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CERTAIN SUBCLASSES OF MEROMORPHICALLY
MULTIVALENT FUNCTIONS

0O.S. Kwon*, J.A. KIM**, N.E. CHO** AND S. Owa***

(BEX - B%) (BIIKEK - BF) (8K BT BMER)

Abstract. Let ZP be the class of functions of the form
f(z)=?17+ZT?2-T+'..+ak+P—1zk+'" (PGN={1,2,'})

which are analytic in the punctured open unit disk. In this paper, a new subclass Zn'p(a,é,p.,/\) of Zp
is introduced. For functions fezn,p(ot,é,p.,z\), we find a sufficient condition on the function 962,

which can guarantee that

n+p (s
Re{ %'_I_-Fiﬁ;% } >a  (0<a<1,2€E={z:{z|<1})

implies
ntp—1lgc,
Re{——_r—-{—(—ll’;,, = ;(Z)}>ﬂ (0<a<B<1,2€E).

Further, some applications of this result are given.
1. Introduction and Preliminaries

Let ), denote the class of functions of the form

ap
zp—1

(1.1) f(z)=zi,,+ +otaggpo1zf 40 (PeEN={1,2,---})

which are analytic in the annulus D = {2 : 0 < |z| < 1}. The Hadamard product
or convolution of two functions f and g in Ep will be denoted by f * ¢g. Following
Uralegaddi and Path [6], we define

1
=z )

1 2Pl f(2) (ntp-1)
_z_P((n+p—1)!)

D™= f(z) =
(1.2)

?
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where n is any integer greater than —p. The symbol D"*?~! when p = 1 was
introduced by Uralegaddi and Ganigi [5]. It follows from (1.2) that

(1.3) (D™ £(2)) = (n + p)D™F? f(2) — (n + 2p) D™ f(2).

We denote by -, (@,6,u,A) the class of all functions f € >, such that

ntp—1f£()\ 1 n+p £( n+p—1 £( )\ p-1
Re{(l_)‘)(%ﬁ——lgg—z%) +A11;"+P]gcgz§ (g“ﬂ"‘ljgcgz;) }>a,

where g € 3 satisfies the condition

. { D+P71g(z)

< = :
T }>5 0<s<lzeE={z:|z] < 1}),

where o and p are real numbers such that 0 < o < 1,4 > 0, n is any integer

greater than —p and ) is a complex number such that Re{\} > 0.

The object of the present paper is to investigate some interesting properties and

applications for the class 3, (o, 6,4, A).
To establish our main results we need the following lemmas.

LEMMA 1. Let Q be a set in the complex plane C and let the function 7 :
C? — C satisfy the condition 1(irg,s1) ¢ §2, for all real r9,8; < —l’%lrz. Ifg(z) is
analytic in E with ¢(0) = 1 and ¥(g(2), 2¢'(z)) € @,z € E, then Re{g(2)} > 0 in
B={s:]dl <1}

A more general form of this lemma may be found in [3].

LEMMA 2([4]). If ¢(2) is ana.lytzc in E with ¢(0) = 1, and if X is a complex
number satisfying Re{\} > 0 (X #0), then Re{q(2)+Xz2¢'(z)} >a (0<a< 1)
implies Re{q(2)} > a + (1 — a)(2y — 1), where «y is given by

1
7= 7(Red) = / (1 +¢feN) " at
0
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which is increasing function of Re{\} and } < v < 1. The estimate is sharp in

the sense that the bound can not be improved.

For real numbers a, b,c with ¢ # 0,—1,—2,--- and ¢ > b > 0, the hypergeomet-
ric series ' ( \
abz a(la+1)b(b+1)z
Fla.bigz) =1+ T3+ —— 1y =

represents an analytic function in E [1]. The following identities are well known

[1].

LEMMA 3. For real numbers a,b,c with ¢ # 0,—1,-2,--- and ¢ > b > 0, we

have

! b=101 _ $)e=b=1(1 _ 42V %d¢t = F(b)F(C _ a‘) a.bc z
(1.4) /0 B (L= (1= ) e = SO S (e b )
(1.5) F(a,b;c;2) =(1—2z)"*F(a,c— bc; z_—z:_l)
and
(1.6) F(1,1;2; -;—) = 2[n2.

2. Main Results

THEOREM 1. Let f € En’p(a,&p,)\), A > 0. Then

n+p-—1
(2.1) Re(D f(z))” 2ntplan 53 041,40,z ¢ B),

D71g(z))  2(n+ p)u+ 61

where the function g € ) satisfies the condition

Dmtr—14(2)
Drtrg(z)

(2.2) Re( )>5 (0<6<1,z¢€ E).

Proof. Let v = %%% and we define the function ¢(z) by

()= -1 ((Brmm) 7).



Then ¢(z) is analytic in E and ¢(0) = 1. If we set §(z) = %;%)ﬁ, then by the
hypothesis, Re{8(z)} > 6. Differentiating g(z) and using the identity (1.3), we

have

(1—A)(w)“+,\D"+pf(2)(D"+P'1f(z)) -

Drtr=lg(z) Dr+pg(z) \ Dmtr—1 g(z)
= 7+ (= 7)a() + B2 ().
Let us define the function ¥(r,s) by
(2.3) b(rs) =7+ (1 =) + E 7; B(2)s.

Using (2.3) and the fact that f € >3, (a,6,, A), we obtain
{#(g(2),2¢'(2));z € E} C Q@ = {w € C; Re{w} > a}.

2
Now for all real 7,51 < __1+_27‘2_’ we have

Re{(irs, 1)} = v + 22 =D et}

p(n+p)
\ - ML -7)6(1 +13)
- 2p(n +p)
M1—=7)6
=7 2u(n+p)

Hence for each z € E, 1(irg,s1) ¢ Q. Thus by Lemma 1, Re{g(z)} > 0in E and

hence

DL f(2)»
Re{ Drtr—1g4(z) } >

in E. This proves our theorem.

COROLLARY 1. Let f(z) and g(z) bein ), and g(z) satisfy the condition (2.2).
IFA>1 and

Drtrlf(z) \ D™Pf(2)

(24)  Re{(1-)) Dy A Drre() }>a (0<a<lzeB)

then

Re {D"“‘Pf(z)} a(2n+2p+6)+5()\——1)
Dntry(z) 2(n+p)+Aé '
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Proof. We have

Dro1(2)
Dr+r-lg(z)

D™Pf(z) [ D™Pf(z) | D™PA()
Dres) = (AN Temigs) Doy

J+(-1) (z € E).

Since A > 1, making use of (2.4) and (2.1) (for u = 1), we deduce that

R DEIEN L a@n45) £ 04021
Dnrg(z) B 2(n+p)+ A '

COROLLARY 2. Let A be a complex number with Re{A} > 0 (A # 0). If
f €%, satisfies '

Re{(1— \)(zPD™P7 f(2))* + AP D™ f(2)(P D™ TP f(2))" 1} > o

for0 L a <1 and pu >0, then

2u(n + p)a + Re{A}
2u(n + p) + Re{A}

(2.5) Re{zPD"*P-1f(2)}* > (z € E).
Further, if A > 1 and f € ) satisfies
Re{(1 = X)zPD™*P71f(2) + AzPD*"*Pf(2)} > a (z € E),

then

Cn+2p+1a+Ar-1
2(n+p)+ A

(2.6) Re{2?D™"*Pf(2)} > (0<a<l,z€E).

Proof. The result (2.5) and (2.6) follows by putting g(2) = % in Theorem 1
and Corollary 1, respectively. ’

Remarks. Choosing n, u,p and A appropriately in Corollary 2, we obtain the
following results.

(i) For A=1,n =0 and p =1 in Corollary 2, we have ;

zf'(2) ®
(2.7) Re{(2+ £ @) }>a (0Sa<izeE)
implies

Re(zf(:)}* > 221 (¢ ).

2u+1



(ii) For a complex number ) satisfying Re{)\} >0 (A#0)andn=0,p=1

and g =1 in Corollary 2, we have ;
Re{(1+ Nzf(2) + A2 f(2)} >a (0<a<1,z€E)

implies
2a + Re{\}
2+ Re{\}

~ (i) Replacing f(z) by —zf'(z) in the result (ii), we have ;

Re{zf(2)} > (z€B).

—Re{(1+20)22f(2) + A2 f"(2)} >a (0<a<1l,z€E)

implies
2a + Re{A}

—Re{2%f'(2)} > 5T Re(\) (z € E).

(iv) Forreal A with A > 1 and n = OY, p=1and g =1 in Corollary 2, we have ;
Re{(14+ Nzf(z) + A\2*f'(z)} >a (0<a<1l,z€E)
implies

3a+A-1

Re{zf(2)} > —5

(z € E).

THEOREM 2. Let A be a complex number satisfying Re{\} > 0. Let f € }_,

satisfy the condition
(28)  Ref(1= N(ZD™ f(2)) + AP D™ () D™ () >

for some a(0 < o < 1) and p > 0. Then

(2.9)  Re{#”D™PTf(2)}* > a+(1-a)(20- 1),
where
1 L, Mntp) 1
p= 5F(1,1,1 + RelN] 2).
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Proof. Let q(z) = (2?D™*P~1 f(2))#. Then ¢(2) is analytic in E with ¢(0) = 1.
Differentiating ¢(z) and using the identity (1.3), we get

(1= A)(ZP D272 f(2))# + AP D™ f(2)(2? D™HP f(2))# 2

Azq'(2)
p(n +p)’

so that by the hypothesis (2.8), we have

=q(2) +

Azg'(2)
Re{q(z) + n +p)} >a (z€E). |

In view of Lemma 2, this implies that

Re{q(2)} > o + (1 - a)(2p - 1),

where

1
p = p(Re{A}) =/ (1 + tRermmm ) at.
0

Setting Re{A} = A\; > 0, we have
1 A
S
0
1 n
=H%—|—:£)-/ ul‘_(ﬁ&u—l(1+u)"ldu.
1 0

Using (1.4) and (1.5), we get
(nt+p) . wn+p)
. -1
Al 71 + Al ) )

1 pn+p) 1
=-F(1,1;1+ 858 0
P LT+ =550

p=F(1,E

COROLLARY 3. Let A be a real number satisfying A > 1. If f € >, satisfies
Re{(1 - N)2PD™*P71 f(2) + APD™"*Pf(2)} > a (z € E)
for a(0 < @ < 1), then

Re(2?D™Pf(2)) > « + (1-0a)20' = 1)(1 =271 (2 €E),
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where
1 n+p 1
Pz . .z
p _2F(1’1)1+ A 72)'
Proof. The result follows by using the identity

AZFD™P f(z) = [(1 = \)zP D™ f(2) + AP D™ f(2)] + (A — 1)2PD™P71 £(2).

Remark. We note that if n =0, p=1, u = A > 0 in Corollary 2, that is,
(2.10)  Re{(1 = N)(zf(e)* + A2 f'(2)(2f(2))* '} >a (0<a<1,z€E),
then (2.5) implies that

(2.11) Re(zf()* > 221

(z € E).
Whereas, if f € ), satisfies the condition (2.10), then by using Theorem 2,
Re(zf(2))* > 2(1 — In2)a + (2In2 - 1) (z € E),
which is better than (2.11).
Similarly, if n =p =1, A =21in (2.6) and
Re{22:D?*f(2) — zDf(2)} >« (z € E),

then we have

5a +1

Re(2D?f(z2)) > (z € E).
Whereas, by using (1.6), Corollary 3 implies that

Sa+1
5

Re(zD*f(2)) > 3[(3~ 2in2) + (2In2 — 1)] >

We observe that if A is a real number satisfying A > 0 and

D f(2) + (_1_ B 1) D=1 £(5)

M= D) T X T D)

(z € E),



then from Theorem 1 (for p = 1), we have ;

D""‘P‘lf(z)) 2(n+pla+ A6

a .
(2.12) Reh(z) > X implies Re(Dn+p—lg(z) 2n+p)+ 28

whenever -
n+p-—

R6<D i g9(2)

Dntrg(z)

Let A — 400, then from (2.12) we have ;

)>6 (026<1,z€E).

D1 £(z)

Reh(z) > 0 in E implies R6<W

)21inE,

whenever
(D“+”“19(2)
Drtrg(z)

In the following theorem, we shall extend the above results as follows.

>>6 (0<é6<1,z€E).

THEOREM 3. Suppose f(z) and g(2) are in 3, and g(z) satisfies the condition

(2.2). If
DMPf(z) D)y | (1-a)d
(2.13) Re{Dn+pg(Z) — D"+P“1g(z)} “m T ) (z€ E)
for some a(0 < a < 1), then
n+p—1 2
(2.14) Re{lD)Tp_l%} >a (z€E)
and
D™Pf(2 2n+2p+8a—6
(2.15) Ref Dn+PgEz§} ( 2(i = (z € E).

Proof. Let o
g(z)=(1-a)” [%,T,;% - 0‘]-

Then ¢(z) is analytic in E with ¢(0) = 1. Setting

_ Dn+p—1g(z)

B(z) = Drirg(z) (z € E),

124



we observe that by hypothesis, Re{8(z)} > § in E. A simple computation shows
that
(1 —a)zq'(2)B(z) _D™*?f(z) D *P71f(2)
n+p  Drtrg(z)  Drteoig(z)
=9(q(2), 24 (2)),

where ( \8(2)
1 —a)f(z)s
P(r,s) = TThtp
Using j;he hypothesis (2.13), we get
, - o _ . (1-a)s
{1(q(2),2¢'(2));z € E} CQ={w e C: Rew > —'m}'

2
Now, for all real ry,s; < —g—l—%ﬁl, we have

, _s1(1 = a)Re{B(2)}
Re{y(iry,s1)} = o
a1+
== 2(n +p)
(-6
= 2(n+p)

This shows that 1(iry,s1) ¢ 2 for each z € E. Hence by Lemma 1, Re{q(z)} > 0
in E. This proves (2.14). The proof of (2.15) follows by using (2.13) and (2.14) in
the identity

nt+pf(, n+p £, n+p—1 2» n+P—1f z
Re{ a0} = Re{ T - T | + e G d )

This completes the proof of Theorem 3.

1
z

Remarks. (i) For n =0, p=1and ¢g(z) = 1 in Theorem 3, we have ;

Re(zf(2) + 22f'(2)) > —(1 ; %) (z € E)

implies

Re(zf(z)) >a (z € E)
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and
Ja -1
2

(ii) Forn =p =1, g(z) = 1 in Theorem 3, we have ;

Re(22f(2) + 22f'(2)) > (2 € B).

Re(zD*f() - zDf(2)) > 22 (s € E)

implies
Re(zDf(z))>a (z€E)
and
Re(zD*f(2)) > ba -1 (z € E).
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