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ABSTRACT
The object of the present paper is to derive some subordination

properties of certain integral transformations of functions which are

analytic in the open unit disk.

11 $1\mathrm{N}\mathrm{T}\mathrm{R}0\mathrm{D}\mathrm{u}\mathrm{C}\mathrm{T}$ ION

Let A be the class of functions of the form

$\mathrm{f}(\mathrm{z})$ $=\mathrm{z}+$
$\mathrm{n}=2t\mathrm{a}_{\mathrm{n}}\mathrm{z}^{\mathrm{n}}$

which are analyCic in the open unit disk $\mathrm{U}=\{\mathrm{z}: |\mathrm{z}| <1\}$ . For func tions

$\mathrm{f}(\mathrm{z}\rangle$ $\in$ A and $\mathrm{g}(\mathrm{z})$ $\in \mathrm{A}$ , we say that $\mathrm{f}(\mathrm{z})$ is subordinate to $\mathrm{g}(\mathrm{z})$ if there

exis Cs an analyCic func Cion $\mathrm{w}(\mathrm{z})$ i.n $\mathrm{U}$ which satisfies $\mathrm{w}(0)$ $=0$ , $|\mathrm{w}(\mathrm{z})|$ $<$ $1$

$(\mathrm{z}\in \mathrm{U})$ . and $\mathrm{f}(\mathrm{z})=\mathrm{g}(\mathrm{w}(\mathrm{z}))$ . We denote this subordination by $\mathrm{f}(\mathrm{z})\prec \mathrm{g}(\mathrm{z})$ .

If $\mathrm{g}(\mathrm{z})$ is univalent in $\mathrm{U}$ , Chen this subordination $\mathrm{f}(\mathrm{z})\prec \mathrm{g}(\mathrm{z})$ is

equivalent to $\mathrm{f}(0)$ $=\mathrm{g}(0)$ and $\mathrm{f}(\mathrm{u})\mathrm{C}\mathrm{g}(\mathrm{u})$ .

For a functi.on $\mathrm{f}(\mathrm{z})$ belonging to $\mathrm{A}$ , we define the following integral

Cransformation I $(\mathrm{f}(\mathrm{z}))$ by

I $(\mathrm{f}(\mathrm{z}))$ $= \{\frac{\alpha+8}{\mathrm{z}^{8}}\int_{\mathrm{o}^{\mathrm{t}^{8-1_{\mathrm{f}}}}}^{\mathrm{Z}}(\mathrm{t})\mathrm{a}_{\mathrm{d}\mathrm{t}\}}$ $(\mathrm{z}\in \mathrm{u})$ ,

where $\alpha\in \mathrm{C}$ , $\mathrm{a}\neq 0$ , and 8 $\in \mathrm{C}$ .

To derive some subordination $\acute{\mathrm{p}}\mathrm{r}\mathrm{o}\mathrm{p}\mathrm{e}\mathrm{r}\mathrm{c}\mathrm{i}\mathrm{e}\mathrm{s}$ of the integral cransformations

I $(\mathrm{f}(\mathrm{z}))$ , we have to recall here the $\mathrm{f}$ ollowing lemmas.
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LEMMA 1 ([1]). Let $\mathrm{f}(\mathrm{z})$ $\in \mathrm{A}$ , $\mathrm{g}(\mathrm{z})$ $\in \mathrm{A}$ , and $\mathrm{g}(\mathrm{z})$ be univalent in

$\mathrm{u}^{-}=\mathrm{U}\mathrm{U}\partial \mathrm{U}$ . If there exists a point $\mathrm{z}_{0}\in \mathrm{U}$ such that $\mathrm{f}(|\mathrm{z}|<|\mathrm{z}_{0}|)\mathrm{C}\mathrm{g}(\mathrm{u})$

and $\mathrm{f}(\mathrm{z}_{0})$ $=\mathrm{g}(\zeta)0$ for $\zeta 0\in$ a $\mathrm{U}$ , then $\mathrm{z}_{0}\mathrm{f}$

’
$(\mathrm{z}_{0})$ $=\mathrm{m}\sigma_{0}\mathrm{g}$

’
$(\sigma_{0})$ . where $\mathrm{m}$ is

real and $\mathrm{m}=>1$ .

LEMMA 2 ([2]) , Let $\mathrm{p}(\mathrm{z})$ $=1+\mathrm{p}_{1}\mathrm{z}+\mathrm{p}_{2}\mathrm{z}^{2}+$ . . . be analytic in $\mathrm{U}$

with $\mathrm{P}(\mathrm{z})\not\equiv 1$ , Let the function $\Psi(\mathrm{u}, \mathrm{v})$ : $\mathrm{C}^{2}arrow$
$\mathrm{C}$

$(\mathrm{u}=\mathrm{u}_{1}+\mathrm{i}\mathrm{u}_{2}$ ,

$\mathrm{v}=\mathrm{v}_{1}+\mathrm{i}\mathrm{v}_{2})$ satisfy the following conditions

(i) $\Psi(\mathrm{u}, \mathrm{v})$ is continuous in $\mathrm{D}C\mathrm{C}^{2}$ ,

(ii) $(1, 0)$ $\in \mathrm{D}$ and ${\rm Re}(\Psi(1,0))$ $>0$ ,

(iii) for all $(\mathrm{i}\mathrm{u}_{2}, \mathrm{v}_{1})$
$\in \mathrm{D}$ such that $\mathrm{v}_{1}=<-(1+\mathrm{u}_{2}^{2})/2$ , ${\rm Re}(\Psi(\mathrm{i}\mathrm{u}_{2}, \mathrm{v}_{1}))=<0$ .

If ( $\mathrm{p}(\mathrm{z})$ , zp $\mathrm{t}(\mathrm{z})$ ) $\in \mathrm{D}$ for $\mathrm{z}\in \mathrm{U}$ and ${\rm Re}$ ( $\Psi(\mathrm{p}(\mathrm{z})_{*}$ zp ’
$(\mathrm{z}))$ ) $>0$ for $\mathrm{z}\in \mathrm{U}$ , then

${\rm Re}(\mathrm{p}(\mathrm{z}))$ $>0$ for all $\mathrm{z}\in \mathrm{U}$ .

A function $\mathrm{L}(\mathrm{z}, \mathrm{t})$ $\mathrm{d}\mathrm{e}\mathrm{f}$ ined on Ux $[0, \infty)$ is said to be a subordination

chain (or Loewner chain) if it satisfies

(i) $\mathrm{L}(\mathrm{z}, \mathrm{t})$ is analytic and univalent in $\mathrm{U}$ for all $\mathrm{t}=>0$ ,

(ii) $\mathrm{L}(\mathrm{z}, \mathrm{t})$ is continuously differentiable on $\mathrm{t}=>0$ for all $\mathrm{z}\in \mathrm{U}$ ,

(iii) $\mathrm{L}(\mathrm{z}, \mathrm{s})\prec$

.
$\mathrm{L}(\mathrm{z}, \mathrm{t})$ for $0=<\mathrm{s}=<\mathrm{t}$ .

LEMMA 5 ([4])
$\iota$

The func tion $\mathrm{L}$ ( $\mathrm{z}$ , t) given by

$\mathrm{L}(\mathrm{z}, \mathrm{t})$ $=\mathrm{a}_{1}(\mathrm{C})\mathrm{z}+\mathrm{a}_{2}(\mathrm{C})\mathrm{Z}2+$ . . . $(\mathrm{a}_{1}(\mathrm{C}) \neq 0; \mathrm{t}=>0)$

is a subordination chain if and only if

${\rm Re}\{$ $\mathrm{z}\frac{\partial \mathrm{L}(\mathrm{z},\mathrm{C})}{}\frac{\partial \mathrm{L}(_{\mathrm{Z},\mathrm{t}})\partial \mathrm{Z}}{\partial \mathrm{t}}$ $\}$ $>0$ $(\mathrm{z}\in \mathrm{U}; \mathrm{t}\geqq 0)$ .

Further, we need

LEMMA $\iota\iota$ ([3])
$\iota$

Let $\alpha\in \mathrm{C}$ , $\alpha\neq 0$ , 8 $\in \mathrm{C}$ , and let the function

$\mathrm{h}(\mathrm{z})$ $=\mathrm{c}+\mathrm{h}_{1^{\mathrm{Z}}}+\mathrm{h}_{2}\mathrm{z}^{2}+$

be analytic in $\mathrm{U}$ . If the function $\mathrm{h}(\mathrm{z})$ satis $\mathrm{f}$ ies
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${\rm Re}(\alpha \mathrm{h}(\mathrm{z})+\beta)$ $>0$ ( $\mathrm{z}\in$ U),

then the solution of the Briot-Bouquet differential equation

$\mathrm{z}\mathrm{q}’(\mathrm{z})$

$\mathrm{q}(\mathrm{z})+$ $=\mathrm{h}(\mathrm{z})$ $(\mathrm{h}(0)=\mathrm{q}(0)=\mathrm{c})$

aq(z) $+8$

is analytic in $\mathrm{U}$ and ${\rm Re}$ (aq (z) $+8$ ) $>0(\mathrm{z}\in \mathrm{U})$ .

2, MAIN THEOREM
We begin with the statement and the proof of the following main result.

$\mathrm{T}\mathrm{H}\mathrm{E}0\mathrm{R}\mathrm{E}\mathrm{M}$ , Let $\mathrm{f}(\mathrm{z})$ $\in$ A and $\mathrm{g}(\mathrm{z})$ $\in \mathrm{A}$ . If

(i) Re(a+8) $>0$ ,

(ii) $\mathrm{g}(\mathrm{z})/\mathrm{z}\neq 0(\mathrm{z}\in \mathrm{U})$ . and I $(\mathrm{g}(\mathrm{z}))/\mathrm{z}\neq 0(\mathrm{z}\in \mathrm{U})$ for $\alpha\neq 1$ ,

(iii) $\phi(\mathrm{z})=(\mathrm{g}(\mathrm{z})/\mathrm{z})^{\alpha}$ satisfies

${\rm Re}\{1+$ $\frac{\mathrm{z}\phi||(\mathrm{z})}{\phi(\mathrm{z})}|\}>-\delta$ ( $\mathrm{z}\in$ U)

with

$-1<\delta=<$ $\frac{1+|\alpha+8|^{2}-\sqrt{(1+|\mathrm{a}+\mathrm{s}|)-4({\rm Re}(\alpha+8))}}{4{\rm Re}(\mathrm{a}+8)}$

then the subordination

$\mathrm{f}(\mathrm{z})$ $\mathrm{g}(\mathrm{z})$

$\prec$

$\mathrm{z}$
$\mathrm{z}$

imp lie $\mathrm{s}$

I( $\mathrm{f}(_{\mathrm{Z}))}$ I $(\mathrm{g}(_{\mathrm{Z}))}$

$\overline{\mathrm{z}}$ $\prec\overline{\mathrm{z}}$

$\mathrm{P}\mathrm{R}00\mathrm{F}$ , We define $\mathrm{F}(\mathrm{z})=$ $(\mathrm{I} (\mathrm{f}(\mathrm{z}))/\mathrm{z})^{\mathrm{a}}$ and $\mathrm{G}(\mathrm{z})=$ $(\mathrm{I} (\mathrm{g}(\mathrm{z}))/\mathrm{z})^{\alpha}$

Without loss of generality, we may assume that $\mathrm{G}(\mathrm{z})$ is analytic and

univalent in $- \mathrm{u}^{-}$ $=\cup\cup$ a $\mathrm{U}$ . Otherwise, we consider $\mathrm{F}$ (rz)/r and $\mathrm{G}$ (rz)/r

$(0<\mathrm{r}< 1)$ $\mathrm{i}\mathrm{n}\mathrm{s}$ tead of $\mathrm{F}(\mathrm{z})$ and $\mathrm{G}(\mathrm{z})$ , respectively.

We firs $\mathrm{t}$ prove that if $\mathrm{q}(\mathrm{z})$ $=1+\mathrm{z}\mathrm{G}^{\mathrm{t}\uparrow}(\mathrm{z})/\mathrm{G}$
\dagger (z) , then ${\rm Re}(\mathrm{q}(\mathrm{z}))$ $>0$

$(\mathrm{z}\in \mathrm{u})$ .
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$\mathrm{S}$ ince

$\mathrm{I}(\mathrm{g}(\mathrm{z}))=\{\frac{\alpha+\beta}{\mathrm{z}^{8}})^{\mathrm{r}_{0}^{\mathrm{z}}}\mathrm{t}^{8\mathrm{l}\alpha_{\mathrm{d}\mathrm{t}}}\mathrm{g}-(\mathrm{t})|^{1/\mathrm{a}}$

we have

$\alpha\frac{\mathrm{z}(\mathrm{I}(\mathrm{g}(\mathrm{z})))1}{\mathrm{I}(\mathrm{g}(\mathrm{z}))}$ $=-8+( \alpha+8)\frac{\phi(\mathrm{z})}{\mathrm{G}(\mathrm{z})}$

Also we have

$\mathrm{z}$ (I $(\mathrm{g}(\mathrm{z}))$ ) $1$

$\mathrm{z}\mathrm{G}’(\mathrm{z})$

$\alpha$

I $(\mathrm{g}(\mathrm{z}))$

$=\alpha+$ .
$\mathrm{G}(\mathrm{z})$

Thus

$(\alpha+8)\phi(_{\mathrm{Z}})=(\alpha+8)\mathrm{G}(\mathrm{Z})+\mathrm{z}\mathrm{G}$ ’
$(\mathrm{z})$ .

Differentiating both sides the above, we see that

Bz $\phi^{\uparrow}(\mathrm{z})=\mathrm{z}\mathrm{G}’(\mathrm{Z})\alpha\int_{(}+8+1+\frac{\mathrm{z}\mathrm{G}^{\mathrm{t}1}(\mathrm{z})}{\mathrm{G}(\mathrm{z})}1\}$

$=\mathrm{z}\mathrm{G}’(\mathrm{z})$ ( $\mathrm{q}(_{\mathrm{Z}})+\alpha+$ B).

Further, making the logarithmi. $\mathrm{c}$ differentiation of the above, we get

1 $+ \frac{\mathrm{z}\phi||(_{\mathrm{Z}})}{\phi(\mathrm{z})}\dagger$

$=1+ \frac{\mathrm{z}\mathrm{c}^{\mathrm{t}1}(\mathrm{z})}{/\mathrm{G}(\mathrm{z})}|$
$+ \frac{\mathrm{z}\mathrm{q}{}^{\mathrm{t}}(\mathrm{z})}{\mathrm{q}(\mathrm{z})+a+8}$

$= \mathrm{q}(\mathrm{z})+\frac{\mathrm{z}\mathrm{q}{}^{\mathrm{t}}(_{\mathrm{Z})}}{\mathrm{q}(\mathrm{z})+\alpha+\beta}$

$\equiv \mathrm{h}(\mathrm{z})$ .

Note that $\mathrm{q}(0)$ $=\mathrm{h}(0)$ $=1$ and $2\delta\leqq{\rm Re}(\mathrm{a}+8)$ . Therefore,

${\rm Re}(\mathrm{h}(\mathrm{z})+\alpha+8)$ $={\rm Re} \{1+\frac{\mathrm{z}\phi||(\mathrm{z})}{\phi{}^{\mathrm{t}}(\mathrm{z})}$ $+$ a $+8\}$

$>-\delta+$ Re(a+B)

1
$>-{\rm Re}(\alpha+8)$

2
$>0$ .
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Using Lemma 4, we have that $\mathrm{q}(\mathrm{z})$ is analytic in $\mathrm{U}$ and ${\rm Re}(\mathrm{q}(\mathrm{z})+\alpha+8)$ $>0$

$(\mathrm{z}\in \mathrm{u})$ .
Let us define the function $\Psi(\mathrm{u}.\mathrm{v})$ by

$\Psi(\mathrm{u}, \mathrm{v})$

$=\mathrm{u}+\underline{\mathrm{v}}$
$+\delta$

$\mathrm{u}+\mathrm{a}+8$

with $\mathrm{u}=\mathrm{u}_{1}+\mathrm{i}\mathrm{u}_{2}$ and $\mathrm{v}=\mathrm{v}_{1}+\mathrm{i}\mathrm{v}_{2}$ . Then $\Psi(\mathrm{u}, \mathrm{v})$ satisfies

(i) $\Psi(\mathrm{u}, \mathrm{v})$ is continuous in $\mathrm{D}=$
$(\mathrm{C}-\{-\alpha-8\})X\mathrm{C}\subset \mathrm{C}^{2}$

(ii) $(1, 0)$ $\in \mathrm{D}$ and ${\rm Re}(\Psi(1,0))$ $=1+\delta>0$ ,

(iii) for all $(\mathrm{i}\mathrm{u}_{2}, \mathrm{v}_{1})$
$\in \mathrm{D}$ such that $\mathrm{v}_{1}\leqq-(1+\mathrm{u}_{2}^{2})/2$ ,

${\rm Re}(\Psi(\mathrm{i}\mathrm{u}_{2’ 1}\mathrm{V}))$ $={\rm Re}^{\int_{\square }} \frac{\mathrm{v}_{1}}{\mathrm{i}\mathrm{u}_{2}+\mathrm{a}+8}\}+\delta$

$=\delta-$ $. \frac{\mathrm{v}_{1}{\rm Re}(\alpha+_{8})}{|\alpha+8|+2{\rm Im}(\alpha\angle\prime\angle+_{8)}\mathrm{u}2+\mathrm{u}_{2}}$

$<\delta-$

Define $\mathrm{E}_{\delta}(\mathrm{u}_{2})$ by

$\mathrm{E}_{\delta}(\mathrm{u}_{2})$
$=(2\delta-{\rm Re}(\alpha+\beta))\mathrm{u}_{2}^{2}+4\delta{\rm Im}(\alpha+8)\mathrm{u}_{2}+2\delta|\mathrm{a}+8|^{2}$ - ${\rm Re}(\alpha+8)$ .

Then, $\mathrm{i}\mathrm{C}$ is easy to see $\mathrm{t}\mathrm{h}\mathrm{a}\mathrm{C}2\delta-{\rm Re}(\alpha+_{8})$ $<0$ and 26 $|\alpha+\beta|^{2}$
- ${\rm Re}(\mathrm{a}+8)\leqq 0$ .

The discriminaCion $\Delta$ of $\mathrm{E}_{\delta}(\mathrm{u}_{2})$ is

$\triangle=4({\rm Im}(\alpha+8))\delta 22$
- $(2\delta-{\rm Re}(\alpha+8))(2\delta|\alpha+8|^{2} -{\rm Re}(\alpha+8))$

$=-4({\rm Re}(\alpha+8))\delta 22+2{\rm Re}(\mathrm{a}+_{8})(1+|\alpha+8|^{2})\delta$
-

$({\rm Re}(\alpha+_{8}))^{2}$

$=<0$

because

1 $+$ $|\alpha+8|^{2}-$ $\sqrt{(1+|\alpha+8|)-4({\rm Re}(\alpha+8))}$

$-1<$ $\delta<$

$4{\rm Re}(\alpha+\mathrm{s})$

110



Thi $\mathrm{s}$ impl ie $\mathrm{s}$ tha $\mathrm{t}\mathrm{E}_{\text{\^{o}}}(\mathrm{u}_{2})=<0$ , tha $\mathrm{t}$ is, tha $\mathrm{t}{\rm Re}(\Psi(\mathrm{i}\mathrm{u}, \mathrm{v}_{1})2)=<0$ .

Further, we see that

${\rm Re}$ ( $\Psi$ ( $\mathrm{q}(\mathrm{Z})$ , zq \dagger
$(\mathrm{z})$ )) $={\rm Re}$

$={\rm Re} \{1+\frac{\mathrm{z}\phi^{\mathrm{t}\dagger}(\mathrm{z})}{\phi{}^{\mathrm{t}}(\mathrm{z})}$ $+\delta\}$

$>0$ .

Therefore, an application of Lemma 2 gives us that ${\rm Re}(\mathrm{q}(\mathrm{z}))$ $>0$ ( $\mathrm{z}\in$ U).

Next, we $\mathrm{p}\mathrm{r}o\mathrm{v}\mathrm{e}$ that if $\mathrm{f}(\mathrm{z})/\mathrm{z}\prec \mathrm{g}(\mathrm{z})/\mathrm{z}$ , then $\mathrm{F}(\mathrm{z})\prec \mathrm{G}(\mathrm{z})$ .

Let us $\mathrm{d}\mathrm{e}\mathrm{f}$ ine the func tion $\mathrm{L}(\mathrm{z}, \mathrm{t})$ by

$\mathrm{L}(\mathrm{z}, \mathrm{C})$ $= \mathrm{G}(\mathrm{z})+\frac{1+\subset}{\mathrm{a}+8}\mathrm{z}\mathrm{G}$

,
$(\mathrm{z})$ $(\mathrm{z}\in \mathrm{U}; \mathrm{t}\geqq 0)$ .

Noting that $\mathrm{G}$
’ (0) $=1$ , we see that

$\frac{\partial \mathrm{L}(\mathrm{z},\mathrm{t})}{\partial \mathrm{z}}|$ $=\mathrm{G}$

,
(0)

$\mathrm{z}=0$

$1+\subset$

$=1+\overline{\alpha+\beta}$

$\neq 0$ .

This implies that if

$\mathrm{L}(\mathrm{z}, \mathrm{C})$
$=\mathrm{a}_{1^{(\subset)\mathrm{Z}}}+$ a 2 (t) $\mathrm{z}^{2}+$

$(\mathrm{Z}\in \mathrm{u}, \mathrm{t}=>0)$ ,

then $\mathrm{a}_{1}(\mathrm{C})$
$\neq 0$ for all $\mathrm{t}=>0$ . Further, we know that

${\rm Re}\{$ $\mathrm{z}\frac{\partial \mathrm{L}(\mathrm{z},\mathrm{t})}{}\frac{\partial \mathrm{L}(\mathrm{Z},\mathrm{t})\partial \mathrm{z}}{\partial \mathrm{C}}$ $|_{1}$ $={\rm Re}\{\mathrm{a}+8+$ (1 $+$ t) $(1+ \frac{\mathrm{z}\mathrm{G}||(\mathrm{Z})}{\mathrm{c}^{1}(\mathrm{z})})\}$

$={\rm Re}$ $(\mathrm{q}(\mathrm{z})+\alpha+ 8)$ $+\mathrm{t}{\rm Re}(\mathrm{q}(\mathrm{z}))$

$>0$

for all $\mathrm{z}\in \mathrm{U}$ . Therefore, it follows from Lemma 3 that $\mathrm{L}(\mathrm{z}, \mathrm{t})$ is the
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subordination chain. Thus we have

$\phi(\mathrm{z})=$ L(z, O) $-<$ L(z, t) $(\mathrm{t}\geqq 0)$

by the definition of the subordination chain.

Suppose that $\mathrm{F}(\mathrm{z})-\mathrm{A}\mathrm{G}(\mathrm{z})$ . Then there exis ts a point $\mathrm{z}_{0}\in \mathrm{U}$ such that
$\mathrm{F}(|\mathrm{z}|<|\mathrm{z}_{0}|)$ C. $\mathrm{G}(\mathrm{u})$ and $\mathrm{F}(\mathrm{z}_{0})$ $=\mathrm{G}(\zeta)0$ ( $\zeta 0\in$ a U). This means that

$\mathrm{L}(\zeta, [)0$
$\not\leq \mathrm{L}(\mathrm{u}, \mathrm{t})$ . Since, by Lemma 1,

$\mathrm{z}_{0^{\mathrm{F}}0^{)}}{}^{\mathrm{t}}(\mathrm{z}$
$=(1+\mathrm{t})_{\zeta}\mathrm{c}$

’
$(\zeta)00$ $(\mathrm{t}\geqq 0)$ ,

we have

$\mathrm{L}(\zeta, \mathrm{t})0=\mathrm{G}(\zeta)0+\frac{1+\mathrm{t}}{\alpha+\beta}\zeta \mathrm{o}^{\mathrm{G}^{\iota}(\zeta}\mathrm{o}^{)}$

$=\mathrm{F}(\mathrm{z}_{0})+\underline{1}\mathrm{z}_{0}\mathrm{F}\uparrow(\mathrm{z}_{0})$

$\alpha+\beta$

$=( \frac{\mathrm{f}(\mathrm{z}_{0})}{\mathrm{z}_{0}}1^{\alpha}$ ,

so $\mathrm{L}(\zeta, \mathrm{t})0$ $\in\phi(\mathrm{u})$ , for $\mathrm{f}(\mathrm{z})/\mathrm{z}\prec \mathrm{g}(\mathrm{z})/\mathrm{z}$ . This contradicts that

$\mathrm{L}(\zeta, \mathrm{t})0$
$\not\in \mathrm{L}(\mathrm{u}, \mathrm{t})$ . Thus we prove $\mathrm{F}(\mathrm{z})\prec \mathrm{G}(\mathrm{z})$ .

Finally, note that

$\frac{\mathrm{I}(\mathrm{g}(\mathrm{z}))}{\mathrm{z}}=1+\mathrm{c}_{1^{\mathrm{Z}}}+\mathrm{c}_{2}\mathrm{z}^{2}+$ . . . $\neq 0$ $(\mathrm{z}\in \mathrm{u})$

for $\alpha\neq 1$ . This proves that if $\mathrm{F}(\mathrm{z})\prec \mathrm{G}(\mathrm{z})$ , then I $(\mathrm{f}(\mathrm{z}))/\mathrm{z}\prec$ I $(\mathrm{G}(\mathrm{z}))/\mathrm{z}$ .
Thus we complete the proof of our main theorem.

Making $\alpha+8=1$ in Theorem, we have

$\mathrm{C}0\mathrm{R}\mathrm{o}\mathrm{L}\llcorner \mathrm{A}\mathrm{R}\mathrm{Y}\mathrm{l}1$ Let $\mathrm{f}(\mathrm{z})$ and $\mathrm{g}(\mathrm{z})$ be in the class $\mathrm{A}$ . If

(i) $\mathrm{g}(\mathrm{z})/\mathrm{z}\neq 0$ ( $\mathrm{z}\in$ U) , and I $(\mathrm{g}(\mathrm{z}))/\mathrm{z}\neq 0(\mathrm{z}\in:\mathrm{U})$ when $\alpha\neq 1$ ,

(ii) $\phi(\mathrm{z})$ $=(\mathrm{g}(\mathrm{z})/\mathrm{z})^{\alpha}$ satisfies

${\rm Re} \{1+\frac{\mathrm{z}\phi^{t\dagger}(\mathrm{Z})}{\phi^{1}(\mathrm{z})}\}>-\frac{1}{2}$ ( $\mathrm{z}\in$ U) ,

then $\mathrm{f}(\mathrm{z})/\mathrm{z}\prec \mathrm{g}(\mathrm{z})/\mathrm{z}$ implies I $(\mathrm{f}(\mathrm{z}))/\mathrm{z}\prec \mathrm{I}(\mathrm{g}(\mathrm{z}))/\mathrm{z}$, where
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$1/\alpha$

I $(\mathrm{f}(\mathrm{z}))$ $= \{\frac{1}{\mathrm{z}^{1-\alpha}\prime}\int_{0}^{\mathrm{Z}}$ $( \frac{\mathrm{f}(\mathrm{t})}{\mathrm{t}})$

a
$\mathrm{d}\mathrm{t}\}$

Letting $\alpha+\beta=1+i$ in our theorem,

$\mathrm{C}_{0\mathrm{R}0}$ LLARY $2_{\iota}$ Let $\mathrm{f}(\mathrm{z}\rangle$ and $\mathrm{g}(\mathrm{z})$ be in the class $\mathrm{A}$ . If

(i) $\mathrm{g}(\mathrm{z})/\mathrm{z}\neq 0$ $(\mathrm{z}\in \mathrm{U})$ , and I $(\mathrm{g}(\mathrm{z}))/\mathrm{z}\neq 0(\mathrm{z}\in \mathrm{U})$ when $\alpha\neq 1$ ,

(ii) $\phi(\mathrm{z})=(\mathrm{g}(\mathrm{z})/\mathrm{z})^{\alpha}$ satisfies

${\rm Re} \{1+\frac{\mathrm{z}\phi^{||}(_{\mathrm{Z}})}{\phi{}^{\mathrm{t}}(\mathrm{z})}\}>\frac{\prod^{-}-3}{4}$ ( $\mathrm{z}\in$ U) ,

then $\mathrm{f}(\mathrm{z})/\mathrm{z}\prec \mathrm{g}(\mathrm{z})/\mathrm{z}$ imp lies I $(\mathrm{f}(\mathrm{z}))/\mathrm{z}\prec$ I $(\mathrm{g}(\mathrm{z}))/\mathrm{z}$ , where

I $( \mathrm{f}(\mathrm{z}))=\{\frac{1+\mathrm{i}}{\mathrm{z}^{1-a+\mathrm{i}}}\int_{0}^{\mathrm{Z}}\mathrm{c}^{\mathrm{i}-\alpha_{\mathrm{f}}\alpha}(\mathrm{c})$ dt
$\}^{1/\mathrm{a}}$

$\mathrm{c}\mathrm{o}\mathrm{R}\mathrm{o}\llcorner \mathrm{L}\mathrm{A}\mathrm{R}\mathrm{Y}5$ , If $\mathrm{f}(\mathrm{z})$ $\in$ A satisfies

$\frac{\mathrm{f}(\mathrm{z})}{\mathrm{z}}\prec\frac{1}{(1-\mathrm{z})^{\lambda}}$

Chen

$\mathrm{I}(\mathrm{f}(\mathrm{z}))$ $1/\alpha$

$\prec$
$2^{\mathrm{F}_{1}(\alpha+8,}\lambda\alpha$

$\alpha+8+1;\mathrm{Z})$

$\mathrm{z}$

where $\mathrm{a}>0$ ,

1 $+|\alpha+8|^{2}-$

1 $-$ $=<\lambda \mathrm{a}<3$ ,
$2{\rm Re}(\alpha+8)$

and $2^{\mathrm{F}}1(\mathrm{a}, \mathrm{b};\mathrm{c};\mathrm{Z})$ means the $\mathrm{h}\mathrm{y}\mathrm{p}\mathrm{e}\mathrm{r}\dot{\mathrm{g}}$ eometric function.

$\mathrm{P}_{\mathrm{R}00\mathrm{F}}1$ Let $\mathrm{g}(\mathrm{z})$
$=\mathrm{z}/(1-\mathrm{z})^{\lambda}$ in Theorem, then

I $( \mathrm{g}(\mathrm{z}))=\dagger\frac{\alpha+8}{\mathrm{z}^{8}}\int_{0}^{\mathrm{Z}}\mathrm{c}^{\beta-}\mathrm{C}1\alpha(1-\mathrm{t})^{-}\lambda\alpha \mathrm{d}\mathrm{t}\}1/\alpha$

$1/\mathrm{a}$

$= \int_{(^{(\alpha+_{8)}}}\mathrm{z}^{\alpha}\int_{0}1\mathrm{u}^{\alpha+8\alpha}-1_{(\mathrm{u})^{-}}1-\mathrm{z}\lambda$du $\}$
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$1/\mathrm{a}$

$=\mathrm{z}_{2}\mathrm{F}_{1}(\alpha+8, \lambda \mathrm{a}.\cdot\alpha+\beta+1;\mathrm{Z})$

Therefore, we have

I $(\mathrm{f}(\mathrm{z}))$ $1/\mathrm{a}$

$\prec$
$2^{\mathrm{F}}1^{(\cdot)}\mathrm{a}+_{8,\lambda\alpha;}\alpha+8+1.\mathrm{Z}$ .

$\sim$

$\mathrm{z}$

Taking $\alpha+8=1$ in Corollary 3, we have

$\mathrm{E}\cross \mathrm{A}\mathrm{M}\mathrm{p}$LE 1 $\iota$

If $\mathrm{f}(\mathrm{z})$ $\in$ A satisfies

$\mathrm{f}(\mathrm{z})$ 1
$\prec$

$\mathrm{z}$ (1 $-$ z)
$\lambda$

then

$\mathrm{I}(\mathrm{f}(\mathrm{z}))$ $1/\alpha$

$\prec$
$2^{\mathrm{F}}1^{(1,\lambda}\mathrm{a}$

$2;\mathrm{Z})$

$\mathrm{z}$

where $\alpha>0$ and $0=<\lambda\alpha<3$ .

If we make $\mathrm{a}+8=1+\mathrm{i}$ in Corollary 3, then we have

$\mathrm{E}\cross \mathrm{A}\mathrm{M}\mathrm{p}\mathrm{L}\mathrm{E}2$ , If $\mathrm{f}(\mathrm{z})$ $\in$ A satisfies

$\mathrm{f}(\mathrm{z})$ 1
– $\prec\overline{\lambda}$

$\mathrm{z}$ (1 $-$ z)

then

I $(\mathrm{f}(\mathrm{z}))$ $1/\alpha$

$\overline{\mathrm{z}}\prec$ $2^{\mathrm{F}_{1}(+}1+\mathrm{i}.,$
$\lambda\alpha;2\mathrm{i};\mathrm{Z})$

where $\alpha>0$ and $(\beta^{-}-1)/2\leqq\lambda \mathrm{a}<3$ .

$\mathrm{A}\mathrm{C}\mathrm{K}\mathrm{N}0\dagger \mathrm{V}\llcorner \mathrm{E}\mathrm{D}\mathrm{G}\mathrm{M}\mathrm{E}\mathrm{N}\mathrm{T}\mathrm{S}$
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