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ON CERTAIN INTEGRAL TRANSFORMATIONS

SHIGEYOSHI Owa GE# XK - BT BMER)

ABSTRACT

The object of the present paper is to derive some subordination

properties of certain integral transformations of functions which are

analytic in the open unit disk.

[. INTRODUCTION

Let A be the class of functions of the form

f(z) =z + ) anzn
n=2

which are analytic in the open unit disk |J = {z: |z| < 1}. For functioms
f(z) € A and g(z) ¢ A, we say that f(z) is subordinate to g(z) if there
exists an analytic function w(z) in |J which satisfies w(0) = 0, |w(z)] < 1
(z € |J), and £(z) = g(w(z)). We denote this subordination by.f(z) < g(z).
If g(z) is univalent in |J, then this subordination f(z) &< g(z) is
equivalent to £(0) = g(0) and £(J) c gl .

For a function f(z) belonging to A, we define the following integral

transformation I(£(z)) by

_ a+8 zZ o, 1 ,
I(f(z)) = { . JOtB lf(t)adt} (z e D,

4

where o ¢ (, « # 0, and B ¢ (.
To derive some subordination properties of the integral transformations

I(£(z)), we have to recall here the following lemmas.
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Lemma I (L1D), Let £(z) € A, g(z) € A, and g(z) be univalent in
T = Uwl). 1If there exists a point zg € U such that f(|z|<|zol) c gl
and f(zo) = g(CO) for ¢, ¢ BU; then zof'(zo) = mgog'(co), where m is

real and m > 1.

LEmMma 2 ([2D), Let p(z) = 1 + pz + pzzz + ... be analytic in |J
with p(z) ¥ 1. Let the function ¥(u,v): C2 —> ([ (u = uy + iuz,
vo=vy+ ivz) satisfy the following conditions
(1) ¥(u,v) is continuous in ] c;Cz,

(ii) (1,0) € D and Re(¥(1,0)) > O,

(iii) for all (iu,,v;) e D such that v, g -(l+us)/2, Re(¥(iu,,v;)) < 0.

If (p(2),zp'(z)) € D for z ¢ || and Re(¥(p(z),zp'(z))) > 0 for z ¢ |J, then
Re(p(z)) > O for all z ¢ {J. |

A function L(z,t) defined on [JX[0,») is said to be a subordination
chain (or Loewner chain) if it satisfies
(i) L(z,t) is analytic and univalent in |J for all t > O,
(ii) L(z,t) is continuously differentiable on t > 0 for all z ¢ U,

(iii) L(z,s) =< L(z,t) for 0 < s < t.

LEMMA 3 ([4]), The function L(z,t) given by

L(z,t) = a;(t)z + az(t)zz + ... (a;(t) #0; £ 20)
is a subordination chain if and only if
oL (z, t)
z -
Re aLiz,t) >0 (zel; £>0).
ot

Further, we need

LemmAa 4 ([31), Letae C, « # 0, 8 € (, and let the function

- 2 .
h(z) = ¢ + hlz + hzz + .

be analytic in |J. If the function h(z) satisfies
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Re(ah(z) + B) > 0 (z € U),
then the solution of the Bfiot-Bouquet differential equation

zq'(z) '
q(z) + = h(z) (h(0) = q(0) = c)
aq(z) + B

is analytic in |J and Re(aq(z) + B) > 0 (z € |)).

2, MAIN THEOREM

' We begin with the statement and the proof of the following main result.
THEOREM, Let £(z) ¢ A and g(z) ¢ A. If
(i) Re(a+B) > 0,
(ii) g(z)/z # 0 (z € |J), and I(g(z))/z # 0 (z € |J) for a # 1,

(iii) ¢(z) = (g(z)/2z)® satisfies

z¢'"'(z)
Re{l S } > -§ (z € )
¢'(z)

L+ ot - [/ (@ + (o8] DT - h(Re(atB))?
4Re (a+B)

then the subordination

f(z) g(z)
-
z z
implies
I(£(z)) I(g(z))
_—_— -l ——

Z zZ

PROOF,  We define F(z) = (I(£(2))/2)% and G(z) = (I(g(2))/2)".
Without loss of generality, we may assume that G(z) is analytic and
univalent in [J° = |Jy3|). Otherwise, we consider F(rz)/r and G(rz)/r
(0 < r < 1) instead of F(z) and G(;), respectively.

We first prove that if q(z) = 1 + 2G'"(z)/G'(z), then Re(q(Z)j >0
(z e ).
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Since
: 1/
at+B r2 o
He() = {—5— | g% |,
z 0
we have
z(I(g(z)))' o 6(2)
a = -8 + (ot+B)
I(g(z)) G(z)
Also we have
z(I(g(z)))' 2G' (2)
o = o + —————
I(g(z)) G(z)

Thus
(a+B)d(z) = (at+B)G(z) + zG'(z).

Differentiating both sides the above, we see that
zG"(z) }
G'(z)

Bzd' (2) zG'(z){a + B + 1 +

[}

zG'(2)(q(z) + a + B).

‘Further, making the logarithmic differentiation of the above, we get

z¢'"(z) zG"(z) zq'(z)
L+ —— =1+ +
¢'(z) G'(=z) q(z) + o+B
zq'(z)
= q(z) +
q(z) + otB
= h(z).

Note that q(0) = h(0) = 1 and 26 < Re(o+B). Therefore,

z¢'"(z)
Re{l + —_— 4+ a + B }
¢'(z)

Re(h(z)+a+B)

Il

v

-8 + Re(a+B)

1
—— Re(a+B)
2

Iv

> 0.
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Using Lemma 4, we have that q(z) is analytic in |J and Re(q(z)+a+B) > O
(z e .
Let us define the function ¥(u,v) by
v

¥(u,v) = u + — — + §
uto+B

with u = uy + iu2 and v = vy + ivz. Then ¥(u,v) satisfies

(1) ¥(u,v) is continuous in Jj

(C-{-a-8}) X Ce C2,

(ii) (1,0) € ) and Re(¥(1L,0)) =1+ & > O,
(ii1) for all (iuy,v;) e ] such that v, < -(L+u3)/2,
[ "1
Re(?(iuz,vl)) = Re } + §
l iu2 +a + B
lee(a+8)
=6 - 7 7
lo+B|° + 2Im(a+B)u, + u;
(L+ud)Re (a+8)
< § -
- 2(|a+s|2 + 21m(a+s)u2 + u%)

(26-Re(a+8))u% + 48Im(a+B)u, + 26Ia+8|2 - Re(oa+B)

2(|a+3|2 + 2Im(o+B)u, + u%)

Define Eﬁ(uz) by

Eg(u,y) = (25-Re(a+8))u% + 48Im(a+B)u, + 26|u+8|2 - Re(a+B) .

Then, it is easy to see that 26-Re(a+B) < 0 and 26|a+8|2 - Re(o+B) < 0.

The discrimination A of Ed(uz) is

A = 4(1m(a+5))252 - (26—Re(a+8))(26|a+8|2 - Re(a+B))
_ 2.2 2 2
= -4(Re(a+B)) "6 + 2Re(at+B) (1+|a+B|7)8 - (Re(a+B))
<0
because
1+ |a+B]2 - J (1+|a+5]2)2 - 4(Re(a+8))2
-1 < § < '

4Re(0+B)
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This implies that Es(uz) < 0, that is, that Re(w(iuz,vl)) < 0.

Further, we see that

zq'(z) \
Re (¥(q(2),2q" (2))) = Re{q(z) + 5 |
, q(z)+atB
= Re{l + —ff—ﬁfl + &8 }
¢'(2)
> 0.

Therefore, an application of Lemma 2 gives us that Re(q(z)) > 0 (z € W .
Next, we prove that if f(z)/z =< g(z)/z, then F(z) < G(z).
Let us define the function L(z,t) by

1+t

L(z,t) = G(z) + zG'(z2) (zell; £20).

a+B

Noting that G'(0) = 1, we see that

aL(z,t) ' 1+t
—_— = G'(O){1-+ }
3z 2=0 a+8
1+t
=1 +
a+f
F 0
This implies that if
L(z,t) = a,(0)z + a,(0)z” + ... (zel, t>0),

then al(t) # 0 for all t > 0. Further, we know that

al(z,t)
2 = : zG" (2)
97Z _
Re 3Lz ) = Re{a + 8+ (L +¢t)|l+ __——_G'(z) ]}
ot

Re(q(z) + o + B) + tRe(q(z))
> 0

for all z ¢ |J. Therefore, it follows from Lemma 3 that L(z,t) is the
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subordination chain. Thus we have

$(z) = L(z,0) =< L(z,t) (t > 0)
by the definition of the subordinétion chain.
Suppose that F(z)4qk G(z). Then there exists a point zg € U such that
F(]z|<|zo|)<; G(l)) and F(zo) = G(go) (co € 3|)). This means that
L(co,t) £ L(U,t). Since, by Lemma 1,
2gF ' (2g) = (L+)g,6'(z)) (¢t 2 0),
we have

1+t

L(gg,t) = G(ry) + £oG' (2 )

- ot+B

1

= F(zo) +

z-F'(z,)
at+B 0 0

o

£(zp)
SR

S0 L(co,t) e ¢(l), for £(z)/z «< g(z)/z. This contradicts that
L(co,t) £ L(U,t). Thus we prove F(z) =< G(z).
Finally, note that
_Eiéiill_ =1 + ciz + c222 + ... #.O (z e |))
z
for o # 1. This proves that if F(z) =< G(z), then I(£(z))/z=—< 1(G(z))/z.

Thus we complete the proof of our main theorem.
.

Making o+B = 1 in Theorem, we have

COROLLARY I, Let £(z) and g(z) be in the class A. If
(1) g(z)/z # 0 (z € ), and 1(g(z))/z # 0 (z ¢ U) when o # 1,

(11) ¢(z) = (g(2)/2)* satisfies

z¢'"(z) } 1

Re{l + > _— (z e |,
¢'(z) 2

then £(z)/z < g(z)/z implies I(f(2))/z o< I(g(z))/z, where
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1l/a

I(£(2)) = {—72:3 ] - | ac)

Letting o+f = l+i in our theorem,
COROLLARY 2. Let f(z) and g(z) be in the class A. If
(i) glz)/z # 0 (z € |J), and I(g(z))/z # 0 (z € |J) when a # 1,

(ii) ¢(2z) = (g(z)/z)a satisfies
z¢'"(z) } o> -3
N .

¢'(2) 4

(z e,

Re{l +

thenvf(z)/z < g(z)/z implies I(£(2z))/z =< I(g(z))/z, where

1+i l/a

V4 .
I(f(2)) = {_zl_:aTl— JO tl-af(t)adt }

COROLLARY 3, If f(z) € A satisfies
£(2) : 1
<

3

z ' (1 - z)A
then

1(£(2)) | /o
- zFl(a+6,Aa;a+B+l;Z) ,
VA

where a > 0,

1+ {a+e[2 - N[(l+|a+8|2)27- 4(Re(u+8))2
1 - < Ao < 3,
2Re (a+B)

and 2Fl(a,b;c;z) means the hypergeometric function.

PrROOF., Let g(z) = Z/(l-z)A in Theorem, then

R | 1/a
I(g(2)) = { h fo tB-lta(l—t)-xadt}'
z
1 1/o
= {(a+6)zaf ua+8_l(l—zu)_xadu }

0
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l/a
= zZFl(a+B,Aa;a+8+l;z)

Therefore, we have
I(£(2)) 1/a

- zFl(oH—B, Ao at+p+l; 2)
z . N

Taking a+B = 1 in Corollary 3, we have

ExampLE I, If £(z) € A satisfies
£(z) 1
— T X

z (1 - z)x
then
I(£(z2)) l/a
—_ X oF1 (1,203 2;2) ,
z
where a > 0 and 0 < Ao < 3.

1+i in Corollary 3, then we have

il

I1f we make o+B

EXAMPLE 2. - If £(z) ¢ A satisfies

f(z) 1
=

Z (1 - z)A
then
I(£(2)) 1/a

< 2F1(1+i,xa;2+i;z) ,
VA .

where o > 0 and (,'5 -1)/2 < xa < 3.
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