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Abstract
This paper is devoted to study illdex transforms under general constructions of

kernels, wllich involve the known Kontorovich-Lebedev, the MelIler-Fock integral
transforms and, further, the index transforms with Meijer’s $C_{\mathrm{I}}$-function and Fox’s
$H$-function as the kernels. Mapping properties and inversion theorem on the space
$L_{\nu,p}(\mathrm{R}_{+})\cap L_{\nu,1}(\mathrm{R}_{+})$ with the norm

$||f||_{\nu,p}=( \int_{0}^{\infty}t^{\nu p-1}|f(t)|\rho dt)1/p<\infty$ $(1\leq p\leq 2;\nu\in \mathrm{R})$

are investigated. As an example, the generalized $2F_{1}$ -index transform of the Olevskii
type is considered.
AMS Subject Classification (1991): $44\Lambda 15,44\mathrm{A}20$

1. Introduction

In this paper we deal with the so-called general index transform of the form

(1.1) $[Y_{i\tau}^{\varphi}f]( \tau)=\tau\int_{0}^{\infty}Y_{i}^{\varphi}(\mathcal{T}t)f(t)dt$ $(\tau>0)$ ,

where the kernel $1_{i_{\mathcal{T}}^{\varphi}}^{\nearrow}(X)$ is the respective index kernel of the kind

(1.2) $1_{i\tau}^{\nearrow\varphi}(x)= \int_{0}^{\infty}I\backslash _{i_{\mathcal{T}}}(y)\varphi(xy)\prime dy$ $(x>0)$ ,

involving the known Macdonald function $I\backslash _{i\tau}’(.\mathrm{T})[1]$ and an arbitrary characteristic func-
tion $\varphi(x)$ from some space $I_{\nu,p},(\mathrm{R}_{+})$ . The indicated Macdonald function with the imagi-
nary index is the kernel of the known $\mathrm{I}^{7}\backslash \mathrm{o}\mathrm{n}\mathrm{t}o\mathrm{r}\mathrm{o}1\mathit{7}$ich-Lebedev transform pair [2]

(1.3) $[ \mathrm{R}_{\vee^{\backslash }}^{\mathrm{f}}f](\tau)\equiv g(\tau)=\tau\int_{0}^{\infty}I\iota’i\tau(y)f(y)dy$ $(\tau>0)$ ,
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(1.4) $xf(x)= \frac{2}{\pi^{2}}\int_{0}^{\infty}\sinh(\pi\tau)T\backslash _{i\tau}(\prime a\cdot)g(\tau)d\mathcal{T}$ $(x>0)$ .

As it is known, the Macdonald function has the expression [1]

(1.5) $R_{i\tau}^{\nearrow}(X)= \frac{1}{2}\int_{-\infty}^{+\infty}e^{-}Cx\cosh\beta i\mathcal{T}\beta d\beta$ $(x>0)$ .

By the analytic property of the integrand in (1.5) and by its asymptotic $|$) $\mathrm{e}\mathrm{h}\mathrm{a}\mathrm{v}\mathrm{i}\mathrm{o}\mathrm{r}$ at the
contour we can $\mathrm{s}\mathfrak{l}$ ,irt its integral line to the horizontal open infinite strip $(i\delta-\infty, i\delta+\infty)$

with $\delta\in[0, \pi/2)$ as

(1.6) $K_{i\tau}(X)= \frac{1}{2}\int_{is_{-\infty}}^{i\delta}+\infty e^{-x}e\cosh\beta i\mathcal{T}\beta d\beta$ $(x>0)$ .

We note here the useful uniform estimate for the Macdonald function [9]

(1.7) $|I \mathrm{Y}_{i\tau}^{\nearrow}(x)|\leq C_{\delta}\frac{\tau+1}{\tau}e-\delta\tau-x\cos s$ $(\tau, x>0)$ ,

where $0\leq\delta<\pi/2$ and $C_{\delta}$ is a positive constant depending only on $\delta$ . In [7] and
later in [8] the generalization of the $\mathrm{I}\backslash ^{r}o\mathrm{n}\mathrm{t}\mathrm{o}\mathrm{r}\mathrm{o}\mathrm{v}\mathrm{i}\mathrm{C}^{\cdot}\mathrm{h}$ -IJebedev index transform $(1.3)-(1.4)$ was
constructed for the case of Meijer’s $C_{7}$-function [1] as the kernel. As it was shown (see also
[9] $)$ , this general index transform comprises enough wide class of integral transforms such
as the Mehler-Fock transform [10], [12], the Olevskii transform [9], the Lebedev-Skalskaya
transforms and its new generalizations [11]. Detailed information about index transforms
and modern results in this field can be found in the book [10].

In this paper we continue our approach to construct and investigate index transforms
in the weighted space $L_{\nu,p}(\mathrm{R}_{+})$ with $1\leq p<\infty$ and $\nu\in \mathrm{R}_{+}\equiv(0, \infty)$ of Lebesgue
measurable complex valued functions $f$ for which

(1.8) $||f||_{\nu,p}=( \int_{0}^{\infty}|t^{\nu}f(f)|^{\rho_{\frac{dt}{t})}}1/p<\infty$ .

When $\nu=1/p$ , this space reduces to the usual Lebesgue space $I_{\rho}\lrcorner(\mathrm{R}_{+})$ . There are not
so more papers dealt with the study of the mapping properties of the index transforms
in $L_{p}$-spaces for arbitrary values of $p$ . Most of the obtained results for $\mathrm{i}_{\mathrm{l}1}\mathrm{d}\mathrm{e}\mathrm{x}$ transforms
were devoted to the cases of $L_{1}$ and $L_{2}$ spaces. The survey and historical notices can be
seen in [9]. We note also that the $L_{p}$-theorems for the Mehler-Fock transform are given
in [10], [12]. We will study here not only $\mathfrak{m}\mathrm{a}\mathrm{P}\mathrm{P}\mathrm{i}\mathrm{n}\mathrm{g}$ properties of index transforms, but the
hypergeometric approach [9] on their investigations, and the composition structure using
the Mellin transform theory in $L_{\nu,p}$ and the theory of Mellin convolution type general
transforms (see [6]). The approach all $o\mathrm{w}\mathrm{s}$ us to obtain new interesting examples of index
transforms with special functions of hypergeometric type as the kernel, and give inversion
theorems in the spaces $L_{\nu,p}$ .

For $f\in L_{\nu,p}(\mathrm{R}_{+})$ with $1<p\leq 2$ the Mellin transform is defined by [6]

(1.9) $f^{*}(s)= \int_{0}^{\infty}f(t)t^{s}-1dt$ $({\rm Re}(s)=\nu)$ ,
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where the convergence of the integral (1.9) is understood in the norm of $I_{J}(q-i\infty\nu,$ $\nu+$

$i\infty)(q=p/(p-1))$ . In particular, if $f\in L_{\nu,p}(\mathrm{R}_{+})\cap L_{\nu,1}(\mathrm{R}_{+})$ , then the integral (1.9)
is the usual improper absolutely convergent integral. In what foll $o\mathrm{w}\mathrm{s}$ the parameter $p$ is
taken as $1\leq p<\infty$ when no otherwise is stated and the parameter $q_{C\iota_{P\mathrm{n}}}\mathrm{o}\mathrm{t}\mathrm{e}\mathrm{s}p/(p-1)$ .

Let us give some useful results from [6].

Theorem 1. If $f(x)\in L_{\nu,p}(\mathrm{R}_{+})(1<p\leq 2, \nu\in \mathrm{R})$ , then its AIelli$n$ tran.sform
$f^{*}(s)\equiv f^{*}(\nu+it)$ exists and belongs to tlte space $L_{q}(\mathrm{R})$ , where $\mathrm{R}\equiv(-\infty, \infty)$ .

Theorem 2. If $f^{*}(\nu+it)\in L_{p}(\mathrm{R})(1<p\leq 2, \nu\in \mathrm{R}),$ $tl\}en$ the inverse $\lambda \mathrm{r}_{e}llin$

$t$ransform

(1.10) $f(x)= \frac{1}{2\pi i}\int_{\nu-i}^{\nu+\cdot\infty}\infty f*(S)_{X}-sd_{S}$ $(x>0)$

exists and $f(x)\in L_{\nu,q}(\mathrm{R}_{+})$ . Moreover, the equa lity

(1.11) $f(x)= \frac{1}{2\pi i}\frac{d}{dx}\int_{\nu-i\infty}^{\nu+}i\infty\frac{f^{*}(s)}{1-s}x^{1}-sdS$ $(x>0)$ .

is $tr\mathrm{u}e$ for almost everywhere on $\mathrm{R}_{+}$ .

Theorem 3. If $f^{*}(\nu+?t)\in L_{p}(\mathrm{R}),$ $h(x)\in L_{1-\nu,p}(\mathrm{R}_{+})(1<p\leq 2, \nu\in \mathrm{R})$ , then the
Mellin-Parseval $eq$uality

(1.12) $\int_{0}^{\infty}f(xt)h(\iota)dt=\frac{1}{2\pi i}\int_{\nu-i\infty}^{\nu+}i\infty sf*(s)h^{*}(1-)X^{-S}ds$

$t$ akes $pl$ace.

At the final of this section let us note the II\"older inequality for weighted spaces

(1.13) $\int_{0}^{\infty}|f(t)h(t)|dt\leq||f||_{\nu,p}||h||_{1}-\nu,q$

for $f(x)\in L_{\nu,p}(\mathrm{R}_{+}),$ $h(x)\in L_{1-\nu,q}(\mathrm{R}_{+})$ , and the generalized Minkowski inequality

(1.14) $( \int_{0}^{\infty}d_{X}|\int_{0}^{\infty}f(x, y)dy|p)^{1/}p\leq\int_{0}^{\infty}dy(\int_{0}^{\infty}|f(x, y)|pdX)1/p$

2. General Results

In this section we will investigate the general index transform (1.1) in the space
$L_{\nu,p}(\mathrm{R}_{+})$ and will establish its inversion theorem.

First we need the following:
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Lemma 1. Let $\varphi(x)\in L_{\nu,p}(\mathrm{R}_{+})$ with $\nu<1$ and $p\geq 1$ . Then for the index kernel
$\mathrm{Y}_{i\tau}^{\varphi}(X)$ the es $\mathrm{t}$imate

(2.1) $||]_{i\tau}’ \varphi||\nu,p\leq c_{s},\Gamma(1-\nu)(\mathrm{c}o\mathrm{s}^{\nu-1}\delta)\frac{\tau+1}{\tau}e-s_{\mathcal{T}}||\varphi||\nu,p$ $(\tau>0)$

is $t$rtle, where $0\leq\delta<\pi/2$ a $ndC_{\delta}$ is a positive absol $\mathrm{I}lte$ constant depending on $ly$ on $\delta$ .
Proof. In view of the generalized Minkowski inequality (1.14) and $\mathrm{t}\mathrm{l}\mathrm{l}\mathrm{e}$ estimate (1.7)

of the Macdonald function $K_{it}(x)$ in (1.2), we obtain the following chain of expressions

(2.2) $||Y_{i\tau}^{\varphi}||_{\nu,p}=( \int_{0}^{\infty}xp\nu-1d_{X}|\int_{0}^{\infty}I\mathrm{f}_{i\tau}(y)\varphi(.\mathcal{T}y)dy|p)^{1/}p$

$\leq\int_{0}^{\infty}|I’\mathrm{t}_{i_{T}}(y)|dy(\int_{0}^{\infty}X\rho\nu-1|\varphi(_{X}y)|^{p}d_{X})^{1/_{\mathrm{P}}}=||\varphi||\nu,p\int_{0}^{\infty}y^{-\nu}|I\backslash i\tau(\prime y)|dy$

$\leq c_{\delta}’||\varphi||_{\nu},\rho\frac{\tau+1}{\tau}e^{-}s_{\mathcal{T}}\int_{0}^{\infty}e^{-y\mathrm{o}\mathrm{s}}yy\mathrm{c}\mathit{5}-\nu_{d}$

$=c_{s} \Gamma(1-\nu)(\cos-1\delta\nu)\frac{\tau+1}{\tau}e-^{s_{\tau}}||\varphi||_{\nu},p$ .

This completes the proof of Lemma 1.

$\mathrm{L}\mathrm{e}\mathfrak{m}\mathrm{m}\mathrm{a}2$ . Let $\varphi\in L_{1-\nu,q}(\mathrm{R}_{+})$ and $f(x)\in L_{\nu,p}(\mathrm{R}_{+})(\nu>0,p>1)$ . Then the index
$tr\mathrm{a}$nsform (1.1) has the estimate

(2.3) $|[1_{i\mathcal{T}}^{\prime\varphi}f](\mathcal{T})|\leq C_{\delta}\text{ノ}\Gamma(\nu)(\cos^{-\nu_{\delta}})(_{\mathcal{T}+}1)e^{-s}|\tau|\varphi||_{1}-\nu,q||f||_{\nu,p}$ $(\mathcal{T}>0)$ ,

where $0\leq\delta<\pi/\underline{9}$ and $C_{S}$ is a positi $\mathrm{v}\prime e\partial b.9\mathit{0}\mathit{1}l\iota te$ constant depending only on $\delta$ .
Proof. Using Lemma 1 and the H\"older inequality (1.13), we have

(2.4) $|[Y_{i_{\mathcal{T}}f](\mathcal{T})1}^{\varphi} \leq\tau\int_{0}^{\infty}|]_{i\tau}’\varphi(t)f(t)|dt$

$\leq C_{\delta}\Gamma(\nu)(\cos^{-\nu}\delta)(\mathcal{T}+1)e-\delta_{\mathcal{T}}||\varphi||_{1-\nu,q}||f||_{\nu,p}$ .

Thus Lemma 2 is established.

Corollary 1. The general index transform (1.1) is a bounded opera $tor$ from the
spa ce $L_{\nu,p}(\mathrm{R}_{+})(\iota \text{ノ}>0,p>1)$ into the space $L_{r}(\mathrm{R}_{+})(r\geq 1)$ and

(2.5) $||[]_{i\mathcal{T}}’\varphi f]||_{r}\leq C_{\nu,\delta}||f||\nu,p$

for $0<\delta<\pi/2$ , where $C_{\nu,\delta}$ is a positi $\mathrm{t}^{\gamma}e$ constant dependin$g$ on $lr$ on $\delta$ and $\nu$ .
Proof. By choosing some positive parameter $\delta\in(0, \delta/2)$ , we obtain

(2.6) $||[Y_{i\tau}^{\varphi}f]||_{r} \leq C_{\delta}\Gamma(\nu)(\cos^{-\nu}\delta)||f||_{\nu,p}(\int_{0}^{\infty}(\tau+1)^{\mathrm{r}-^{s_{r}}}ed\mathcal{T}\tau)^{/\prime}\iota=C_{\nu},S||f||_{\nu,p}$

from the estimate (2.4), which proves (2.5).
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Let us consider $\mathrm{t}1_{1}\mathrm{e}$ operator

(2.7) $(I_{\epsilon}^{\psi}g)(x)= \frac{2}{\pi^{2}}\int_{0}^{\infty}\sinh((\pi-\epsilon)_{\mathcal{T}})1r_{i}\psi(\mathcal{T})Xg(\mathcal{T})d\mathcal{T}$ $(x>0)$ ,

where $\epsilon\in(0, \pi)$ and $1_{i\tau}^{\prime\psi}(x)$ is the index kernel of tbe type (1.2) $|)1\iota \mathrm{t}$ wit $\mathrm{t}_{1}$ another charac-
teristic function $r \int’(x)$ .

Theorem 4. Let $’\psi,$ $\in L_{1}(\mathrm{R}_{+})\mathrm{n}L_{\nu}+1,1(\mathrm{R}_{+}),\varphi\in L_{1-\nu,q}(\mathrm{R}_{+})(\iota \text{ノ}>0, q>1)$. $Tl\mathit{1}en$ for
the function $g(\tau)=[]_{i_{\mathcal{T}}}^{r\varphi}f](\tau)$ represented $b\mathrm{v}$ the general index transform (1.1) $\iota\tau^{r}ith$ the
density $f(y)\in L_{\nu,\rho}(\mathrm{R}_{+})$ , the operator (2.7) has the form

(2.8) $(I_{\epsilon}^{\psi}g)(x)= \frac{\sin\epsilon}{\pi}\int_{0}^{\infty}\int_{0}\infty\frac{uvI\iota_{1}’(\sqrt{\uparrow\iota^{2}+\tau^{2}-2uv\cos\epsilon})}{\sqrt{u^{2}+v^{2}-2uv\cos\epsilon}},\psi(x\mathrm{t}\ell)(\Phi f)(v)dudv$ ,

where $K_{1}(z)$ is the Macdonald $f\mathrm{u}$nction of index 1 and $(\Phi f)(x)$ is the $\Lambda$ Mellin $co\mathrm{n}vol\mathrm{u}$tion
type transform [9]

(2.9) $( \Phi f)(X)=\int_{0}^{\infty}\varphi(xy)f(y)dy$ $(X>0)$

with the kernel $\varphi(x)$ .
Proof. First we note that the composition

(2.10) $[\mathrm{Y}_{i_{\mathcal{T}}f]}^{\varphi}(\tau)=[\mathrm{R}\mathrm{C}(\Phi f)](\tau)$

holds for the index transform (1.1), from the estimate (2.4) and the Fubini theorem
for the respective iterated integral in the right-hand side of (2.10), where [RC$f$] $(\tau)$ is
the Kontorovich-Lebedev transform (1.3) of an arbitrary function $f$ . Substituting (2.7)
instead of $g(\tau)$ the composition representation (2.10) and instead of the kernel $Y_{i\tau}^{\psi}(x)$ its
definition (1.2), we obtain the iterated integral

(2.11) $(I_{\zeta}^{\psi}g)(x)= \frac{2}{\pi^{2}}\int_{0}^{\infty}\sinh((\pi-\mathcal{E})\mathcal{T})\int_{0}^{\infty}\psi(xv)\mathrm{A}_{i\tau}’(v)dv$

$\cross\tau\int_{0}^{\infty}Ii_{i}’\tau(u)\int_{0}^{\infty}f(y)\varphi(uy)dyd\mathrm{C}\iota d\tau$ $(x>0)$ .

Using the inequality (1.7) and the condition on the function $\psi,\mathrm{w}\mathrm{e}$ deduce the estimate of
the kernel $\mathrm{Y}_{i\tau}^{\psi}(x)$

$|Y_{i\tau}^{\psi}(_{X})| \leq C_{\delta^{\frac{\tau+1}{\tau}}}e-s\tau\int^{\infty}0’ e^{-v}|\psi(X\mathrm{t})|\infty \mathrm{s}sdv$

$\leq C_{1}\frac{\tau+1}{\tau}e^{-^{s_{\tau}}}\int_{0}^{1}|\psi(xv)|dv+C_{2}\frac{\tau+1}{\tau}e^{-s_{\tau}}\int_{1}^{\infty}|\uparrow[,(Xv)|v^{\nu}dv$

$\leq(C_{1}||\psi||_{L_{1}}\mathrm{t}\mathrm{R}+)+^{c|}2X^{-\nu}|\uparrow \mathit{1})||_{L_{\nu+}}1,1(\mathrm{R}+))\frac{\tau+1}{x\tau}e-s_{\mathcal{T}}$ .

Hence invoking to (2.3) for each $x>0$ , we can estimate the integral (2.11) for $\epsilon\in(0, \pi)$

(2.12) $|(I_{\epsilon}^{\psi_{g}})(x)|\leq(C_{1}x^{-1}||\psi||L_{1}(\mathrm{R}_{+})+C_{2}x^{-}\nu-1||\psi||_{L_{\nu}}+1,1\{\mathrm{R}_{+}))||\varphi||_{1q}-\nu,||f||_{\nu,\rho}$

$\cross\int_{0}^{\infty}\frac{\sinh((\pi-6)\mathcal{T})}{\tau}(_{\mathcal{T}}+1)2(\delta 1+s_{2})\tau_{d\infty}\tau e^{-}<$ ,

64



where $\nu>0$ and we choose $\delta_{i}(i=1,2)$ such that $\pi-\epsilon<\delta_{1}+\delta_{2}<\pi$ . Ifence we observe
that the integral by $\tau$ in the estimate (2.12) is convergent and we can apply the Fubini
theorem to obtain (2.8) after using the formula [5, Vo1.2, (2.16.52.6)]

(2.13) $\frac{2}{\pi}\int_{0}^{\infty}\mathcal{T}\mathrm{S}\mathrm{i}_{111_{1}(}(\pi-\epsilon)\tau)I\mathrm{f}_{i\tau}(x)\mathrm{r}\iota_{i}(’)\mathcal{T}yd_{\mathcal{T}}=\sin\epsilon\frac{xyI\mathrm{f}_{1}(\sqrt{x^{2}+y^{2}-2xy\cos\epsilon})}{\sqrt{x^{2}+y^{2}-\underline{)}I?/\mathrm{c}o\mathrm{s}\epsilon}}$ .

at the inside integral by $\tau$ . Thus Theorem 4 is proved.

The inversion of the general index transform (1.1) in $L_{\nu,p}$ is given by

Theorem 5. $I_{\lrcorner}et1<p\leq 2,0<\nu<1$ and $g(\tau)=[]_{i\tau}’\varphi f](\tau)$ , where $f(x)\in$

$L_{\nu,p}(\mathrm{R}_{+})\cap L_{\nu,1}(\mathrm{R}_{+})$ and $\varphi\in L_{1-\nu,q}(\mathrm{R}_{+})\cap L_{1-\nu.1}(\mathrm{R}_{+})$. Let the characteristic $f\mathrm{u}$nction
$\psi(x)$ s\^atisfying conditions in Theorem 4 be from the space $L_{1+\nu,\rho}(\mathrm{R}+)$ . Then the limit
$eq\mathrm{u}$ ality of the type

(2.14) $1. \mathrm{i}.\mathrm{m}\epsilonarrow 0\dotplus(I_{\epsilon}\psi g)(X)=\frac{1}{x^{2}}\int_{0}^{x}f(y)dy$ $(X>0)$

in the $L_{1+\nu,p}-\mathrm{n}o\mathrm{r}m$ is valid if and on$ly$ if the equality

(2.15) $\psi^{*}(1+s)\varphi^{*}(1-S)=\frac{1}{1-s}$ $({\rm Re}(s)=\nu)$

is $f\mathrm{u}$ lfiilled, $wh\mathrm{e}Te\psi^{*}and$ $\varphi d*te\mathrm{n}oe$ the Mellin $tr\mathrm{a}n$sform (1.9) of funct ions $\psi(x)$ and $\varphi(x)$ ,
$\mathrm{r}es_{\mathrm{P}^{eCti}y}\iota^{r}el$. Further, the limit in (2.14) $e\mathrm{x}$ ists almost $e\mathrm{t}^{\gamma}e\mathrm{r}_{\mathrm{J}}\prime \mathrm{w}^{\mathit{7}}here$ on $\mathrm{R}_{+}$ .

Proof. The proof follows after the respec( $\mathrm{i}\mathrm{V}\mathrm{e}$ treatment of the integrals in (2.8).
Indeed, by changing the variable $v=u(\cos\epsilon+t\sin\epsilon)$ , we obtain the equality

(2.16) $(I_{\epsilon}^{\psi}g)(x)= \frac{1}{\pi}\int_{0}^{\infty}\int_{-\infty}^{\infty}\frac{R(t,u,\epsilon)}{t^{2}+1}ul^{/,((\mathrm{S}\mathrm{i}c}tXu\cos\in+t\iota 1.))$

$\cross(\mathrm{c}o\mathrm{s}\epsilon+t\sin\epsilon)(\Phi f)(u)dudt$ ,

where $\epsilon\in(0, \pi)$ and

(2.17) $R(t, u, \epsilon)=\{$

$u\sin\epsilon\sqrt{t^{2}+1}I_{11}^{\nearrow}(u\sin\epsilon\sqrt{t^{2}+1})$ $(t\geq-\cot\epsilon)$ ,

$0$ $(t<-\cot\epsilon)$ .

It is easily seen from the asymptotic behavior of the Macdonald function $I_{11}^{\nearrow(z}$ ) $[1]$

$|R(t, u, \epsilon)|\leq C$

for any $t\in \mathrm{R},$ $u\in \mathrm{R}_{+}$ and $\epsilon\in(0, \pi)$ , where $C$ is a positive constant, and

$\lim_{\epsilonarrow 0+}R(t, u,C)=1$ .

65



Hence by estimating the norm (1.8) of $11\mathrm{l}\mathrm{e}$ obtained operator (2.16) in the space $I_{J}\nu,p(\mathrm{R}_{+})$

by the aid of the generalized Minkowski inequality (1.14) and the condit ions of this the-
orem, we find

(2.18) $||(I_{\epsilon}^{\psi}g)||_{\nu+1},p$

$\leq\frac{C}{\pi}\int_{0}^{\infty}u|(\Phi f)(u)|\int_{-\cot\epsilon}^{\infty}\frac{1}{t^{2}+1}||\psi(Xu(\cos\epsilon+t\sin\epsilon))||\nu+1,p(\cos\epsilon+t\sin\epsilon)dtdu$

$\leq\frac{C}{\pi}||\psi’||_{\nu+1.\mathrm{p}}\int_{0}^{\infty}u^{-\nu}\int_{0}^{\infty}|f(y)\varphi(uy)|dyd1/\int_{-\cot}^{\infty}\mathrm{g}\frac{(\cos\epsilon+t\sin\epsilon)^{-\nu}}{t^{2}+1}.dt$

$\leq C_{1}||\psi||_{\nu+}1.\rho||\varphi||_{1\nu,1}-||f||_{\nu,1}$ ,

where $C$ and $C_{1}$ are positive constants. Wh$\epsilon \mathrm{n}0<\nu<1$ , by virtue of the formula [5,
Vol.l, (2.2.9.7) $]$ we can estimate the integral

$I_{\epsilon}= \int_{-\cot \mathcal{E}}^{\infty}\frac{(\cos\epsilon+l\sin\epsilon)-\nu}{t^{2}+1}dt$

and obtain $I_{\epsilon}\leq A$ $\sin\epsilon$ for $A$ being a positive constant and $\epsilon\in(0, \pi)$ . Further, since
$f(x)\in L_{\nu,p}(\mathrm{R}_{+})$ , then one can show that

$\frac{1}{x^{2}}\int_{0}^{x}f(y)dy\in L_{\nu}+1,p(\mathrm{R}+)$ .

Indeed, using the inequality (1.14) we have that

(2.19) $|| \frac{1}{x^{2}}\int_{0}^{x}f(y)dy||\frac{1}{x}\int_{0}^{1}f(Xy)dy||_{\nu+\iota_{\rho}}$

,

$\leq\int_{0}^{1}dy(\int_{0}^{\infty}|x^{\nu}f(xy)|^{p}\frac{dx}{x}\mathrm{I}^{1/p}=||f||_{\nu,p}\int \mathrm{o}y-\nu dy<\infty 1$.

So, by the known properties of the Poisson kernel $p(t)=1/\pi(t^{2}+1)$ we obtain from the
equality (2.16) the estimate

(2.20) $||(I_{\epsilon}^{\psi_{g}})- \frac{1}{x^{2}}\int_{0}^{x}f(y)dy||_{\nu+}1,p$

$\leq\frac{1}{\pi}\int_{-\infty}^{\infty}\frac{|\cos\epsilon+t\sin\epsilon|}{t^{2}+1}$

$\cross||\int_{0}^{\infty}u(\Phi f)(u)R(t, u,\epsilon)\psi(xu(\cos\epsilon+t\sin\epsilon))du-\frac{1}{x^{2}}\int_{0}^{x}f(y)dy||\nu+1,pdt$.

We must now establish that the right-hand side of inequality (2.20) tends to zero, as
$\epsilonarrow 0+$ , which will lead to the limit equality (2.14). In fact, using the above estimates
and the Lebesgue theorem, we observe that the right-hand side of (2.20) tends to the
expression

(2.21) $|| \int_{0}^{\infty}u(\Phi f)(u)\psi(.\tau u)du-\frac{1}{x^{2}}\int_{0}^{x}f(y)dy||_{\nu+\rho}1,$
’
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which is equal to zero. Incleed, according to the Mellin-Parseval equality (1.12) and owing
to Theorems 1-3, we can represent the Mellin convolution type transform (2.9) in the form

(2.22) $( \Phi f)(X)=\frac{1}{2\pi i}\int_{\nu-i}^{\nu+i\infty}\infty sf^{*}()\varphi^{*}(1-S)x-1dsS$ ,

where $\varphi^{*}(s)$ is the Mcllin transform (1.9) of the function $\varphi(x)$ , and $\varphi^{*}(1-\iota \text{ノ} -it)$ $\in L_{p}(\mathrm{R})$ .
Since $f^{*}(\nu+it)\in L_{q}(\mathrm{R})$ , then by the II\"older inequality the integral (2.22) is absolutely
convergent and the estimate $|(\Phi f)(X)|\leq c,x^{\nu-}1(x>0)$ is obtained. From $?l’\in L_{\nu+1,1}(\mathrm{R}+)$

and by the Fubini theorem, we can change the order of integration in the iterated integral
in (2.21) accounting (2.22) and have the equality

(2.23) $|| \int_{0}^{\infty}u(\Phi f)(u)\psi(x\mathrm{t}\ell)du-\frac{1}{x^{2}}\int_{0}^{x}f(y)dy||_{\nu+}1,p$

$=|| \frac{1}{2\pi i}I_{\nu-i\infty}\nu+i\infty)f*(_{S})\psi^{*}(1+s\varphi^{*}(1-s)x-s-1ds-\frac{1}{x^{2}}\int_{0}^{x}f(y)dy||_{\nu+}1,p$

$=|| \frac{1}{2\pi i}\int_{\nu-i}^{\nu+\infty}i\infty\frac{f^{*}(s)}{1-s}x-S-1d\mathit{8}-\frac{1}{x^{2}}\int_{0}^{x}f(y)dy||_{\nu}+1,p=0$ ,

under the equality (1.11), if $\psi^{*}(1+s)\varphi^{*}(1-S)=(1-s)^{-}1$ . $\mathrm{I}\mathrm{n}\mathrm{V}\mathrm{e}\mathrm{r}\mathrm{s}\mathrm{e}\mathrm{l}.\mathrm{V}$, if

(2.24) $|| \frac{1}{2\pi i}\int_{\nu-i\infty}^{\nu+\infty}if*(s)\psi*(1+s)\varphi^{*}(1-\mathit{8})X^{-s-1}dS-\frac{1}{x^{2}}\int_{0}^{x}f(y)dy||\nu+1,\rho=0$ ,

then for almost all $x>0$ it follows that

$\int_{0}^{x}f(y)dy=\frac{1}{2\pi i}\int_{\nu-i\infty}^{\nu+}i\infty.1f^{*}(\mathrm{Q})\iota^{/}’(+*)S\varphi(*1-s)Xd1-sS$

and from the $\mathrm{e}\mathrm{q}_{1}\iota \mathrm{a}$
] $\mathrm{i}\mathrm{t}\mathrm{y}(1.11)$ and Theorem 1, we have the relation (2.15). Thus from

(2.23) we conclude the validity of the limit relation (2.14). The existence of the limit
almost everywhere on $\mathrm{R}_{+}$ follows from the radial property of the Poisson kerncl $P(i)=$

$p(|t|)\in L_{1}(\mathrm{R}_{+})$ . Theorem 5 is proved.

3. $2F1$-Index Transform of the Olevskii Type

In this section we consider a very important example of the general index transform
(1.1) bei $n\mathrm{g}$ introduced by Olevskii [4], which contains the Gauss hypergeometric function
[1] as the kernel and generalizes the famous Mehler-Fock index transform [10], [12] with
the associated Legendre function of the first kind [1]. Indeed, putting into the formula
(1.2) $\varphi(x)=x^{\alpha-1}J_{\mu}(x)(x>0, {\rm Re}(\alpha+\mu)>0)$ , where $J_{\mu}(x)$ is the Bessel function [1], we
obtain the value of the respective index kernel $l_{i_{\mathcal{T}}}^{\prime\varphi}(X)$ using formula [.5, Vo1.2, (2.16.21.1)]
as

(3.1) $\int_{0}^{\infty}y^{\alpha-}J_{\mu}1(Xy)\tau_{\iota}\prime i\mathcal{T}(y)dy$
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$=\underline{9}^{\alpha-2_{X}}\mu_{\frac{\Gamma((\alpha+\mu+i\tau)/\underline{9})\mathrm{r}((\alpha+jl-i_{\mathcal{T}})/2)}{\Gamma(\mu+1)}}$

$\cross 2F1(\frac{\alpha+\mu+i\tau}{2},$ $\frac{\alpha+_{l}\iota-i_{\mathcal{T}}}{2};\mu+1;-x2)$ $(_{T>}.0)$ .

Thus the formula (1.1) is reduced to the Olevskii transform

(3.2) $[_{2}F_{1}^{i\tau}f]( \tau)=\underline{9}^{\alpha-2}\mathcal{T}\frac{\Gamma((\alpha+\mu+i\mathcal{T})/\underline{9})\mathrm{r}((\alpha+/l-i\tau)/2)}{\Gamma(//+1)}$

$\cross\int_{0}^{\infty}t^{\alpha+}\mu-12F1(\frac{\alpha+//+?\mathcal{T}}{2}.,$ $\frac{\alpha+\mu-i\tau}{2};/l+1;-t^{2}\mathrm{I}^{f(t)d}t$ .

Let us establish the inversion formula for the Olevskii transform (3.2) in the space $L_{\nu,p}$

following to Theorem 5. From the asymptotic behavior of the Bessel $\mathrm{r}_{\mathrm{t}\mathrm{l}\mathrm{n}\mathrm{c}}\mathrm{t}\mathrm{i}\mathrm{o}\mathrm{n}[1]$ we find
that of the characteristic function $\varphi(x)=x^{\alpha-1}J_{\mu}(x)$ , as $xarrow+0$ and $xarrow\infty$ . Precisely,
we have

(3.3) $x^{\alpha-1}J_{\mu}(x)=o(x^{\alpha+})\mu-1$ $(xarrow+0)$ , $x^{\alpha-1}J_{\mu}(X)=^{o(.)}x^{\alpha}-3/2$ $(xarrow\infty)$ .

Thus in order to be fulfilled the assumption of Theorem 5 $\varphi\in I_{1-\nu,q},(\mathrm{R}_{+})\cap L_{1-\nu,1}(\mathrm{R}_{+})$ ,
we assume that the inequality

(3.4) $- \frac{1}{2}<\nu-{\rm Re}(\alpha)<{\rm Re}(\mu)$

holds as a corollary of the absolute convergency of the respective integral (1.8). Further,
from the functional relaticn (2.15) we easily obtain the expression for the Mellin image of
the characteristic function $?l’(x)$ at the point $1+s$ as

(3.5) $\psi^{*}(1+s)=[\varphi^{*}(1-\mathit{8})]^{-}1(1-S)-1$ $({\rm Re}(s)=\nu)$ .

Invoking to the value of the integral [5, Vo1.2, (2.12.2.2)]

(3.6) $\varphi^{*}(s)=\int_{0}^{\infty}x^{\alpha+-2}J_{\mu}(x)d_{X=2^{\alpha+S-2}}\frac{\Gamma((\alpha+s+/\iota-1)/2)}{\Gamma((\mu-\alpha-S+3)/2)}S.$
’

the equation (3.5) takes the form

(3.7) $\psi^{*}(1+s)=2^{-}\alpha+s+1\frac{1}{1-s}\frac{\Gamma(1+(-\alpha+s+_{\mathit{1}}l)/\underline{\mathrm{Q}})}{\mathrm{I}^{\urcorner}((\mu+\alpha-S)/2)}$.

Hence one can express the characteristic function $?f’(x)$ in terms of the Mellin-Barnes
integrals using the Slater theorem [3], that is

(3.8) $x \psi(x)=\frac{2^{-\alpha+1}}{2\pi i}\int_{\nu/\infty}^{/\infty}\nu_{2-i}2+i\frac{\Gamma(1+(\mu-\alpha)/2+s)\mathrm{r}(1/2-\mathrm{c}\mathrm{s})}{\mathrm{r}((/\mathit{1}+\alpha)/2-s)\Gamma(3/2-S)}(x/2)^{-}2sdS$ .

First let us discuss the convergence of $\mathrm{t}\mathrm{l}\mathrm{l}\mathrm{e}$ integral (3.8). By the asymptotic Stirling
formula for the Euler gamma-function [1] we easily have that $\psi^{*}(1+\nu+it)=O(|t|^{\nu-}{\rm Re}(\alpha))$

$(|t|arrow\infty)$ . Therefore if we make to be precise the right inequality in (3.4) as $\nu-{\rm Re}(\alpha)<$
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$\min[{\rm Re}(l^{\mathrm{t}}), -1/q](q>2)$ , then we arrive at $\psi^{*}(1+\nu+it)\in I_{q},(\mathrm{R})$ for any $q>2$ (see
also Theorem 1) $\mathrm{w}\mathrm{l}\mathrm{l}\mathrm{e}\mathrm{n}1<p<2$. So the integral (3.8) is convergent in the mean sense,
but since $\nu$ –Re(n) $<0$ in the oscillat ion term of the Stirling formula, it allows us to
conclude that the $i_{11}\mathrm{t}_{G}\mathrm{g}\mathrm{r}\mathrm{a}\iota(3.8)$ is conditionally convergent, too. Morcover, from Theorem
2 it foll $o\mathrm{w}\mathrm{s}$ that $\psi(?\cdot)\in L_{1+\nu,\rho}(\mathrm{R}_{+})(1<p<9-)$ . Let us show $\mathrm{t}\mathrm{l}\mathrm{l}\mathrm{a}\mathrm{t}\mathrm{t}\mathrm{l}\mathrm{l}\mathrm{e}$ value $p=1$ is
also possible in this case. For this, we will use the corollaries of the Slater theorem [3].
We note that it is not necessary to evaluate the integral (3.8), $\mathrm{b}\mathrm{e}\mathrm{c}\mathrm{a}\mathrm{l}\mathrm{l}\mathrm{s}\mathrm{e}$ the final purpose
is to write the inversion operator like (2.7) for the introduced Olevskii transform and for
this we need to evaluate the respective kernel $Y_{i\tau}^{\psi}(x)$ . It is more easy to use the Mellin-
Parseval formula (1.12) on this matter which is allowed to avoid the direct calculation of
the function $\psi(x)$ .

Now let us assume that the contour at the integral (3.8) separates the right and left
poles of the integran($\mathrm{i}$ , for which let us set

(3.9) $-2+\mathrm{I}\mathrm{t}\mathrm{e}(\alpha-\mu)<\nu<1$ .

Hence from the Slater theorem and its corollaries (see details [3]) it foll $o\mathrm{w}\mathrm{s}$ the asymptotic
behavior of the function $\psi$

(3.10) $\psi(x)=^{o(}x^{1+\mu}-\alpha)$ $(xarrow 0+)$ , $\psi(x)=o(x-2)$ $(xarrow\infty)$ .

Therefore, if $1+\nu+{\rm Re}(\mu-\alpha)>0$ , then we achieve the property $\uparrow[’\in L_{\nu+1,1}(\mathrm{R}+)$ taking
into account the integral (1.8) and the asymptotic (3.10), because the function $\psi$ has no
other singularities as we $\mathrm{c}\mathrm{o}n$ cluded from the Slater theorem.

To write the inversion formula like (2.14) we need to evaluate only the integral (1.2)
for the kernel $Y_{i\tau}^{\psi}(x)$ . Making use of the Mellin-Barnes representation [3, \S 10, 9.3(1)] of
the Macdonald function $I\mathrm{f}_{i\tau}(x)$

(3.11) $I \mathrm{f}_{i\tau}(X)=\frac{1}{4\pi i}\int_{\gamma-i\infty}^{\gamma+i}\infty 2s-1\mathrm{r}(\frac{s+i\tau}{2})\Gamma(\frac{s-i\tau}{2})x^{-s}ds$ $(x>0, \gamma>0)$ ,

we substitute it into the formula (1.2) for the kernel $\mathrm{Y}_{i\tau}^{\psi}(X)$ . We perform to change the
order of integration by the Fubini theorem in view of the Stirling formula, by noting the
asymptotic (3.10) and by taking the positive parameter $\gamma$ such that $2+{\rm Re}(\mu-\alpha)-\gamma>0$

to provide the property $x^{-\gamma}\psi(X)\in L_{1}(\mathrm{R}_{+})$ . Thus after evaluating $\mathrm{t}\}_{1}\mathrm{e}$ inside integral of
the formula (3.7), we obtain the $\mathrm{r}\mathrm{e}\mathrm{p}\mathrm{r}\mathrm{e}\mathrm{s}\mathrm{e}\mathrm{n}\mathrm{t}_{}\mathrm{a}\mathrm{t}\mathrm{i}\mathrm{o}\mathrm{n}$

(3.12) $Y_{i\tau}^{\psi}(X)= \frac{2^{-\alpha}}{4\pi i}\int^{\gamma}\gamma-i\infty\Gamma+i\infty(\frac{s+i\tau}{2})\Gamma(\frac{s-i\tau}{2})\frac{\Gamma(1+(\mu-\alpha-S)/2)}{\Gamma((\mu+\alpha+9)/2)(1+s)}.x^{s-1}d_{S}$ .

Then from the differential properties of the last integrand and the uniform convergence
of the integral (3.12), it can be written as

(3.13) $Y_{i\tau}^{\psi}(x)= \frac{2^{-\alpha_{X}-2}}{4\pi i}\int_{0}^{x}dt\int_{\gamma i\infty}\gamma+i\infty\Gamma-(\frac{s+i\tau}{2})\Gamma(\frac{s-i\tau}{2})\frac{\Gamma(1+(\mu-\alpha-S)/2)}{\Gamma((\int^{\ell+}\alpha+S)/2)}t^{s}ds$

$=2^{-\alpha}x^{-2} \int_{0}^{x_{F(}}t,$ $i\tau)dt$ .
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Finally, calculating the Mellin-Barnes illtegral (3.13) by the Slater $\mathrm{t}\mathrm{l}\iota \mathrm{e}\mathrm{o}\mathrm{r}\mathrm{e}\mathrm{m}$ , we arrive at
relations depending on the values of variable $t$

(3.14) $F(t, i\tau)=t^{2+\mu-\alpha_{\frac{\Gamma(1+(\mu-\alpha+i\mathcal{T})/\underline{9})\Gamma(1+(\mu-\alpha-i_{\mathcal{T}})/\underline{9})}{\mathrm{I}^{\backslash }(\int\ell+1)}}}$

$\cross 2F1(1+\frac{\mu-\alpha-i_{\mathcal{T}}}{2},$ $1+ \frac{l^{\iota-\alpha+i\tau}}{2};\mu+1;-l^{2})$ $(0<t\leq 1)$ ,

(3.15) $F(t, i \tau)=t^{-i\tau}\frac{\Gamma(1+(\mu-\alpha-i\tau)/\underline{9})\Gamma(i\mathcal{T})}{\mathrm{r}((\mu+\alpha+i\mathcal{T})/\underline{)})}$.

$\mathrm{x}_{2}F_{1}(1+\frac{\mu-\alpha-i_{\mathcal{T}}}{2},$ $1- \frac{l’+\alpha+i\tau}{2};1-i\tau;-t^{2})$

$+t^{i\tau} \frac{\Gamma(1+(\mu-\alpha+?\tau)/2)\mathrm{r}(-i\tau)}{\Gamma((\mu+\alpha-i\tau)/2)}$

.

$\cross 2F1(1+\frac{\mu-\alpha+i_{\mathcal{T}}}{2},$ $1- \frac{\mu+\alpha-i\tau}{2};1+i\tau;-t^{2)}$ $(t>1)$ .

Thus as a conclusion we obtain:

Theorem 6. Let $1<p<2,0<\nu<1$ and $g(\tau)=[_{2}F_{1}^{i}\tau f]$ be the Olevskii type
$t$ransform (3.2) of a functio$\mathrm{n}f(x)\in L_{\nu,\rho}(\mathrm{R}_{+})\cap L_{\nu,1}(\mathrm{R}_{+})$ . $T\mathit{1}_{l}en$ under $co\mathrm{n}$ dition (3.4)
and ineq $1l\mathrm{a}\mathit{1}i\iota y1+\nu+{\rm Re}(l^{\ell-}\alpha)>0$, the inversion formllla

(3.16) $\int_{0}^{x}f(y)dy=1.\mathrm{i}.\mathrm{m}_{\dotplus}\frac{2^{-\alpha+1}}{\pi^{2}}\epsilonarrow 0\int_{0}^{\infty}\int^{x}0\sinh((\pi-\epsilon)\mathcal{T})F(t, i\tau)_{\backslash }’/(\mathcal{T})dld\tau$ $(x>0)$

is $t$rue by the norm in the space $L_{\nu-1,p}(\mathrm{R}+)$ , and the limit in (3.16) exists almost every-
where on $\mathrm{R}_{+}$ .
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