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Introduction.

In 1983 Jones introduced in [3] the concept of an index for a pair of
type II; factors, callea Jones index nowadays, and he showed the impor-
tance such indices. With this as a momentum, the interests of research
in the theory of operator algebras have been gradually extended from
a single factor to a pair of factors. However it is not easy to calculate
explicitly the index even for a pair of II; factors only from the definition.
For this reason, useful index formulas are expected, but there are few
except Wenzl’s one [4]. Wenzl’s formula is applicable only for pairs of
approximately finite dimensional(=AFD) II; factors. Hence a formula
for pairs of non-AFD factors has been expected. In this note we give a

new index formula and its application, for a pair of non-AFD II; factors.
§1. Preliminaries.

1.1. Let M = G);-nzl M; be a finite direct sum of II; factors and g; the

minimal central projection corresponding to Mj;. Since the normalized



normal trace on II; factor is unique, a trace on M (denoted by tr) is
specified by a numerical vector (tr(g;))i=1,.,m called the trace vector.

Let N = @], N; C M be another finite direct sum of II; factors
and p; the corresponding minimal central projection. We assume that
the trace on N is the restriction of the trace on M . The trace vector for
M (resp. N) is denoted by 7 (resp. ? ).

Now we define two matrices representing the inclusion relation N C
M, one is the index matrix and another is the trace matrix. The index
matrix A¥ = ();;) is given by

Aij = { [Mp.g; : Npiqg‘]l/z %f pig; # 0,
0 if pig; =0,
and the trace matrix Tﬁ" = (t;;) is given by t;; = tra,(piq;), where tryy,
is the unique normalized normal trace on M;. The following properties
(1.1)~(1.4) come from the very definitions.
(L.1) A;; € {0} U {2cos(m/n) ;n > 3} U[2, 00]
(1.2) Trace matrix T]{‘,’I is column-stochastic, i.e., t;; > 0and 3; t;; =1
for all j.
(1.3) The equality £ = T3 holds.
(1.4) If N C M C L are finite direct sums of II; factors,then

TE = TMTE,.

1.2. We suppose that N is of finite index in M, i.e., there is a faithful
representation 7 of M on a Hilbert space such that the commutant 7(N)’

is finite. Then the algebra (M, ey) obtained from the basic construction
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for N C M is a finite direct sum of II; factors and the corresponding min-
imal central preojections are JgiJ,- - ,JgnJ, where J is the canonical
conjugation on L?(M, tr).

As is shown in [2], the index matrix and the trace matrix for M C

(M, en) have the following properties (1.5)~(1.7).

(1.5) AN = (AN
(1.6) TMen) - TMFM

2.
~ Y ..
where (T]‘Q,l)ji = { tij pigj # 0, FJJ\‘,{ = diag(e1, - , ¥n),
~ 0  pig; =0,
pi = (Z;(TH i)™
~ (1.7) For any trace Tr on (M, en), Tr(enp;) = piTr(Jp;J).
The index [M : N] is defined as follows,
(1.8) [M: N] = r(T%TJQ,l), where 7(T') is the spectral radius of T'.

1.3. We conclude this section by recalling the trace on the relative
commutant.

Let My C M;j be an irreducible pair, that is M{ N M; = C, of II;
factors with finite index. By the basic construction, we obtain a tower
of I factors My C My C Ms C --- C M, C --- and denote by E,
the trace preserving conditional expectation of M, onto M,_;. (For
the definition of a conditional expectation, see e.g. [2] §2.1.) Since the
relative commutant M;_; N M, is trivial, the conditional expectation

FE,, is minimal and E%g’ = FE,En—1--- Fq is also minimal. Therefore we
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obtain that

(1.9) try, (z) = trpp(z)  for z € Mg M,,.

§2. Factors generated by direct sums of II; factors.
In this section, we construct a pair of factors from two increasing
sequences of finite direct sums of II; factors and caluculate the index for

the pair.

LEMMA 2.1. Let N C M be a pair of II; von Neumann algebras with
finite dimensional centers acting on a Hilbert space H. Let tr be a faithful
finite trace on M and Ey be the trace preserving conditional expectation
of M onto N. Suppose a projection e € B(H) satisfies the following
conditions:

exe = En(z)e for all z € M and the map N 5 ¢ — ze € Ne is

*-isomorhic.
Then,

(1) (M,e) = A® B, with two von Neumann algebras A = (M,ey),
and B isomorphic to an ultraweakly closed subalgebra of M. A

(2) Let z € (M, e) be the central projection onto A. Then z is equal
to the central support of e.

(3) Let Tr be a trace on (M, e) such that Tr|M = tr, then

Tr(e) > d- Tr(z), where d =min{p; = (Fi)i;i=1,---,n}.

Let { M, }nen and { N, }nen be two increasing sequences of direct sums
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of II; factors such that, for each n € N, the following diagram

] Mn - Mn+1
(2.1) u U
Nn C Nn+1

is a commuting square.

DEFINITION 2.2: Let A, B, C and D are finite von Neumann algebras
such that A D B D D and A D C D D, and tr be a finite trace on A.
Denote by E}‘VJ the trace preserving conditional expectation of M onto
N. The diagram

A DO B

U U

C > D
is called a commuting square if the diagram with the mappings

A

Eg
A—— B
B8 | |23

C — D

Ej

commutes.

Moreover we deal with the following two conditions.

CoNDITION I (Periodicity): There exist ng > 1 and p > 1 such that
for any n > ny,

(1) TII\XZ‘“, Tﬁ:*‘ and F]{‘,{f are periodic modulo p.



9) TNw+2 and TM+» are primitive.
N, M, P

ConDITION II (Lower Boundedness): There exists a constant d > 0

such that (Fy")i > d for all n and i.

It is clear that Condition II follows from Condition I.

Here we put M = (U, M,,)" and N = (U, N,)".

LEMMA 2.3. Let {M,},en and { N, }nen be increasing sequences of finite
direct sums of II; factors such that for any n € N the diagram (2.1) is a

commuting square.
(1) If Condition I holds, M and N are II; factors.
(2) If Condition II holds, and M and N are II; factors, then the index
[M : N] is finite.

Here we give an index formula which is one of our main results of this

note.

THEOREM 2.4. Let {Mn}nen and {Np}nen be increasing sequences of
finite direct sums of II; factors such that for any n € N the diagram (2.1)
is a commuting square. Set M = (U, M,)" and N = (U, N,,)".

(1) Assume M and N are II; factors, and [M : N| < co. Then

[M : N] =li,1;n<?n>f-f‘z >,

where f, = ((FJ]\‘,{");I)z and t, is the trace vector of N, and < -,- > is

the standard inner product.
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(2) If Condition I holds, then for all n > ny,

[M : N] =<y, fn >= [My : Ny.

REMARK 2.1: In case that M, and N, are finite direct sums of full
‘matrix algebras, the same formula holds too. This formula is not exactly

the same as Wenzl’s index formula, but essentially equivalent.

Similarly as in [4], we get the next proposition concerned with the

relative commutant.

THEOREM 2.5. Let {My}nen and {Np}nen be increasing sequences of
finite direct sums of II; factors and {pn;}j— be the minimal central pro-
jecﬁons of Ny, such that for any n € N the diagram (2.1) is a commuting
square. Set M = (Up,M,,)" and N = (U,N,)". Suppose that N C M is
a pair of II; factors with finite index and there exists a constant ¢ > 0
such that tr(p,;) > c for all i and n.
Then for any nonzero projection p € Ny, the following inequality
holds: '
| dim (N’ 0 M) < dim (N 0 Mp),.

§3. Examples. In this section, we give examples of {Mp}nen and
{Nn}nen satisfying Condition II.

Let A_y C Ag be an irreducible pair of II; fa,ctérs with index A\. If
A < 4, then there exists k£ € N such that A = 4cos?(n/k). In case A > 4



223

we put k = oo.

By the basic construction we get a sequence of I1; factors A_; C Ag C
Ay = (Ao, e1) C Ag = (A;,e2) C ---, where ¢; = ey, ,. Now we define
(3.1) Np = Ay, N; = (A_1,e1, - ,¢e;) for ¢ > 1 and M; = A; for
j=0.

Then N, = N ® (e1,--- ,e,), so we can see the structure of N,, from

the structure of (ej,- - ,e,). This fact is important in the sequel.

LEMMA 3.1. For all n, the diagram

M, C Mpu
(3.2) U U
Nn - Nn+1

is a commuting square.

Next we calculate the trace matrices Tfl{:‘“, Tﬁ:“ and T}]\‘,{".
It is clear that TAA,}I:“ = (1), and Tﬁ’:*l is given in the next proposi-

tion.

PROPOSITION 3.2. Let A%:“ be the index matrix and TII\{"“ the trace

matrix of the inclusion Ny C Npy1. Then,

1 j=ii+1,

0 otherwise,

AN = ()i, d) = {

Noyi _ ((n)y,  (n) _ .
TNn = (C'L,] )2]) c'l,] =t an-l-l,]

Qn i .
{ ” J=11+1,
0 otherwise,
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where forn < k — 3,
1= 07]-)"' )[(n +1)/2]’J= 0’1"” ’[(n+2)/2]’ Qnyi = (":) - (i-er)’
and forn > k — 2,

i=[(n—k+4)/2],---,[(n+1)/2], j = [(n—k+5)/2],-- -, [(n+2)/2],

nji = (7) - (,-1‘2) - (z‘+l?—2)'

ProPOSITION 3.3. Let A%: be the index matrix and T]J\',’{"‘ the trace

matrix of the inclusion N, C M,,. Then,
TN-A{LH = (C'En)) thh C1(:n) = an,iA—iPn-l-Z—Zi(A—l)

and

A%T: = (din)) with dEn) = A(n+1_2‘i)/21311.-*-2—21:(A._1)’

where
i=0,---,[(n+1)/2] (n <k -3);
i=[n—k+4)/2,---,[(n+1)/2] (n 2 k-2),

and oy, ; isAthe constant in Proposition 3.2 and P,(t) is Jones polynomial

defined by Po(t) = Py(t) = 1 and Py(t) = Pa_1(t) — tPu_s(t).

Put M = (UnMn);' and N = (U,N,)", then M and N are II; factors
(cf. [1]).

THEOREM 3.4. Let A_y C Ag be an irreducible pair of II; factors with

index A and construct {M,}, and {N,}, asin (3.1).



(1) {My,}n and {Ny}, satisfy Condition II if and only if the index
A< 4.
(2) The index [M : N] is given by

i if A<4
[M:N]={ 4sin®% ’
00 if A >4,

where k is an integer such that A = 4 cos®(r/k).

REMARK 3.1: In case A < 4, the pair N C M is irreducible, that is,
N'n M = C, by Theorem 2.5.
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