0000000000
08840 19940 192-208 192

ON A CONJECTURE OF SHIMURA CONCERNING PERIODS
OF HILBERT MODULAR FORMS

By HIROYUKI YOSHIDA

Introduction. In this paper, we shall give an affirmative answer to an essential part of
the conjecture of Shimura on P-invariants of Hilbert modular forms.

Let F be a totally real algebraic number field of degree n and Jr be the set of all
isomorphisms of F' into C. Let F4 (resp. FJ) be the adele ring (resp. the idele group) of
F and FZ be the archimedean part of F;. Let x be a primitive system of eigenvalues of
Hecke operators which occurs in the space of holomorphic Hilbert modular cusp forms on
GL(2, F4) of weight k and f be the primitive form which belongs to x. In [S1], Shimura
introduced an invariant u(e, f) € C* for every € € (Z/2Z)’F such that
(0) D(m,f,p) ~ 7™ u(e, f)
for certain critical values m € Z whenever a Hecke character ¢ of FJ satisfies po(z) =
[I,cs,(sgnz, )™t for z = (z,) € FX. Here D(m,f,¢) is the standard L-function
attached to f twisted by ¢ and we write a ~ b for a, b € C if b # 0 and a/b € Q. Put
U(x,€) = u(e, ). ,

In [S4], Shimura introduced another invariant Q(x,§) € C* for every subset § of Jp
when x occurs in the space of holomorphic automorphic forms on a quaternion algebra
over F of signature (6, Jr\6) and showed that this invariant appears in critical values of

the Rankin-Selberg convolution of two Hilbert modular forms. He conjectured further the
following ( Conjecture 5.12 of [S4], cf. also [S5], p. 293, (C1), (C2), (C3), (C4) and (C9) )

Conjecture P. Assume k(7) > 2 for all 7 € Jp and k(7) mod 2 is independent of 7.
Put ky = max,¢cj,(k(7)). Then for every subset § of Jr and every € € (Z/2Z)°, there

exists a constant P(x,6,¢) € C* /Gx which satisfies the following properties.
(Pl) 7r(k0—2)n/2_z-reJF k(T)/zU(X, 6) ~ P(X) JF, e)_

Q(Xa 6) ~ WIEIP(X, 67 61)P(X,(5, 62)

(P2) |
| if €(7)+e(r)=1 mod?2 forevery 7€6.
P(X,(Sl U62,61 Ufz) NP,(X,él,Gl)P(X,(SQ,Ez) if 61 ﬂ&z :0, where
(P3) e(t) if T€é,
U =
(er Uea)(7) { eo(7) If T € bs.
(P4) When x is of C M-type, P(x,6,€) ~ 7~ ¥lpg(¢,7) holds,

where px stands for the symbol of C M —periods introduced in [S2].
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The principal result of this paper is:

Main Theorem. Assume k(7) > 3 for all 7 € Jr and k(7) mod 2 is independent of 7.

Then, for every T € JF, there exist constants cX(x) € C* determined uniquely mod Q”
such that

(1) Ux:e)~ [ <700,

reJp

(2) Q(x, 8) ~ mFo=DII=2, 5 k(7) H et (x)er (x)-
TES

Here we understand that ¢?(x) = cj‘(x), cl(x) = ¢7(x) identifying Z/2Z with {0,1}.
By this theorem, it is clear that P(y, §, €) satisfying (P1) ~ (P3) is given by

(3) P(x, 8,€) ~ nlko=DI0/2 5= S e K02 T] e (x).
TES

We note that in [Y], §6, we have defined Q(x,8) mod Q™ assuming only k(7) > 3 for all
T € 0.

Let us now outline our ideas of the proof and contents of each section. In §1, we shall
review known properties of two basic period invariants Q(x, §) and U(x,€). In §2, Lemma
1, we shall show that a necessary and sufficient condition for the existence c¢t(x) as in
Main Theorem is the following relations (R1) ~ (R3).

U(x, fl)U(X, €2) ~ gk + ey k(T)Q(X, Jr)

(R1) _

if e(r)+e(r7)=1 mod2 for every 7.
(R2) Q(x: 61)Q(x, 82) ~ Q(x, 61 U ;) if 6 N8 =0.
(R3) U(x, )U(x, €2) ~ U(x, p1)U(X; p2)

it {en(7), e2(r)} = {1 (7), pa()} for every 7.

We shall also prove (P4) in §2.
Now (R1) is already proved in [S1], Theorem 4.3. Harris [Ha3] proved (R2) under certain
conditions, in particular when n, |6;| and |6;| are all even. In §3, using a base change lift

of x to a totally real quadratic extension of F, we shall remove this parity condition and
obtain (R2) (Theorem 2). ‘

In §4, we shall prove (R3). By (0), we see that (R3) follows if

(4) ) D(ma f, (PI)D(m)f, (P2) ~ D(ma f7 ¢1)D(m) f7 ¢2)
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holds for one choice of a non-vanishing critical value m and of Hecke characters o1, @2,
¥1, P2 of F; whose infinity types correspond to €, €3, p1, po respectively. Let K be a
quadratic extension of F' such that the Hecke character n of F corresponding to K/F
“satisfies oo = (P192)00 = (¥1%2)c0- Again by (0), (4) reduces to

(5) D(m,f,¢1 0 Ngr) ~ D(m,f,91 o Ng/r),

where f is the base change lift of f to K. By our choice of K, (¢ oNk/F)oo = (¥10NK/F)oo
holds and we obtain (5) from a result of Hida [Hi] (§4, Theorem 3).

In §5, we shall prove the invariance of c£(x) under the base change of x to a totally
real cyclic extension of F' (Theorem 4). In §6, we shall discuss a possible generalization of
Main Theorem including the case where k(7) = 2 for some 7.

Notation. Throughout the paper, we fix an algebraic closure Q of Q as the subfield of
C. A finite extension of Q in Q will be called an algebraic number field. For an algebraic
number field F, F, denotes the completion of F' at a place v, Jr the set of all isomorphisms
of F into C a,nd Ip the free abelian group generated by Jr. We denote by af (resp af)
the set of all real (resp. complex) archimedean places of F and put af = af U af. We
shall drop the superscript F when the reference to F' is clear from the context. When F
is totally real, we identify a¥ with Jr; a totally imaginary quadratic extension of F will
be called a C M-extension of F.

For an algebraic group G defined over F', G4 denotes the adelization of G, G the
archimedean part of G4 and G4 the identity component of Go,. For z € FJ, |z|a
denotes the idele norm of . For an irreducible automorphic representation 7 = ®,m, of
GL(2,Fa4), L¢(s,7) = [I, L(s,m), v extending over all finite places, denotes the finite
part of the Jacquet- Langlands L-function attached to . For a, b € C, we denote a ~ b if
b#0 and a/b € Q.

§1. Review on Q-invariants and U-invariants

Let F' be a totally real algebraic number field of degree n. Let B be a quaternion
algebra over F such that B splits (resp. ramifies) at the archimedean places 7 € § (resp.
&§'). We call such a B a quaternion algebra of signature (6,6'). We assume § # 0. Put
G= ResF/Q(BX) and call Z the center of G. We identify Z, with FJ. Fork =) ., k(T)7
and k = ), s &(7)7 € IF, we define the space of cusp forms S, .(B) on G4 of weight
(k, k) as in [SS] I1, [Y], §6.

For f, g € Sk,,.;(B) we define the inner product

(11) ()= /Z o, T de

normalizing the invariant measure so that vol (Zoo+Gq\G 4) =1 If there exists 0 #f €
Sk,«(B) and a Hecke character 9 of F} of finite order such that

(1.2)  f|T(p) = x(p)f for almost all p, f(zz) = P(2)f(z), 2z € Za, € Gy,
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T(p) being the Hecke operator at the prime ideal p, we say that a system of eigenvalues
of Hecke operators x occurs in Sy .(B). Strictly speaking, we should say that (x,%) is a
system of eigenvalues of Hecke operators. For simplicity, we shall drop ¥ and regard x
accompanying the central character 1. Let Sk (B, Q) be the set of all Q-rational elements
in Si.(B). When x is given, we set

W(x, B) ={f € Sk.x(B) | f|T(p) = x(p)f for almost all p,
and f(zz) =9(2)f(z), z€ Za, z € Ga},
W(x, B, Q) = W(x, B) N Sg,x(B).

By the Shimizu-Jacquet-Langlands correspondence ([JL]), if x occurs in Sk .(B), then it
also occurs in Sy, 0(Ma(F')), where m(1) = k(7) (resp. k(1) +2) if 7 € § (resp. 7 € &').
If (1.2) holds for all p with the primitive form (the new form) f € S,, o(M2(F')), then we
call x primitive (cf. [S3], II, p. 583).

Assume that x occurs in Sk o(M2(F)) . In [Y], §6, we have shown the following facts
sharpening previous results obtained by Shimura [S4], [S5].

(1.3) (f,f) mod Q" isindependent of 0#f € W(x, B, Q).

If B; and B, are of signature (6,8') and k(7) > 2 for all 7 € JF,

1.4 — —
( ) then (f, f> ~ <g, g> for f € W(X7 Blra Q)) 0 3& g€ W(X7 B27 Q)

If W(x, B) # {0} for some quaternion algebra B of signature (4, 6'), we put
(1.5) | Q(x,6) = (f,1)

taking some non-zero form £ € W(x, B, Q). By (1.3) and (1.4), Q(x,6) € C*/Q" is well
defined. Let F; be a totally real cyclic extension of degree [ of F. We exclude the case
where k(7) = 1 for all 7 € Jp. Then there exists a base change lift ¥ of x which occurs in
S o(M2(F1)) where k(1) = k(7|F), 7 € Jp,. We have

(1.6) If x occurs in Sy, (B), then X occurs in Sz, x(B ®F F1).

(1.7) Q(%,6) =Q(x,8)! if Kk(r)>3 forall 7e€6.

Here we have assumed k(7) > 3 for all 7 € § for some technical reasons (cf. §6); m(7) =
m(7|JF), k(1) = k(7|JF), T € JF, and § is the full inverse image of & under the restriction
map Jr, — Jr. We can use (1.7) to define Q(x, ) when x does not occur in any B of
signature (6,6'). In other words, we can find F; and B; of signature (6,6’) such that ¥
occurs in Sy z(B;) and put Q(x,6) = Q(x,8)'/". Then Q(x,6) € C*/Q" is well defined
and (1.7) holds for this definition. We set Q(x,0#) =1 € CX/Q_X.
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Let x be a primitive system of eigenvalues of Hecke operators which occurs in

Sk!()(Mz(F)). Put
(18) ko= max(k(r)),  &° = min (k(r)).

Let f € W(x, Ms(F)) be the primitive form. We attach a Dirichlet series D(s,f) =
Y C(m, £)N(m)~* by (2.25) of [S1]. For a Hecke character ¢ of FJ, we put

D(s,1,0) = 3, C(m, D)pu (m)N(m)

where @, denotes the ideal character associated to ¢ and m extends over all integral ideals of
F. Set L(s,x,¢) = Y, X(m)@s(m)N(m)~*. Then we have L(s,x, ¢) = D(s+ 5 — 1,1, ¢).
In [S1], Theorem 4.3, Shimura obtained the following result (cf. also Rohrlich [R]) which
we shall recall in a crude form sufficient for our present purpose. -

Theorem S. Assume k(1) > 2 for all 7 € Jp and k(1) mod 2 is independent of 7. For

every € = (e(7)) € (Z/2Z)’F, there exists a constant u(e,f) € CX/Q_>< with the following
properties. '
(I) If ¢ is a Hecke character of F such that

‘Poo(w) = H Sgn($T)e(T)+m, = (x,’_) € Fgé’
TEJF

then
D(m,f,p) ~ 7™ u(e, f)

for every integer m such that

m—W< <%+w
2 m 2

(II) If €1, €5 € (Z/2Z)7F satisfy €;(7) + €2(7) =1 mod 2 for all 7, then
u(e, T)u(es, f) ~ g h)+ ey BT (f,f).

Put U(x, €) = u(e, f) taking the primitive form f € W (x, Ma(F)).

Remark. Let f be as above and let # = ®,7, be the irreducible automorphic represen-
tation of GL(2, F4) generated by f. Then 7 is unitary.
(1) By somewhat laborious computations taking a suitable model of a local component
7, of m and letting the Hecke operator at v defined in [S1], §2 act on the new vector, we
can verify the exact equality D(s,f) = L¢(s — E%l,ﬂ'). However this is not necessarily
so for D(s,f,p) and Ls(s — k"z_l,ﬂ' ® ¢). In fact, some finitely many Euler factors of

Ly(s— @2—_1, T ® ) may not appear in D(s,f, ¢). The condition for the exact coincidence
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is L(s, 7, ®¢,) = 1 whenever ¢ ramifies at v. This condition is satisfied at v if the exponent
of the conductor of ¢, is greater than the exponent of the conductor of .
(2) Let 9 be a Hecke character of F} such that

Yool(@) = [] sen@n®®,  z=(s.) € FX.
T€JF

Let f;, be the primitive form which belongs to 7 ® 1. We have
(1.9) u(e, ) ~ u(e + €, 1) for every €€ (Z/2Z)'F.

To see this, first choose a critical value m. Take a Hecke character ¢ of FJ so that ¢
is given by the formula in Theorem S, (I) and that the conductor of ¢ is divisible by pe*!
whenever p® divides one of the conductors of 7, # ® ¥, 1. Then we have

' ko — 1
D(S,f¢,(p):D(s,f,¢(p)sz(S— 02 ,W®¢‘P)'

By a theorem of Rohrlich, we can further impose the condition on ¢ that L¢(s, m @) # 0
for s =m — %=1 Then (1.9) follows from Theorem S. As a result, we see that

ko —
(1.10) Ly(m — 2 L 1 ® ) ~ 1™, 1)

for a Hecke character ¢ and critical values m as in Theorem S.

(3) It can be shown, using the unitarity of =, that D(s,f,¢)/Ls(s — 2= 7 ® ¢) is
an entire function which has no zeros for R(s) > ko /2. We can give another proof of (1.9)
and (1.10) using this fact and the functional equation of L(s, 7 ® ¢).

§2. Preliminary reduction of Conjecture P
Our main theorem states that 2"*! quantities U(x,€) and Q(x,8) can be given by

2n quantities ¢ (), which implies some highly non-trivial relations among U(x,€) and
Q(x, 6). We shall analyze these relations by the next Lemma.

Lemma 1. Let J = {1,2,--- ,n} and let A,, be the set of all mappings from J to {+1}.
Assume that for every ¢ € A, and every subset I of J, there are given quantities p(e) €

Cx /Q_x and ¢(I) € C*/Q™ which satisty the following properties:

(R1) p(e)p(—e) = q(J) where (—€)(i) = —¢€(2), i€ J.
(R2) A ‘q(Il U Iz) = q(Il)q(Iz) if I1 n Iz = @

(R3) ple)ples) = p(un)plua) i {e(i),€a(i)} = {m(6), pali)} forevery 1<i<n.
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" Then there exist 2n constants ¢ € C* /Qx, 1 <t < n such that

n
(2.1) p&) =[], eean,

1=1
(2.2) ' o) =1lcte,s if ICJ.

i€l
Moreover ¢ € Cx/ax, 1 < i < n are unique. In (2.1) and (2.2), we understand that
c=c, g =c, ligpclci = 1.
Proof. By (R2), we have ¢(@) = 1. Hence (2.2) for I = 0 holds. If n = 1, the assertion
holds with
¢t = p(e), ¢ =p(—¢) for €:1—1

Now we assume n > 2 and that the assertion holds up to n — 1. Let J' = {1,2,--- ,n —
1} = J\{n} and let A,,_; be the set of all mappings from J’ to {£1}. Define wy, )y € A,
by .

wy :{1,2,---,n—1,n} — {1,1,---,1,1},

W, L2, ,n—1,n} — {-1,-1,--- ,—1,1},
w_:{1,2,--- ,n—-1,n} — {1,1,---,1,-1},
w:{1,2,--- ,n—-1,n} — {-1,-1,---,—-1,—-1}.
By (R1), we have
(2.3) Plwi)p(wl) = p(w))p(w-) = q(J).

For a given e € A,,_,, choose an extension €* € A,, so that €*(i) = ¢(i), 1 <i<n—1 and
set

(24) P(8) = p(€")/3/P(wer(m) P(WLn () /2(J") € C*/Q.

By (R3), we see that p’(e) does not depend on the choice of €*. For I’ C J', we set
@5 (1) = (I,

Thén we can verify that the quantities j)’ (e), e € An;l and ¢'(I' ) satisfy |

(R'1) p(e)p'(—€) = ¢'(J),

(R'2) d(LUL)=4dI){(L) if Tnl=0,
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p(e)p'(e2) = p'(p)p' (42) if {er(d), e2(6)} = {pr (), pa(4)}

!
(R'3) forevery 1<:2<n-1.

Relation (R’2) is trivial. To see (R'1), we may choose an extension €* of € so that €*(n) =1
and may apply (2.4). Then we have

P ()P (=€) = p(e")/4/p(w 1 )p(w}) [a( ") - p(=€")/3/p(w-)p(wl) [a( ")
= a(1)a(7")/1/plws )p(, Jp(w-)p(w) = a(J")

by (2.3) and (R1). Similarly (R’3) follows from (R3).

By the hypothesis of induction, there exist 2(n—1) quantities cii € C* /GX, 1<i<n-1
such that

(2.6) p(e) = Hcf“) €€ An,
(2.7) (I =qI)=]]ctq, T1cJ.
el
Set
(2.8) et = /pw)p(w)/a(J"), —\/p Jp(wl)/a(T").

To see the relation (2.1), put € = €*|J for €* € A,,. By (2.4), (2.6) and (2.8), we have

- n—1 n
p(€") = p'(ﬁ)\/p(we*(n))p(w’e*(n))/q(J') = ([T e ™ =] (#)
i=1

=1

Hence (2.1) is satisfied.
To see (2.2), we may assume I 5> n. Put I' = I\{n}. By (2.8), (2.3) and (R2), we get

cten =q(0)/q(J") = q({n}).

Then we obtain
q(I) = (I’)(J({n}) = ([l cfe)ehen =] efer
el i€l
by (R2). :
The uniqueness of ¢ is clear since we can express cgt by a formula similar to (2.8) if
(2.1) and (2.2) hold. This completes the proof.

Identify Jp with {1,2,--- ,n} and Z/2Z with {1,—1}. By the above Lemma, we see
that our Main Theorem is reduced to (R1) ~ (R3) given in the introduction. We note that
(R1) follows from Theorem S, (II) in view of the definition of Q(x, JF)-
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In the rest of this section, we shall prove (P4). Let K be a CM-extension of F. For

a, B € Ik, let pg(a,B) € CX/Q_X denote the CM-period defined in [S2]. Let ® be a
CM-typeof K andset { =3 3¢ -7 € Ik, & > 0 for all 7. Let Z be a primitive Hecke
character of the ideal group of K with conductor ¢ such that

2((a)) =a*/|a®| if a€ K, a=1 mod*e,

where aé = I, ca (a™)¢ . Assume ¢, > 0 for some 7. Then there exists a primitive system
of eigenvalues of Hecke operators x occuring in S (M3 (F')) such that

(2.9) L(s,x) = L(s — 1/2,8),

where k(7|F) =&, + 1, 7 € @ (cf. [S4], §5). If {, mod 2 is independent of 7 and &, > 0
for all 7, then we have

(2.10) U(x,€) ~ x(Eresp k(T)_"k")/sz(f, ®) for every €€ (Z/2Z)’F
by [S4], Theorem 5.11, (iii). On the otherhand, we have

(2.11) | Q(x, 8) ~ m~Plpk (€, 2n)

by [S4], Theorem 5.8, where 7 is the subset of ® such that Resg,r(n) = 6. Now for such
a X, (R2) follows from the bilinearity of px (cf. [S2], Theorem 1.1) and (R3) is trivially
satisfied. We see that the solution to (1) and (2) in the introduction is given by

(2.12) ctx) =7 (x) = 7k DRI 2p(6,7), 1€

from the bilinearity of px, where 7 € ® denotes the element such that 7|F = 7. By (3) in
the introduction, we have

(2.13) P(x,8,€) ~ n¥lpg(&,m) for every €€ (Z/2Z)°,

which is consistent with (C9) of [S5].

§3. Verification of (R2)

We shall use the following result of Harris (cf. [Ha3], §2.6).

Theorem HA. Let x be a primitive system of eigenvalues of Hecke operators which
occurs in Sy o(M2(F)). Assume k(7) > 2 for all T € Jp and k(7) mod 2 is independent
of . Let a and 8 be subsets of Jr such that anNPB = 0. Ifn, |a| and |8| are all even, then

Q(x, @ U B) ~ Q(x, ¥)Q(x, B)-

By a base change argument, we can remove the parity condition in Theorem HA when
k(t) > 3 forall 7 € aUp.
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Theorem 2. Let a and 3 be subsets of Jr such that a N B = 0. Assume that k(7) > 2
for all 7€ Jp, k(1) > 3 for all T € @ U B and that k(7) mod 2 is independent of 7. Then
we have '

Q(x,a U B) ~ Q(x, @)Q(x, B)-

Proof. Let F; be a totally real quadratic extension of F. Let & and 8 be the full inverse
images of o and # under the restriction map Jr, — JF respectively. Let X be a base
change lift of x which occurs in St o(M2(F1)), where k(1) = k(r)JF), 7 € Jr,. We can

apply Theorem HA to %, &, 3 and obtain
Q(x,&U B) ~ Q(%, @)Q(X, B)-
By (1.7), we have
Q(x,aUB)? ~ Q(x, @)’ Q(x, B)*.
Hence the assertion follows.

By Theorem 2, the condition (R2) is verified.

84. Verification of (R3)

To present our arguments in a clear-cut way, let us first recall a few facts on represen-
tation theory of GL(2, L) for an archimedean field L. Let ‘Hy denote the Hecke algebra of
GL(2, L) defined in Jacquet-Langlands [JL], p. 153, p. 220.

First let L = R. For a positive integer p, let

g () = [EP72, pa(t) = |t| 7P/ 2sgn(t)<P), teR™
where €(p) = 0 or 1 according as p is odd or even. Consider the representation g, =
o(p1, p2) described in [JL], Theorem 5.11. Then o, is a unitary discrete series represen-

tation of Hgr. If an irreducible automorphic representation 7 = ®,m, of GL(2,F,) is
generated by f € Sy (M, (F)) then we have .

Moo = BredrTk(r)—1
if k(1) > 2 for all 7 € Jp. Let w, be the character of C* given by
wy(z) = 2P(22)7P/2, z € C*.
Then we have
(4.1) oy = m(wy)
in the notation of [JL], p. 176-181. We also have
(4.2) L(s, 0,) = L(s,wp) = 2(2m) =P/ (s + 12'2).

Let L = C. For two quasi-characters py, gz of C*, let m(u;, u2) be the representation
of Hc described in [JL], Theorem 6.2.

Now let We = C*, Wr = Wr,c be the Weil groups. We may write (4.1) as 0, =
W(Indxgwp) in terms of the Langlands parametrization. Hence the base change lift of o,
to Hc is given by W((IndVWngp)IWc) = 7(wp, @p) by Langlands [L], p.16, e).

We quote Hida [Hi], Theorem 8.1 in a crude form sufficient for our present purpose..
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Theorem HI. Let K be an algebraic number field. Let 1 = ®,,7, be an irreducible
unitary cuspidal automorphic representation of GL(2, K ). Assume that

Moo = Orea, Ok(r)-1 Orea, W(wk(‘f)—l’ wk("')“l) ‘

- with k(1) > 2 for all 7 € a and k(7) mod 2 is independent of 7. Put ko = max,eq k(7).
Then for every € € (Z/2Z)%, there exists a constant U(m,e) € C* which satisfies the
following properties. If ¢ is a Hecke character of K of finite order such that

oo(@) = [] sen(z)*™, &= (2.)rea € KX,
TEA,

then
ko —1

Ls(m — ) ~ oKy (7€)

for every integer m such that

ko—k(r) _ ko +k(r)

5 5 for every T € a.

We are going to verify (R3) using this theorem. It suffices to show

Theorem 3. Let f € Sy, o(M2(F)) be a primitive cusp form. We assume k(1) > 3 for all
T € Jrp and k(7) mod 2 is independent of 7. Then we have

(43) , u(el?f)u(ez,f)'fv u(py, D)u(py,f)

whenever €;; €3, p1, 2 € (Z/2Z)7F satisfy

(4.4) {e1(7),e2(7)} = {p1(7), u2(7)}  forall 7€ Jp.

Proof. We choose an integer m which satisfies the condition of Theorem S, (I). Since we
have assumed k° > 3, we can choose such an m so that m > (ko +1)/2. We fix and denote
it by mo. Then we have D(my,f, ) # 0 for every Hecke character ¢ of F of finite order

(cf. [S1], Prop. 4.16). Let ¢;, 2, 1, %2 be Hecke characters of FJ of finite order such
that

(‘102)00(:1:) = H (Sgn(wT))Ei(T)_*-mo) 1= 11 27
(4.5) | T€Jr
(1101)00($) = H (Sgn(a"‘f))“i(‘r)—*-mo? z = 17 27

TEJF

for z = (z,) € FX. By Theorem S, (I), (4.3) reduces to

(4-6) D(my,f, 801)D(m0, f, 902) ~ D(mo, f,9 )D(mm f, lbz)-
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By (4.4), we have (¢192)00 = (V19¥2)c0- If (P1¥2)oo is trivial, then we have €; = €3 =
p1 = pa by (4.4); hence (4.3) holds. We may assume that ((1¢3)ec is non-trivial. Choose
a € F so that 7(a) > 0 (resp. 7(a) < 0) if (¢1¥2)c, is trivial (resp. non-trivial). Set
K = F(y/a). Then K is a quadratic extension of F'. Let 7x be the Hecke character of F}
which corresponds to the extension K/F. By the choice of a, we have (7x)oc = (¥192)co-

Let 7 = ®,m, be the irreducible automorphic representation of GL(2, F4) generated by
f and 7 = ®,, 7, be the base change lift of 7 to GL(2, K 4). Then we have

L(s,7) = L(s,n)L(s,m™ ® Nk ), L¢(s,m) = Ls(s,7)Ls(s,7 Q@ nK),
(47) Teo = ®T€Jpak(T)—17

Too = (®rea, Tk(r|F)=1) ® (®rea, T(Wh(r|F) =15 Bk(r|F)-1))-

Since the base change lift of 7 ® ¢; to K is ¥ ® (41 © Ng/r), we have

Ly(s,@® (10 Ngyr)) = Ls(s,7 ® 1)L (s, ™ ® p17k).

We have D(mq,f, ) ~ Lf(mg — k02"1,7r ® ) for every Hecke character ¢ of FJ of finite

order. Since (¢17K)oo = (¥2)00, We have Lg(mo— @—Q:—l-, TQp1nK) ~ Lg(mo— k"z_l , T®p3)
by Theorem S, (I). Therefore (4.6) reduces to

ko —1
2

ko —1

(4.8) Lg(mo — >

,T® (10 Ngyr)) ~ Lg(mo — T ® (Y1 0 Ng/F))-

Assume 7 € Jp is unramified in K. Then (¥1¢2)c0, :‘(1[’11[’2)00, = 1 and we see that

{e1(7), e2(7)} and {p1(7), p2(7)} are either {0,0} or {1,1}. By (4.4), we get €1(7) = p1(7),
(¢1)00, = (¥1)co, - Therefore we obtain

(¢10Nk/F)oo = ($1 0 Nk /F)oo-

By the consideration given in §2, we may assume that x is not of CM-type. Then 7 is
cuspidal (cf. [L], Lemma 11.3). Now (4.8) follows from Theorem HI. This completes the
proof.

Now we have completed our proof of Main Theorem. An identification of ¢ (x) with
Deligne’s periods of the motive attached to x is described in [Y], §4. We note that there
is a slight notational difference between [S4] and [S5]. In [S5], p. 293, (C3),

P(x, €, Jp) ~ 1" Drese MOy (x ¢) m g0 2 Trere MOy (y, (1Yo 2¢)

is required when k(7) is even for all 7. We adjusted our nctation to [S4], which is simpler.

Remark. We have

(4.9) ct(x) ~ cEt(x) forevery 7€ JF

where — denotes the complex conjugation. To see this, let 7 be the unitary automorphic
representation of GL(2, F)4) which corresponds to x and call ¥ the central character of .
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We have 7 = m @ ~!. By definition, it is obvious that Q(x, ) ~ Q(x, é) for every § C Jp.
Since ¥ = x ® ¥ ™!, we have (cf. [Y], Prop. 6.5)

(4.10) Q(x,6) ~ Q(x, 6)-

As in Theorem S, choose a critical value m and a Hecke character ¢ of F I of finite order
for € € (Z/2Z)'F so that Lg(m — %=1 7 ® ¢) # 0. By Theorem S, we have

ko — 1 ko —1 _ o
T ®p) = L(m — 25—, 7@ ") ~ 7™"U(X,€).

7™ U(x,€) ~ Lf(m —
Hence we get
(411) U(%,€) ~ T(x,©)-

By (4.10), (4.11) and Lemma 2.1, we obtain (4.9) (cf. [S5], p. 293, (C2)).

§5. The invariance of ¢t () under a base change

Theorem 4. Let F be a totally real cyclic extension of F'. Let x be a primitive system
of eigenvalues of Hecke operators which occurs in Sy o(Ms(F')). We assume that k(1) > 3
for all T € Jp and that k(7) mod 2 is independent of 7. Let X be the base change lift of x
such that X occurs in Sy, ,(M,(F1)) and that X is primitive, where k(1) = k(1|F), T € Jp,.
Then we have

(5.1) ctH(x) = cle(x) for every T € Jp,.

Proof. Let £ € W(x, M5(F,),Q) and £ € W(x, M2(F), Q) be primitive forms. Let 7
(resp. ) be the irreducible automorphic representation of GL(2, (F1)) (resp. GL(2, F4))
generated by f (resp. f). Then we have

(5.2) Li(s,7®¢7) = Ls(s,7® )

for every o € Gal(F;/F) and every Hecke character w of (F1)3. Here p7(z) = p(z?),
x € (Fy)%. Take m € Z so that (ko — k°)/2 < m < (ko + k°)/2. By a theorem of Rohrlich
[R], for every € € (Z/2Z)’F1, we can find a Hecke character ¢ of (F;)}; such that

ko —1 - m+é(T
Lim-B"L 59020, pul@ = [ senl@)™), o= (o) e )L

TE€EJFR,

Applying Theorem S, (I) to (5.2) taking s = m — ’—“%ﬂ we obtain

(5.3) u(&,f) ~ u(&,1) for every o € Gal(F/F),
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where €°(y) = €(oy), y € Jr,. In a similar way, using Theorem 6.8 of [Y], we can derive
the relation

(5.4) Q(x,08) ~ Q(x,6) for every 0 # 6 C Jg,.
By (5.3) and (5.4), we get
(5.5) | cai,()'c) ~cE(x) forevery o€ Gal(Fy/F), 7¢€Jg

in view of the uniqueness of the solution to (1) and (2) in the introduction. Taking
§ ={7|F}, 7 € Jp, in (1.7) and applying (5.5), we get

(5.6) F®Rer (D) ~ ip(eip(x) TR

On the other hand, we have

Li(s,#® (¢ o Npr)) = :[ILf(SJr ® ¢n)
n

for every Hecke character ¢ of FJ. Here 7 extends over | Hecke characters of F which
are trivial on F*Np, /p((F1)}), | being the degree of F; over F. Since k(7) > 3 for all 7,
we can apply Theorem S, (I) to this relation in a similar manner to the above and obtain

(5.7) ‘ u(e,f) ~ u(e,f)!  for every €€ (2/2Z)°F,

where €(y) = €(y|F), y € Jr,. By (5.7) and (5.5), we get

(5.8) H cvf-‘(‘r)()"() ~ H < (x), for every €€ (Z/2Z)'F,
T€JF ; T€JF '

where 7 denotes an arbitrary extension of 7 to Jg,. :
Take any 7o € Jp and its extension 7 to Jp. Take any € € (Z/2Z)’F and define

€ € (Z/2Z)’F by .

dr)y==—er) f7#m,  €(n)=en)
We have oy ‘
[1 70 @~ T e e (7

TE€EJF T€Jr\{70}
by (5.6) and
[ <®sP@~ I e (00)esm™ (x)?

. T€JF T€JF\{70}
by (5.8). Hence we get
C;.E)TO)()Z)Z ~ C‘Er(()TO)(X)Z'

This completes the prdof.
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Remark. In this remark, we use left action of the automorphism group. For o € Aut(C),
let o(B) be the quaternion algebra over o(F') obtained from B by transporting the algebra
structure by the isomorphism o : F — o(F'). If B = E;’iﬂ Fe; with e;e; = Z',t:l Cijkek,
then o(B) = Y;_, o(F)e. with e;e; = S 4 _, o(ciji)e,. We have the isomorphism of Q-
algebras 0 : B > Y a;e; — Y. o(a;)e; € o(B). If B is of signature (4,4’), then o(B)
is of signature (§671,6’c"). This isomorphism extends to the isomorphism (we use the
same letter ) from G = Resp;q(B*) to 0(G) = Res,(r)/q(d(B)*) and also from G4 to
(G)a. For f € S (B), put o(f)(oz) = f(x), £ € G4. Then o(f) € Si . (a(B)), where
k' (1) = k(ro), &' (1) = k(70), T € Jo(F).

If f € W(x, B), then we see that o(f) € W(o(x),o(B)), where o(x)(a(m)) = x(m) for
an integral ideal m of F. We can check easily that (f,f) = (o(f), o(f)). We can verify that

if f is Q-rational, then o(f) is Q-rational. Therefore, both (5.3) and (5.4) hold under the
condition ko > 2.

§6. Comments on the case where k(7) = 2 for some 7

We expect that our Main Theorem remains true under the weaker condition that
k() > 2 for all 7 € Jr and that k(7) mod 2 is independent of 7. Let us first state
necessary ingredients to prove Main Theorem in this generality by our method in this
paper. Let 7 be the irreducible unitary cuspidal automorphic representation of GL(2, F4)
which corresponds to y.

To prove Theorem 2 in this case by base change argument, it suffices to generalize (1.7)
for any totally real quadratic extension Fy of F. For this purpose, the following Hypothesis
is sufficient, as remarked in §6.4 of [Y].

Hypothesis 1. There exist a CM-extension K of F and a unitary Hecke character v of
K which satisfy the following conditions.

(1) Po(x) = (/|z))> 1, re KX=C* for vea¥,

where 1, is a positive integer such that I, < k, if 7 € 6, 1, > k, if 7 € Jp\é and that
k, — 1, mod 2 is independent of 7. Here we put l, =1, taking v € a¥ such that v|F = 7.

(2) Let ' be the irreducible unitary automorphic representation of GL(2, F4) which cor-
responds to ¢. Then

1 1
L(iar X 7IJ)L(Eﬂr xm ® "7F1) # 0.
Here L(s,m X ') denotes the L-function obtained by the convolution of © and 7’'; nF, is
the Hecke character of F} which corresponds to the extension F /F.

Similarly Theorem 3 can be proved in this generality if the following Hypothesis is valid.
Assume k(7) = 2 for some 7 € JF.

Hypothesis 2. We use the same notation as in the proof of Theorem 3. There exist a
quadratic extension K of F and a Hecke characters ¢y, 1, of F; which satisfy the following
conditions.

(1) (¢1)o0 and (1)oo are given by (4.5) with mg = ko /2.
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(2) K is ramified at 7 € Jr if and only if {€;(7), e2(7)} = {0, 1}.

(3) L(%,W@wl)lz(%,ﬂ@QOlﬂK) #O, L(%7W®¢1)L(%77(®¢177K)7507

where ng is the Hecke character of F} which corresponds to the extension K/F.

If these two Hypotheses are valid, Main Theorem holds under the weaker condition
stated above. These hypotheses, in which we require simultaneous non-vanishing, are
somewhat beyond our present knowledge. We only mention Harris [Ha4], Rohrlich [R] and
Waldspurger [W] as papers treating related subjects.

When k(7) = 2 for all 7, Shimura proposed a construction of an abelian variety from
critical values of D(s, x, ¢) in [S5], §11. If it were shown that that these abelian varieties
have models over Q, as is well known when F = Q, this construction would imply a
still deeper assertion on the nature of critical values. If we could prove Main Theorem
also in this case, Shimura’s periods in [S5], §11 essentially coincide with c¢F(x), since

P(x, {r},€) ~ 7187 ().
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