3}u\theta_{y}\overline{u}d\xi;L^{1}(R_{x}; L^{2}([0, T]\cross R_{y}))\Vert$

$\leq||bu;L^{1}(R_{x}; L^{\infty}([0, T]\cross R_{y}))||||\partial_{y}^{3}u\theta_{y}\overline{u};L^{1}(R_{x}; L^{2}([0, T]\cross R_{y}))||$

$\leq C||b;L^{\infty}||||\langle x\rangle^{1+e}u;L^{\infty}([0,T]\cross R^{2})||||\theta_{y}^{3}u\theta_{y}\langle x\rangle^{1/2+e}$ Of; $L^{2}([0, T]\cross R^{2})||$

$\leq C||b;L^{\infty}||||\langle x\rangle^{1+e}u;C([0, T];H^{1+\epsilon}(R^{2}))||||\theta_{y}^{3}u;C([0, T];L^{2}(R^{2}))||$

$\cross||\langle x\}^{1/2+e}\partial_{y}u;L^{2}([0,T];L^{\infty}(R^{2}))||$

$\leq CT^{1/2}||b;L^{\infty}||||u;C([0, T];\Sigma(3))||^{3}$ ,

and

$\Vert bu\int_{x}^{\infty}\theta_{y}^{3}u\theta_{y}\overline{u}d\xi;L^{1}(R_{y} ; L^{2}([0, T]\cross R_{x}))\Vert$

$\leq C||b;L^{\infty}||||u;C([0, T];\Sigma(3))||||\partial_{y}^{3}\tau\iota\cdot\partial_{y}\overline{u};L^{1}(R_{x}; L^{2}([0, T]\cross R^{2}))||$

$\leq CT^{1/2}||b;L^{\infty}||||u;C([0, T];\Sigma(3))||^{3}$ .

Similarly, the estimate of (0,0,2,2)-term is

$\Vert bu\int_{x}^{\infty}|\partial_{y}^{2}u|^{2}d\xi;L^{1}(R_{x}; L^{2}([0,T]\cross R_{y}))\Vert$

$\leq C||b;L^{\infty}||||u;C([0, T];\Sigma(3))||||\theta_{y}^{2}u;L^{2}(R_{x}; L^{4}([0, T]\cross R_{y}))||^{2}$

$\leq C||b;L^{\infty}||||u;C([0, T];\Sigma(3))||||\langle x\rangle^{1/4+e}\theta_{y}^{2}u;L^{4}([0, T]\cross R^{2})||^{2}$

$\leq CT^{1/2}||b;L^{\infty}||||u;C([0,T];\Sigma(3))||||\langle x\rangle^{1/4+e}\theta_{y}^{2}u;C([0, T];H^{1/2}(R^{2}))||^{2}$

$\leq CT^{1/2}||b;L^{\infty}||||u;C([0,T];\Sigma(3))||^{3}$ ,

and

$\Vert bu\int_{x}^{\infty}|\theta_{y}^{2}u|^{2}d\xi;L^{1}(R_{y}; L^{2}([0, T]\cross R_{x}))\Vert$

$\leq CT^{1/2}||b;L^{\infty}||||u;C([0, T];\Sigma(3))||^{3}$ .

Moreover, the estimate of (0,1,3,0)-ter$m$ is

$\Vert b\theta_{y}u\int_{x}^{\infty}\theta_{y}^{3}u\overline{u}d\xi;L^{1}(R_{x} ; L^{2}([0,T]\cross R_{y}))\Vert$
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$\leq||b\partial_{y}u;L^{1}$ $(R_{x} ; L^{\infty}([0,T]\cross R_{y}))||||\theta_{y}^{3}u\overline{\tau\iota};L^{1}(R_{x}; L^{2}([0,T]\cross R_{y}))||$

$\leq C||\langle x\rangle^{2\epsilon}b;L^{\infty}||||\langle x\rangle^{1-e}\theta_{y}u;L^{\infty}([0, T]\cross R^{2})||||\theta_{y}^{3}u;C([0, T];L^{2}(R^{2}))||$

$\cross||\{x\rangle^{1/2+e}u;L^{2}([0,T];L^{\infty}(R^{2}))||$

$\leq CT^{1/2}||\langle x\rangle^{2e}b;L^{\infty}||||\{x\rangle^{1}$
“‘ e $\theta_{y}u;C([0,T];H^{1+e}(R^{2}))||||u;C([0, T];\Sigma(3))||^{2}$

$\leq CT^{1/2}||\{x\rangle^{2\epsilon}b;L^{\infty}||||u;C([0,T];\Sigma(3))||^{3}$.

In this term we use the dec$ay$ of $b$ . The estimate of $||b \theta_{y}u\int_{x^{\infty}}\theta_{y}^{3}u\overline{u}d\xi;L^{1}(R_{y}$ ; $L^{2}([0, T]\cross$

$R_{x}))||$ is similar. Besides, the estimate of (0,1,2,1)-term is

$\Vert b\theta_{y}u\int_{x}^{\infty}\theta_{y}^{2}u\theta_{y}\overline{u}d\xi;L^{1}(R_{x}; L^{2}([0, T]\cross R_{y}))\Vert$

$\leq||b\theta_{y}u;L^{1}$ $(R_{\varpi}; L^{4}([0, T]\cross R_{y}))||||\theta_{y}^{2}u\theta_{y}\overline{u};L^{1}(R_{x} ; L^{4}([0, T]\cross R_{y}))||$

$\leq C||b;L^{\infty}||||\langle x\rangle^{3/4+e}\theta_{y}u;L^{4}([0, T]\cross R^{2})||||\theta_{y}^{2}u\langle x\rangle^{3/4+e}\theta_{y}\overline{u};L^{4}([0,T]\cross R^{2})||$

$\leq CT^{1/2}||b;L^{\infty}||||\langle x\rangle^{3/4+e}\theta_{y}u;C([0, T];H^{1/2}(R^{2}))||||\partial_{y}^{2}u;C([0, T];L^{4}(R^{2}))||$

$\cross||\langle x\rangle^{3/4+e}\partial_{y}u;C([0, T];L^{\infty}(R^{2}))||$

$\leq CT^{1/2}||b;L^{\infty}||||u;C([0, T];\Sigma(3))||^{3}$ ,

and

$\Vert b\partial_{y}u\int_{x}^{\infty}\theta_{y}^{2}u\partial_{y}\overline{u}d\xi;L^{1}$ $(R_{y} ; L^{2}([0, T]\cross R_{x}))\Vert$

$\leq||b\langle y\rangle^{1/2+\epsilon}\theta_{y}u;L^{1}$ $(R_{x} ; L^{4}([0, T]\cross R_{y}))||||\theta_{y}^{2}u\theta_{y}\overline{u};L^{1}(R_{x} ; L^{4}([0, T]\cross R_{y}))||$

$\leq C||b;L^{\infty}||||\langle x\}^{1/4+e}\langle y\}^{1/2+\epsilon}\theta_{y}\tau\iota;L^{4}([0, T]\cross R^{2})||||\partial_{y^{2}}u\langle x\rangle^{3/4+\epsilon}\theta_{y}\overline{u};L^{4}([0, T]\cross R^{2})||$

$\leq CT^{1/2}||b;L^{\infty}||||\langle r\rangle^{3/4+e}\theta_{y}u;C([0,T];H^{1/2}(R^{2}))||||\theta_{y}^{2}u;C([0,T];L^{4}(R^{2}))||$

$\cross||\langle x\rangle^{3/4+e}\partial_{y}u;C([0, T];L^{\infty}(R^{2}))||$

$\leq CT^{1/2}||b;L^{\infty}||||u;C([0,T];\Sigma(3))||^{3}$ .

Similarly, the estimate of (0,2,2,0)-term is

$\Vert b\theta_{y}^{2}u\int_{i1}^{\infty}\theta_{y}^{2}u\overline{u}d\xi;L^{1}$ $(R_{x}; L^{2}([0,T]\cross R_{y}))\Vert$

$\leq||b\theta_{y}^{2}u;L^{1}(R_{x}; L^{8/3}([0, T]\cross R_{y}))\Vert||\theta_{y}^{2}u\overline{u};L^{1}(R_{x}; L^{8}([0, T]\cross R_{y}))||$

$\leq C||b;L^{\infty}||||\langle x\rangle^{5/8+e}\theta_{y}^{2}u;L^{8/3}([0,T]\cross R^{2})||||\theta_{y}^{2}u\langle x\rangle^{7/8+\epsilon}\overline{u};L^{8}([0, T]\cross R^{2})||$
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$\leq CT^{1/2}||b;L^{\infty}||||\langle x\rangle^{5/8+e}\theta_{y}^{2}u;C([0,T];H^{1/4}(R^{2}))||||\theta_{y}^{2}u;C([0,T];H^{3/4}(R^{2}))||$

$\cross||\langle x\}^{7/8+\epsilon}u;C([0, T];H^{1+e}(R^{2}))||$

$\leq CT^{1/2}||b;L^{\infty}||||u;C([0, T];\Sigma(3))||^{3}$ .

The estimate of $||b \theta_{y}^{2}u\int_{x^{\infty}}\partial_{y^{2}}u\overline{u}d\xi;L^{1}(R_{y} ; L^{2}([0,T]\cross R_{x}))||$ is similar as above esti-

mate. And the estimate of (0,2,1,1)-term is similar as above term’s one. At last, the

estimate of (0,3,1,0)-term is

$\Vert b\theta_{y}^{3}u\int_{x}^{\infty}\theta_{y}u\overline{u}d\xi;L^{1}(R_{x}; L^{2}([0, T]\cross R_{y}))\Vert$

$\leq||b\theta_{y}^{3}u;L^{1}(R_{x}; L^{2}([0, T]\cross R_{y}))||||\theta_{y}u\overline{u};L^{1}(R_{x} ; L^{\infty}([0, T]\cross R_{y}))||$

$\leq C||\langle x\rangle^{1/2+e}b;L^{\infty}||||\theta_{y}^{3}u;L^{2}([0, T]\cross R^{2})||||\theta_{y}u\cdot\langle x\rangle^{1+\epsilon}\overline{u};L^{\infty}([0, T]\cross R^{2})||$

$\leq CT^{1/2}||\{x\rangle^{1/2+e}b;L^{\infty}||||u;C([0, T];\Sigma(3))||||\theta_{y}u;C([0, T];L^{\infty}(R^{2}))||$

$\cross||\langle x\rangle^{1+e}u;C([0, T];L^{\infty}(R^{2}))||$

$\leq CT^{1/2}||\langle x\rangle^{1/2+\epsilon}b;L^{\infty}||||u;C([0, T];\Sigma(3))||^{3}$.

In this term, $\langle r\rangle^{1/2+e}b\in L^{\infty}(R^{2})$ is needed. The estimate of 1 $b \partial_{y}^{3}u\int_{x}^{\infty}\theta_{y}u\overline{u}d\xi$ ;

$L^{1}(R_{y} ; L^{2}([0, T]\cross R_{x}))||$ is similar. Then we finished all estimates.

From above estimates, we obtain

$||N_{1}(u);Y(T)||\leq C(1+T)||u;X(T)||^{3}$ .

Similar calculation shows

$||N_{1}(u)-N_{1}(v);Y(T)||\leq C(1+T)(||\tau\iota;X(T)||^{2}\vee||v;X(T)||^{2})||u-v;X(T)||$ .

Since the spaces are symmetric with $x$ and $y$ , the estimate of $N_{2}(u)$ $:=$

$bu \int_{y}^{\infty}\theta_{x}(|u(x, \eta)|^{2})d\eta$ is same as $N_{1}(u)$ . The estimation of $a|u|^{2}u$ is easy, so we

omit this estimate. Thus we have

$||N(u);Y(T)||\leq C(1+T)||u;X(T)||^{3}$ ,

and

$||N(u)-N(v);Y(T)||\leq C(1+T)(||u;X(T)||^{2}\vee||v;X(T)||^{2})||u-v;X(T)||$ .
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By virtue of Lemma 2 and 3, we get

$||SN(u);X(T)||\leq C_{0}(1+T^{4})||u;X(T)||^{3}$ ,

and

$||S(N(u)-N(v));X(T)||\leq C_{0}(1+T^{4})(||u;X(T)\Vert^{2}\vee||v;X(T)||^{2})||u-v;X(T)||$ ,

for some $C_{0}<\infty$ .
Moreover, by using Lemma 2, we have

$||Uu_{0};X_{0}(T)||\leq C_{0}(1+T^{3})||u_{0};\Sigma(3)||$ ,

and

$||Uu_{0}$ ; $X_{a}(T)||\leq C||\langle r\rangle^{1/2+\epsilon}\theta_{x,y}^{4}Uu_{0};L^{2}(R^{2})||$

$\leq CT_{0}^{1/2}(1+T^{5})||u_{0};\Sigma(5)||$ .

Now, we take $\delta>0$ sufficiently small such that 4$C_{0}\delta^{2}<1$ . Then, if $C_{0}||u_{0}$ ; $\Sigma(5)||<$

$\delta/2$ and $T<1,$ $\Phi(u)$ $:=Uu_{0}-iS(N(u))$ becomes a contraction in closed ball $B$ $:=$

$\{u\in X(T) : ||u;X||\leq 5\}$ . Thus there exists a unique fixed point of $\Phi$ in $X$ , and this

fixed point $u$ is the solution of (9). This proves the theorem. 1

\S 3. Proof of Lemma 3. In this section, we prove the key estimate Lemma 3. We

first remark that
$Sf=-i\mathcal{F}_{\ell,x,y}^{-1}(\tau+\xi^{2}+\eta^{2}-i0)^{-1}\mathcal{F}_{t,x,y}f$

if $f(t, x, y)\equiv 0$ for $t<0$ . Here, $\mathcal{F}_{t,x,y}$ is Fourier transform with respect to whole

space-time variables $(t, z, y)$ . In fact, simple calculation shows

$\mathcal{F}_{t^{-},x^{1},y}(\tau+\xi^{2}+\eta^{2}-i0)^{-1}\mathcal{F}_{t,x,y}f|_{t=0}=-i\int_{-\infty}^{0}U(-s)f(s)ds$ ,

and then,

$-i \mathcal{F}_{t,\varpi,y}^{-1}(\tau+\xi^{2}+\eta^{2}-i0)^{-1}\mathcal{F}_{t,x,y}f=Sf-\int_{-\infty}^{0}U(-s)f(s)ds$ .
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This shows our claim.

First, we prove that $\mathcal{F}_{t_{i}^{-}r^{1},y}\xi(\tau+\xi^{2}+\eta^{2}-i0)^{-1}\mathcal{F}_{t,x,y}$ is bounded operator from

$L^{1}(R_{x} ; L^{2}(R_{t}\cross R_{y}))$ to $L^{\infty}(R_{x} ; L^{2}(R_{t}\cross R_{y}))$ . By Plancherel’s equality, we have

$\sup_{x\in R}\Vert \mathcal{F}_{t^{-}x^{1},y}\xi(\tau+\xi^{2}+\eta^{2}-i0)^{-1}\mathcal{F}_{t,x,y}f;L^{2}(R_{t}\cross R_{y})||$

$= \sup_{x\in R}||\mathcal{F}_{x^{-1}}\xi(\tau+\xi^{2}+\eta^{2}-i0)^{-1}\mathcal{F}aef;L^{2}(R_{\tau}\cross R_{\eta})||$

$= \sup_{x\in R}\Vert\int_{R}G(x-\tilde{x};\tau, \eta)(\mathcal{F}_{t,y}f)(\tau,\tilde{x}, \eta)d\tilde{x};L^{2}(R_{\tau}\cross R_{\eta})\Vert$ .

Here,

$G(z;\tau, \eta)$ $:= \int_{R}\frac{\xi\exp[iz\xi]}{\xi^{2}+(\tau+\eta^{2})-i0}d\xi$ .

Direct calculation shows $G$ is uniformly bounded with respect to $z,$ $\tau,$ $\eta$ , then we get

$\sup_{x\in R}||\mathcal{F}_{t,x,y}^{-1}\xi(\tau+\xi^{2}+\eta^{2}-i0)^{-1}\mathcal{F}_{t,x,y}f;L^{2}(R_{t}\cross R_{y})\Vert$

$\leq\sup_{x\in R}\int_{R}||G(x-\tilde{x};\tau, \eta)(\mathcal{F}_{t,y}f)(\tau,\tilde{x}, \eta);L^{2}(R_{\tau}\cross R_{\eta})||d\tilde{x}$

$\leq C\int_{R}||(\mathcal{F}_{t,y}f)(\cdot, x, \cdot);L^{2}(R_{\tau}\cross R_{\eta})||dx$

$=C \int_{R}||f(\cdot, x, \cdot);L^{2}(R_{t}\cross R_{y})||dx$

$=C||f;L^{1}(R_{x}; L^{2}(R_{t}\cross R_{y}))||$ .

This shows our claim.

Now, take $\phi\in C_{0}^{\infty}(R)$ such that $\phi\equiv 1$ on some neighborhood of $0$ , and decompose

$Sf=S\phi(-i\theta_{x})f+S(1-\phi(-i\theta_{x}))f$ . Then, since $1-\phi(\xi)=0$ on the neighborhood

of $\xi=0$ , we have similar estimate for this term. On the other hand, since

$S \phi(-i\theta_{x})f=\int_{0}^{t}\exp[i(t-s)\Delta_{x,y}]\phi(-i\partial_{x})f(s)ds$ ,

we have

$\Vert S\phi(-i\theta_{x})f;L^{2}([0, T]\cross R_{y})||$

$= \Vert\int_{0}^{t}\exp[i(t-s)\theta_{x}^{2}]\phi(-i\theta_{x})\exp[i(t-s)\theta_{y}^{2}]f(s)ds;L^{2}([0, T]\cross R_{y})\Vert$ .
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Now, we put $H(r, z)$ the integral kernel of the operator $\exp[ir\theta_{x}^{2}]\phi(-i\theta_{x})$ . Then, we

have

$|H(r, z)|= \frac{1}{2\pi}|\int_{R}\exp[i(z\xi-r\xi^{2})]\phi(\xi)d\xi|$

$\leq\frac{1}{2\pi}\int_{R}|\phi(\xi)|d\xi<\infty$ ,

and

$\sup_{x\in R}$ I $S\phi(-i\theta_{x})f;L^{2}([0, T]\cross R_{y})||$

$\leq\sup_{x\in R}\Vert\int_{0}^{t}ds\int_{R}d\tilde{x}||H(t-s, x-\tilde{x})\exp[i(t-s)\theta_{y}^{2}]f(s,\tilde{x}, \cdot);L^{2}(R_{y})||;L^{2}(t\in[0, T])\Vert$

$\leq\sup_{x\in R}\Vert\int_{0}^{t}ds\int_{R}d\tilde{x}|H(t-s, x-\tilde{x})|||f(s,\tilde{x}, \cdot);L^{2}(R_{y})||;L^{2}(t\in[0,T])\Vert$

$\leq\sup_{x\in R}\Vert\int_{R}d\tilde{x}(\int_{0}^{t}|H(t-s, x-\tilde{x})|^{2}ds)^{1/2}||f(\cdot,\tilde{x}, \cdot);L^{2}([0,t]\cross R_{y})||;L^{2}(t\in[0, T])\Vert$

$\leq\sup_{x\in R}\int_{R}(\int_{0}^{T}t\sup_{\in[0,t]}|H(s, x-\tilde{x})|^{2}dt)^{1/2}||f(\cdot,\tilde{x}, \cdot);L^{2}([0,T]\cross R_{y})||d\tilde{x}$

$\leq\sup_{x\in R}\int_{R}T\sup_{\in[0,T]}|H(s, x-\tilde{x})|||f(\cdot,\tilde{x}, \cdot);L^{2}([0, T]\cross R_{y})||d\tilde{x}$

$\sup_{(\iota,x)\in[0,T]\cross R}$

$\leq T$ $|H(s, x)|||f;L^{1}(R_{x} ; L^{2}([0,T]\cross R_{y}))||$ .

This means our desired result. 1
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