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We introduce a new formalization of Kripke frame for knowledge logic using relational
calculus and transitions of state into Kripke frame. Though knowledge logic was applied
to verification of communication protocol, transition of systems has not directly been dealt
with yet. Assuming commutativity of relations in Kripke frame and a transition relation,
we investigate propriety that agents in systems infer a fact from information at state before
transition.

1 Introduction

We introduce a new formalization of Kripke frame for knowledge logic using relational calculus and
transitions of state into Kripke frame. Knowledge logic is applied to verification of communication protocol
in [HM89], [HM90] and [HZ89]. Their work shows axiomatization of knowledge logic to be useful to design
and verify communicating systems but Kripke frame does not provide some notion about transition of
states, because relations in Kripke frame is treated as indistinguishability of global states for each agent.
Assuming commutativity of relations in Kripke frame and transition relation, we investigate propriety
that agents in systems infer a fact from information at state before transition.

2 Preliminaries

In this section we give a brief introduction to relational calculus. One may refer [SS85], [Tar41] [KM92]
and [Kaw90] for detail explanation.

A relation o : A — B from a set A into a set B is a subset @ C A X B. The composition of relations
is defined as follows; for relations a : A — B, f: B — C, the composite af: A — C is;

af={(a,c) CAxC|3b:(a,b) € a&(b,c) € B}

To avoid confusion with sets inclusion, intersection and union of relations are denoted by squared symbols;
aC B, anNB and a U B, respectively.
The whole collection of relations forms the involution category; for relations a,¢’ : A — B, 3,73 :

B—C,andy:C— D,
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o the composition is commutative; (a8)y = a(By),

o each domain has an identity relation; 1, = alp,

e involution of each relation is defined; oMl = a, (af) = Blat
eIfaC o and BC A, then af C /B and of C ot

For sets A and B, let Rel(A,B) be the set of all relations from A to B. (Rel(A, B),C,N) is a Heyting
algebra. We denote the minimum element standing for the empty relation and the maximum element
standing for the total relation, respectively. We denote one—point set by * and the total relation (all the
whole pair) from % to a set A by V4. ‘

Note 2.1: In relational calculus we express an element # € A by a relation from one—point set x to A.
a

Functions are relations satisfying univalency and totality; i.e. a relation o : A — B is a function if
and only if it holds that a!a C 1p and 14 C aaf. We denote a function o by a : A — B. f ofa = 1p
or 14 = cof hold then the relation « is surjective or injective, respectively.

We provide some axiom called Dedekind’s formula.
[Dedekind’s formula] For any relations &« : A — B, §: B — C, and ¥ : : A — C, it holds that
af Ny Ea(BNaly).

We should mention the fact about composition of relations without proof.
Proposition 2.1 Leta,a; : A— B and 3,5; : B— C wherei=1,2.

1. composition preserves inclusion; If oy C as and $1 C ,62‘,' then o151 C aafs.
2. a(fi UpP2) =afiUafs, (a1 Uaz)f=a1fUasf.
3. a(f1 N B2) EafrNafs, (1 Naz)B E a1 N asf.

In this paper the guotient relation will play an important role in expressing semantics of knowledge
logic.

Definition 2.1 For relationsa: A — B, v: B — C and §: A — C, the quotient relation 3+v: A— B
is a relation such thatay C B < aC f+7.

X

In other words, the quotient relation § + 4 is the greatest relation « satisfying that oy C 5.

Proposition 2.2 Let 3,8 : A—C, v,¥' : B—C, 6 : D — B be relations and a function f: B — C.
1. IfBC B andy' Cy then f+yC '+
2. (B+y)+6=0+67.
3. (BNA)+y=(B+7)N(F +7), (BUB)+1=(B+7)U(F +7)
4. f+(vuy)=B+7)NB+Y)
5. If f is a function then B+ f = BfV.

Note 2.2: As an identity relation is a function, for a relation 8 : A — B it hold that §+15 = ﬂl” =
(]



3 Interpretations for knowledge logic

We give syntacs and semantics of knowledge logic for concurrent system in this section. Semantics
with relational calculus is originated by Kawahara [Kaw94].

Firstly, we define knowledge dynamics to describe concurrent systems. Let I be a finite set of names
of agents. For each agent i the set Q; is a collection of (local) states of i. A knowledge dynamics consists
of a cartesian product @ = Q1 X --- X Qy of (global) states, a set E of environments, transition relation
p: Q — @, an equivalence relation §; : @ — @ for each i € I and an observation function ¢ : @ — E such
that for each 7 € I the square commutes;

Q—-0@
8 A
Q—Q

Each equivalence relation §; is defined as follows; (s,s’) € &; if and only if p;(s) = pi(s’) where p; is a
projection.

Example 3.1 The choice of the ways describing concurrent processes depends on which purpose one
aim at[Hoa85][Mil89]. In this example, following [CM86] and [Hoa85] we represent process behaviours as
atomic actions, and transition of states as sequences of atomic actions. Atomic actions are classified into
two kinds. One is internal and the other is about interactions. We give the set A of atomic actions which
consists of ; (j!m); process i receives a message m from process j, (j?m); process i sends a message m
to process j and ay, by, --,a;,b;,--- internal actions where i,j € {1,---,n} is names of processes. We
assume finite number of processes. The set A may be divided in terms of their owner. We denote the set
of process i’s actions by A;. Transitions of processes’ states are specified with finite sequences of actions:
fhey are histories of behavior so far. We call them traces, and their sets T; must satisfy the following
conditions.

e It includes an empty sequence; € € T;.
o If ¢ belongs to T; and s is prefixed in ¢ then s belongs to Tj.

We mean a process by a pair (4;,T;). Generally speaking, when we models a concurrent system it
inherits somewhat structure from its components. A concurrent system is a pair of cartesian product
of actions and traces with some constraint. As each process acts independently from other processes
except interactions, we manage synchronization of system behavior. Asynchronization is not significant
problem because asynchronous concurrent systems can be rearranged as synchronous ones. Actions of
concurrent systems are represented by means of vectorsin A; x -+ - x Ay, called action vectors. Transitions
of systems are defined as vectors of traces, called trace vectors. We providea constraint of synchronization
for trace vectors: all of components in a trace vector must be in the same length. We denote the cartesian
products Ty x - x T, and Ay X -+ X Ap by T and A. The function ¢ is a suffixing function from 7 to
A. Its value means a action vector corresponding to the latest action of each process. Assuming that the
communication is done synchronously a successful communication in trace vector ¢ is expressed by

o(t) = (-, (d'mi, -, (i7m)j, - ),

Then the transition relation p C 7 x 7 is defined as follows: (2,s) € p if and only if s - 6(t) =t where -
is concatenation for each component of vectors. O

Definition 3.1 Knowledge propositions are defined as follows.
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e Every relation 0 : 1 — E is an atomic proposition.
 if p and ¢ are knowledge propositions, then
L1, PV, pAYD, -, o — 1Y, K;p (ZE I)a C‘P

are knowledge propositions. The symbol K; and C show i’s knowledge and common knowledge,
respectively.

An Interpretation of knowledge propositions is given as relations from one point set to the set of states

for each transision steps. We introduce the interpretation using relational calculus from [Kaw94], denoted
by [], as follows:

e [L] =0q : 1 — @ (empty relation).
¢ For a atomic proposition 0 : 1 — E, [¢] = o = g.

e For logical symbols V, A and - the assignment function assigns union, intersection and complement
of relations, respectively;

[ VY] =[pl U], [pAY]=[p] N[

¢ The implication is assigned to pseudo compliment;
lo =¥l =[p]=[¥], [¢] = [¢] = [1]
¢ For modal symbols quotient relation is assigned;
[Kie] = [¢] + &,

The next proposition shows that axiom schemata S5 of knowledge logic is valid in terms of the
interpretation [].

Proposition 3.1 [Kaw94] For the following principle of the relation &; we have the facts;
[Kip A Ki(p — ¥)] T [K;9),

if 8; is reflezive, then [Kip] C [p] and [Cy] C [CKiy),

if &; is transitive, then [K;p) C [K;K;p)],

if & is an equivalence relation, then [-K;p] C [Ki=K;p],

if [p] = Vo, then [K;p] = Vo where V is the total relation from % to Q, and

if each §; is reflezive, then [Cy] = ] U [K1Cp] U - - U[K,Co].

S ok ey =

4 Propriety of inference
The validity in one step transitions before is formalized using a quotient relation as follows;

[e] + 4.

While the interpretation has a commutative correspondence of semantic and syntactic operations, the
interpretation with respect to one step previous transition has only the case of conjenction and disjenction.
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Lemma 4.1 Let ¢, be knowledge propositions including only disjunction and conjunction symbols.
Then

[oVve]+pt =[p] + o N[+ P
[pAg]+p! = [p] + P L [9] + pF

Each agent infers from previous message and determines its next action and its next message to send.
We provide a property which guarantees that agents reasonably infer proposition from some messages.

Definition 4.1 Let s € Q and let p be a knowledge proposition and T' = 91 A --- A be a conjunctive
knowledge propositions. We say that agent i knows ¢ from the condition set I' at s if and only if

s6; N [I]+ o' C [¢]

As mentioned in the previous section, the quotient relation is the greatest relation a satisfing the com-

*
[rl,,;/ X
Q ; Q

P

mutative diagram:

Lemma 4.2 Let s € Q. Assume that i knows ¢ from I’ at s. For every state t such that (t,s) € p , if
t = K;p then s E K;p.

Proof : Suppose that for every state t € Q such that ¢ C sp!, t C [¢] + 6;, that is
sp' C [¢le + 6

As p and §; are commutative,

s C (pl+&)+p
s C [e+pt
s T [p]+6p
s T (pl+p)+6
s6 C [¢]+p

From assumption it holds that
86; 1 [¢] + p! C [¥]
Then we have sé; C [¢]. O

Remark 4.1: If the transition relation p is reflexive, then it holds that [p] + p C [¢] for any knowledge
proposition ¢. O

Theorem 4.1 Let the transition relation p be reflexive, and [T'] C [p] where I' is a conjunctive knowledge
proposition and ¢ is a knowledge proposition. For any transition (1,s) € p, if t |5 KiT then s |= K;p.

Proof : Assume that t C [[] < §; for every ¢t C sp!, that is,

sp' C[T]+ 6.
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As p and é; are commutative, we have
s6;pt = sph6; C [T
so that s6; C [I'] + p'. From assumption

86; s6; N [I)+p

C s&nN[p]+pt
C

therefore sé; C [¢], hence s C [p] = 6;. O

Corollary 4.1 (In the same condition of theorem.) For every transition (t,s) € p, ift |= Kip then
s = Kip then s = K.

Proof : By theorem in the case of ' = . O

Proposition 4.1 Let p be reflezive. For every transition (t,s) € p, if t E Kip and t | K;9 then i
knows ¢ V 9 from ¢ A .

Proof : By assumption we have
s C [Kig]N[Ky]

([e] + ) N ([¥] + &)
(] M [#]) + 6.

As p and é; commutes

56,'

In

(PN ) = ¢
[o A Y]+ pt
C [pvy]+p
C [pVvy]

from assumption. Hence we have s6; N ([p Ay] +p') C[p V). O
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