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Some results on Bochner-type theorems

M BT AHHT EHEM (Yasuji Takahashi)

g 1. Intfoduction

FRBRXTZEMTH SN TWSBochner OFEEIE. BRXx
Z M (nuclear space)lI X L —Mitaxh 3.

Theorem 1.1. Let E be a nuclear space with the dual
E' . Then every continuous cylindr:ical measure (& on
E' is o -additive ( o (E',E)-Radon.)

CODOEEIT. E 4 metrizable ® & = & Minlos[7]IT & D .
g, —MOBAITILIE (Unemurallb]) W &> TIEHEHXO 2,
& ZAT. ENM o -Hilbert space @ & £, Bochner® E-
BAMIYT 570, nuclearity BB EL 5., Lk
> T, E % Hilbert space ® & ¥ . Bochner @ & & A i iI
TAHADEHEMKTICHR 5. Hilbert space £ ® cylindrical
measure K 2WTIE. RKOKERPHMS O TW S (Sazonov-

Minlos theorems [7],[13]) .

Theorem 1.2. A cylindrical measure p on a Hilbert
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space H is o -additive iff it is continuous with re-
’spect to the Hilbert-Schmidt topology.
Theorem 1.3. Let H and G be Hilbert spaces and T
»H — G be a continuous linear operator. Then T is of
Hilbert-Schmidt type iff for each continuous cylindr-
ical measure pu on H, the image T( ) is o -addit-
ive on G.
TNe3-oOEBEERLEELTLAN, hATE. ©
NSOEBO—MIELERZPWVWT, T TRAMSHhTWVWSIHERDE

DT, 2OV 2P ZENAL. HEOHEBERDWTH XA W,

8 2.‘p—radonifying operators and p-summing operators

z C'C'-bi\ F£M1.3 @ Banach space "D — L & L T.
Schwartzic & % "p-radonifying operator” OHEMWMZMEBNL
TORBREZERAVWT., EB1.1 O—B{ELBLITHELLHERR
D2WTRHRRXSB, |

E, F # Banach space, E', F' % dual space & T %,
( E', F'id Banach space TH>. ) E £E® cylindrical
measure (c.m.)p X L. ZONHEBEH (Ach.lf.) bi. |
w(x"') = .Jj exp (i<x,x'>)du (x), x'€ E'

E -

TEEINS. 2Ou (x")H E' LTHEEOLE., pizES
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7 ocm WD, (wd E' LD com. O EFT. TORHME
MB#ue(x) 3 EELTEZEENSB. ) AT, c.m. nld
L. ¥ T A random linear functional (r.1l.f.)%
L:E>-Lo( Q,P )T BLE, uPERKRLD>ZLE., r.1.1.
LPERRASCLEIRETCHS. (r.1.f. KHETHHFEME.
Dudley[k{%%ﬁﬁa ) ZC’C*; L(E')C Lo(Q,P), 0<p< o,
THHT v ik weak p-th order& W5 . BIK. L : E' —
Lo( Q.P) MEHTHAIE . com.uld type p &1 5.
(HEHELZ com. pld type 0 2WVWHZ LT B, )
Definition 2.1. Let T:E —» F be a linear operator.
(1) T is p;radonifying, 0 < p < o, if for each c.m. u

on E of type p, the image T(w) is a Radon measure

(2) T is p-summing, 0 < p < oo, if for each weakly p-
summable sequence {xan} in E, the sequence {Txa.} in F
is absolutely p-summable. In particular, we say
"absolutely summing" instead of "l-summing".
p-radonifying operator ¥ p-summing operator® B & iC o
WT.,. ROBEEDP D S (Schwartz[14])o |
Theorem 2.1. Let 1 ¢ p < o. Then T : E —= F is

p-summing 1iff it is p-radonifying.
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COFEHEIE. 0<p =1 TEBRILEW. p=1D¢& Z
E' or F %% Radon-Nikodym propert® & TIif. E & & B iL
5. 121 L. p-radonifying Z 6. B p-summingT &
5, 0<p<K1l OEF. RKOBRP DS

‘Theorem 2.2. Suppose that E' has the metric appro-
ximation property(m.a.p.). If. T : E —-F is p-summing,
then for each c.m.u on E of type p, T(wm) is Radon
on o (F",F'). (In this case, if F is-reflexive, then
T(w) is Radon on F.)

EHL1.3 O—fibe LT, XOHERE2B 3.

Theorem 2.3. Suppose that E' has the m.a.p. and F
is refl'exive. Then T : E—» F is p-summing, 0 < p < 1,
iff for each continuous c.m.u on E, T(wm) is Radon
on F, that is, T is O-radonifying.

T:E - F % p-summing, 0 < p < 1, @&15\1}%0)
r>0 kL. T & r-summing %%, 2D &H 3% T &
completely summing & W 5 . 0O-radonifying operator &
WIZ completely summing TH 2 M. HFIEZ—MICHIL 2V
m.a.p. D b D.b:type’é:ﬂiﬁ'é‘éz EBDHBH. BEH2EHEOD
E % (stable & Rademacher)? & %4, 2 Z Tid. stable

type OEKTHE>. F£E D Banach space (. type p,



0 <p <1, THYH. typel THOHIE. &% p > 1 BdHo

T typep bub. (EEBLUCMBELLKREBRETS 5 )
Theorem 2.4. Suppose that E' has type 1 . Then T
E— F is completely summing iff it is 0- radonifying.
22T, EE1.l O—MiLkEEX S,

Theorem 2.5. Let E, F be locally convex Hausdorff

spaces, and T : F - E be a continuous linear operator.

Suppose that there is a fundamental family {| Iy}

of continuous seminorms on E such that each associated
Banach space Ey of (E, || lg ) has the m.a.p. Suppose
also that for each continuous seminorm || Il on E,
there is a continuous seminorm | H@ on F such that

T : ﬁz" Eyis dual completely summing. Then for each
continuous c.m. u on E', the image T'(wm ) is Radon

on o (F',F).

Remark. E = F, T I (identity map) & ¥%, E 3
nuclear space D & &, FH2.5 O%HFEWmrxh DT,
ERL.1 BES. £/, EE2.5 O E KHTBRMT,

ma.p.ORHLDDIZ. & Ex 8 typel 2 2L L TH LW,

Okazaki-Takahashi [10]JIC KA KRDERIT. EH2.5 &9

B> LPLAEBS. ZOTHREAEMIAL T 5.
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Corollary 2.6. Let T : F — E be a continuous li-
near operator. Suppose that E satisfies the same assu-
ption as in Theorem 2.5 and F is barrelled. Suppose
also that E admits a T(F)-accessible Borel probability
measure. Then for each continuous c.m. p on E', the
image T'(w) is Radon on o (F',F).

CD# R IE. abstract Wiener space & Bochner's
theorem OB #E %X Okazaki [9], Sato [12] DR %
— ity 2. FMIEZ. chooXWMEER ALV,

g, EEBL.l] OFRMEA. 2% Y nuclearity OB EHIZ

D2WTIX. Okazaki-Takahashi [11] #&B X hit W,

8 3. p-stable cylindrical measures and A p-operators
Schwartzd®d p-radonifying operator O M IX. type p
D c.m. D Radon extensioniCBE T 3 b D TdH o> =45,
Z Z Tl&. p-stable <cylindrical measure p @ Radon
extension OoOWTHANTSH. LIFT. E i Banach space,
pid EE® com ¥ 5. n OBHEMEBE (ch.t)0 (x') i
E'LTE&RE SN 2 positive definite function TH 3,
Definition 3.1. VLet 0 < p= 2.

(1) o is p-stable symmetric if there is a linear ope-
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rator T from E' into some L, such that exp(-[ Tx"' | ®?),
x"€EE', is the ch.f. of n . In particular, if p = 2,
then 4 1is called Gaussian.

(2) T : E'- L, is a A p-operator if exp(- || Tx" | *),
x'€E', is the ch.f. of a Radon measure on E.

LT . p-stable c.m. & LT, COLIRBHBDZF X5,
(T 2bb, éymmetric bDREFTEHZD. ) p-stable
c.m. or A ps-operatoriZ >\ T i&. 35"%”0i§< DFERPHAS
hTWaB., 2OV 222 BNAT 5. FMIE. Linde [4]
MBIV, ( Q,P) % probability space, 0 < p
= 2 & ¥ 5%, linear operator T : E'— L, (Q ,P) #%# &
D&, r.l.f. TRMIET S ELED ¢c.m. v kT3, vid
type pT & % o |

Definition 3.2. T is decomposed if v is Radon on E.
Moreover, v 1is Radon of order p, that is,

fe Il x I Pdy (x) < o
then T is called p-decomposed.

Definition 3.3. Let {xn} be any weakly p-summable
sequence in E and u be a p—stable c.m. on E with the
ch.f. exp(- X |[<xa,x">|?), x'€E', where 0 < p = 2.

(1) E is said to be of (stable) type p if the conver-
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gence of X || xall ® is sufficient for u to be Radon.
(2) E is said to be of (stable) cotype p if the conve-
rgence of X || xnll » is necessary for u to be Radon.

Theorem 3.1. E is of type p iff every p-decomposed
operator T : E' —- L,(Q,P) is a A p,-operator.

Remark.' If 0 < p < 2, then every A p-operator is p-
decomposed. But for p = 2, this is false; this is true
for p = 2 iff E is of cotype 2.

Theorem 3.2. Let 1 < p < 2, and T : E — F be a
linear operator.

(1) If for each continuous p-stable ¢c.m.u on E,
T(w) is Radon on F, then T is p-summing.

(2) Suppose that F is of type p. If T is p-summing,
then for each continuous p-stable c.m.u on E, T(u)
is Radon on F.

Remark. (1) 4 & ® Banach space? cotype p (p < 2)
WS RrEIND, p =20k &F. (1) BPRILT D
OOV E+DEHIE. E dMBcotype 22 B2 L ThHhsH. A,
p = 2 O& &, Gaussian c.m.lx type 2 THHH» 5, (2)
& £ B ® Banach spaceld ¥ U THILT 5.

Corollary 3.3. If any continuous p-stable c.m. on E
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is Radon, 0 < p < 2, then E is of finite dimension.

Remark. This is true for p = 2 (Linde-Pietsch [5]).

Thitk»>T.,. EBKx Banach space L T, c.m. O
class % p-stable c.m. GZ?EIIFEL/T{)\ EEL.l O &%
WREB/AHS WP TELVYW, 22 T. p-stable c.m.Dclass
KxL., TE1.2 tHUloFERmELLEVLW. CORAME. KO
§ TT 2. m®IZ. Ar-operatort 0-Radonifying operator
ODERZDRXS,

Theorem 3.4. Any A ,-operator from E' into L, is
T x-continuous and completely summing; where T % =
T« (E',E) is the Mackey-topology.

Remark. If T : E' —- L, is a A p-operator, 1<p =2,
then T' is a continuous linear operator from (L)' into
E. In this case, = T'( v ,) is a p-stable Radon mea-
sure on E. Here v , denotes the canonical p-stable c.m.
on (Lp)' with the ch.f. exp(- | £ | ®?), £ €L,. (For
p = 2, Y 2 is called a canonical Gaussian c.m.

Theorem 3.5. Any A z-operator from E' into aAHilbert
space H is 0O-radonifying.

Theorem 3.6. Suppose that E has the m.a.p. or type 1.

Then for 1 < p < 2, any A p-operator‘ffom E' into Lo
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is 0-radonifying.

Remark. E M 3.5 I&. Gross[2], Okazaki[9], Sato[l2]i
EoT. FEHRRIEIHSOhTWDS. EH3.6 . EE2.3,
EME2.4, EHI 4 XOVES>. 22T, E OFHF (ma.p.
or type 1) DYV E»PEPLPIEIARAHATHS. Ac-operatork
p-summing (or p-nuclear) operator OB EIZ B W T. &K%
7% Banach space®d H MM B IhTWBEHB., 2 TEHEBT
50 ChoSDOFEMIEZ. Linde [4], Takahashi-Okazaki [15]

ZAHABBXIXNhzWN,

8§ 4. Sazonov-type topologies

Tk, EM1.2 % Banach space X —M{t LR
DWTEEZET S, LI . E % Banach space, E' % dual
space, Tk = T«x(E',E) % Mackey-topology %2 FXT b D
¥ 3. E' E®D vector topology <T., Tz ¥ U.
identity map : (E', T.)— (E', T 2) BEFEO L &,
T, 2tz TERT. T, BT LVDERHEWEE, T,
T: THT. E EDc.m.n & E' L® vector topology <t
KHL., ubt-BELE. TORMBAR LS - ER R D
e THH,

Definition 4.1. Let T be a vector topology on E'.
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(1) T is said to be sufficient if every. T -continuous

c.m. on E is Radon; that is, the T -continuity of
u is sufficient for u to be Radon.

(2) T is said to be necessary if every Radon probabi-
lity measure u on E is <t -continuous; that is, T -
continuity is necessary for u to be Radon.

(3) T is said to be an S-topology if it is necessary
and sufficient. E is said to be an S—space if there
is an S-topology on E'.

Remark. Hilbert space H (H = H')ld S-spaceTd® %,
EM., Tus (Hilbert-Schmidt topology) |t S-topology T
®» 5. Banach space X 2>2WTIWE. E # S-spaceTdHn L.
E & Lo @%‘K’J}%faﬁc‘ilﬂ@'@&)é ( E¥m.a.p.Zd TIE. ¥
b IL. ) I, S-space & cotype 2 T& % . S-space D
a2 ZMIE S- space THD. Lp, 1= p=s 2, BLU %
DS ZRM (Sp-type) & S-spaceTH 5. 2D & > ZERH
OWTOFHIE. Mushtari[8] 2B xh kW,

Zh &, —fg D Banach space t ® sufficient topol-
0gy LZOU\'CE%‘XTCL/M&bli%@‘ét;{ﬂi\ W2 T
sufficientT & %,

Definition 4. 2. Let H be a separable‘Hilbert space.
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(1) An operator T : (E', T x)— H is said to be of
Hilbert-Schmidt type if it is factorizable by a Hilbert-
Scmidt operator between Hilbert spaces.

{(2) The Hilbert;Schmidt topology T us on E' 'is the
weakest vector topology making all Hilbert-Scmidt ope-
rators T : (E', T«x)— H continuous.

Remark. T : (E', T«x)— H % Hilbert-Schmidt type
TH2LDOMVE+HFEHIE. &% 2-summing operator
S:H—- E BFEELT. T=S"¥tt2s2LTdbs.
T, Tasld loqally convex topology T &® V. * O H I
T x-continuous seminorms {ll T( ) | u} @ familyTE & &
h3d. b5232A. 2ho® seninornsi HilbertianT d 5 .
(seminorm %% Hilbertian & {& . associated Banach space
25 Hilbert space WD Z & THH., ) —MIiC. associated
Banach space #43. type p, cotype q, m.a.p.:’;“}% Dk &,
seminormB T h S OHFEEA2 2L WVWW., 2O & > % seminorms
D family CTE&HE SO = locally convex topology T .
type p, cotype g, m.a.p.FEZ b DL WNWDS LT S,
Hilbert space H Lk ® sufficient topology t #3Hilbertian
THNUE. TS Tes LHB. KD -BOBRIOLTHE.

UTFTTHRNXND, 85T, TusdDEIRBEW HE O sufficient



topologyt A RWE T dicid. tOMEEERT 2 BB 5
D5 RKRKREBT S Tta T, TusVWEIZD LW, |
Definition 4.3. VLet H be a separable Hilbert space,
I I a continuous seminorm on H, and B the associated
Banach space.
(1) I I is said to be measurable (in the sense of
Gross) if i': B'— H is a A z-operator, where i': H —
B is the natural map. In this case, if i is one-to-one
(1 H‘ is norm), then (i,H,B) is called an abstract
Wiener space.
(2) The topology <Twm on H is the weakest vector top-
ology making all measurable seminorms on H continuous.

Remark. ¥ X T ® measurable seminorms % m.a.p. % ¥

Db TIEZWA, T ld ma.p. % > measurable semi-

norms @ fundamental family K L»> TEEZEIN 3. > T.
Tw & ma.p. ZdH D>, £/ . Hilbert-Schmidt typeT & W
A z-operatorBFET AHAD T, Tn >Tus THhD. Tan &

DEIZHEV sufficient topol‘ogybi MonhTWRZW., RO

Bix. sufficient topology THA A HDDODVEEXEHKHEZ#E X S,

Theorem 4.1. Let T be a locally convex topology on

H; T .is defined by the family of continuous seminorms

133



{I le}. If <t is sufficient, then for each i IId, the
natural map : H —» By is dual completely summing, whre
By is the associated Banach space.

Remark. TH ma.p. D& &, & natural map
H - Bsx #% dual completely summing & E. THE2.5
D, Tt sufficient topology T dH 3. AHOKERIT. <
B type 1 ZHREULVLTHEXS. T4bb. Tt m.a.p.
(;r type 1 #IRE ¥ 5% &. sufficient THE 2D DLE+
AEHEBBONZ LIRS,

Corollary 4.2. Let T be a sufficient topology on H.
It T has type 2, then T = T u.

Remark. T 4% unconditional basis, local unconditi-
onal structure, $25WVWIE b > & —MIZ. G.L.P. % DK
H B AESIE. T sufficient T finite cotype (cotype 2)

b TWE. T

IA

Ta (TStTas) E23. BT, TH So-
type, 1 = p = 2, Ot &E. tH sufficient 2o .
T=Tus &R3B,

Hilbert spaée H FE® sufficient topologyl »WT.
mEIZ. Okazaki [9], Sato [12] W IB2HEA2BEBNT 3.,
(E, t):locally convex Hausdorff space. HC E (dense).

inclusion map i : H - (E,t) T EE LT 3%, H_l:@*fz—‘ei'é
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Gaussian c.m. v u WX L. i(ru)d (E,T) £ ® Radon
measure T®» 5 & &, (i,H,E) T A.W.S. L WH, CTD & &,

TETwn CTCHHA2S, tliE sufficient TH 5,

Theorem 4.3. Let (i,H,E) be an abstract Wiener space.
Then for each continuous c.m. o on E', the image
i'( n) is a Radon measure on H.

v TR Banéch space F @ sufficient topologyll 2 W T
EX 5.

Theorem 4.4. Let T be a locally convex topology on
E' such that T = t «. Suppose that t is Hilbertiar;.
(1) If <t 1is sufficient, then T = T us-

(2) If every .‘C -continuous p-stable c.m., 0 < p < 2,
on E is Radon, then T = T us.

(3) If E is of cotype 2, and if every T -continuous

Gaussian c.m. on E is Radon, then T = T us.

(4) If <t is an S-topology, then E is isomorphic to
a Hilbert space.

Remark. p = 2 O & &, (2) WHRIULEZW, 1. (4) W&
Mushtari OHRTH 2. (3) KHEL TIE. KB,

Theorem 4.5. E is of cotype 2 iff every Gaussian

Radon probability measure on E is T ws-continuous.
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Theorem 4.6. Suppose that E is of type p, 0<p=2.
Then the following assertions are equivalent.

(1) For each p-stable c.m.u on E, u is Radon iff it
is T us-continuous.
(2)_E is isomorhic to a Hilbert space.

Remark. Every Banach space is of type p, 0<p<l.

Theorem 4.7. Let T be a locally convex topology on
E' such that T = t «x. Suppose that t- has type b,

0 < p < 2. Then T 1is sufficient iff every <t -contin-
uous p-stable cC.m. i on E is Radon; that is, the <t -
continuity is sufficient for pu to be Radon.

Remark. p = 2 ® & %it. t# Hilbertian TH W L &
We Z2HhiZBUL T, KBEIL.

Theorem 4.8. Let T be a locally convex topology on
E' such that <t < T «x. Suppose that E is of cotype 2,
and Tt has type 2. Then <t 1is sufficient iff every
T -continuous Gaussian c.m. on E is Radon.

2 T. Ap-operator T : E' - Ly, 0 < p= 2, TESH
Eh3 E' £E®D vector topology T, 2B AT B, (Zh
WP L T, Mushtari [8] . Linde [4] 28 ®., )

Definition 4. 4. T p 18 the weakest vector topology
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on E' making all A ,-operators T : E'—= Ly continuous;
T, 18 locally convex if p=1.

Remark. T o = Tx  Top = T q for 0<p,q<l . HiTH S
nT§)6o BHS I, T & type a (g < p < 2),t:2 &
HilbertianT ® 5. T -# &K X £ & D Gaussian c.m. & Radon
THdePBPHMohTWVWDE, RO R Mushtariid £ 5.

Theorem 4.9. E is of cotype 2 iff‘cg is sufficient.

Definition 4.5. Let 0 < p, g = 2.

(1) E is said to be of M—cotyp'e p (in the sense of
Mushtari) ift , is sufficient.

- (2) E is said to be of cotype (q,p) (in the sense of
Mathe) if every T p.-continuous g-stable c.m. on E is
Radon.

Remark. BB WA » B3 &iE. tse (p<l) & necessary,
% > T. EH S-spaceTH BT & &. M-cotype p (p<l) T
HBHZt u:la%f&%); EH4.9.l&. cotype 2& M-cotype 2
WRETHLHLEWVWIZIETHE. KOBRIASNOTW S H
(Linde[d])., EE4.T 5 LH>.

Corollary 4.10. E is of M-cotype p iff it is of
cotype (gq,p) with q < p.

B#%IC. p-stable c.m. @ class blﬁ@‘.é S-topology
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%# b > Banach space & X %, 2hiZ>WT., KB,
Theorem 4.11. Let 0 < p= 2. Then the followig
assertions for E are equivalent.
(1) There exists a vector topology <t on E' such that
for each p-stable c.m.u on E, the <t -continuity of
u is necessary and sufficient for u to be Radon.
(2) E is of cotype (p,p).
Remark. Every Banach space is of cotype (2,2).
M-cotype p, cotypel(a,p) @ Banach space IZ>2WT. %
COBERBHOSNhTWS ., £, type p O classiZX T 5

S-topologyd FEx o2, Thol@FiloBaicshnizn,
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