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Among the most important questions about turbulence, is the origin of
intermittency in a flow. Another, closely related, is whether there is an
ultimate, high Reynolds number regime, and if so, how it ari ses and how to
characterize it.

The main difficulty in studying these questions is that an experiment
usually gives access only to a limited range of Reynolds numbers. Physicists
have to compare results from different experimental configurations, such as
grid, jet and tunnel flow wi th the hope that the Taylor based Reynolds
number $\mathrm{R}_{\Theta}$ is the unique and universal parameter for turbulence [1].

With cryogenic experiments using gaseous $4\mathrm{H}\mathrm{e}[2]$ it becomes possible
to cover a large range of $\mathrm{R}_{\Theta}$ with the same geometry. Close to its critical
point (2.2 bar, 5.2 K), gaseous Helium has the smallest known kinematic
viscosity $(\mathrm{V}=210- 8\mathrm{m}2/\mathrm{s})$ , but can be an appreciably viscous fluid at low
pressure $\mathrm{P}(\mathrm{v}\mathrm{P}=\mathrm{c}\mathrm{o}\cap \mathrm{S}\iota.)[3]$ . We have built the first open flow working under
such conditions, an axisymetric jet. We have developed the corresponding
anemometry techniques [4]. In the following we present briefly the
experimental set-up and the anemometer. Then we discuss the velocity
intermittency results at inertial scales in developed turbulence, and a new
method of analysis using conditional histograms.

数理解析研究所講究録
922巻 1995年 70-81 70



THE EXPERIMENTAL SET UP

The experimental system consists of a chamber (fig.1) immersed in a
liquid $4\mathrm{H}\mathrm{e}$ bath which also acts as a ballast for the working gas. After
laminarization, this gas enters the chamber through a contracting nozzle of
section ratio 100 and diameter $2\mathrm{m}\mathrm{m}$ . The $\mathrm{i}\mathrm{e}\mathrm{t}$ develops downward in the
chamber, and is pumped outward to ensure the circulation. The return flow
is isolated from the jet by a jacket.

Fig. 1: Experimental set-up: (1) gas
injection, (2) laminarization honeycomb, (3)
nozzle, (4) $\mathrm{d}\mathrm{e}\mathrm{t}\mathrm{e}\mathrm{c}\iota \mathrm{o}\mathrm{r}_{\mathrm{I}}$ (5) stabilization grid,
(6) pumping exit, (7) pressure
measurement, (8) symbol for thermometer,
(9) jacket.

An exact scale reproduction of the set-up has been made out of glass to
visualize the flow with dyed water. It showed that a grid is necessary
downstream to stabilize the $\dot{|}\mathrm{e}\mathrm{t}$ . Without it, the jet randomly attaches to
the walls, producing strong bursts. For more details on this point, see
ref. [5].
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Our anemometer is a cryogenic adaptation of the hot-wire technique
using superconducting materials [4]. Its typical space resolution is about 10
$\mu \mathrm{m}$ . The wire is operated at $|\mathrm{l}\mathrm{c}\mathrm{o}\mathrm{n}\mathrm{s}\mathrm{t}\mathrm{a}\mathrm{n}\mathrm{t}\mathrm{t}\mathrm{e}\mathrm{m}\mathrm{p}\mathrm{e}\mathrm{r}\mathrm{a}\mathrm{t}\mathrm{u}\mathrm{r}\mathrm{e}\mathrm{I}|$ (constant resistance)
through a home-made 10 MHz lock-in amplifier. The total response time to a
perturbation can be less than 1 ps depending on the loop gain [4]. The voltage
signal is recorded through a 12 bit HP 5183 $\mathrm{A}/\mathrm{D}$ converter driven by a
Macintosh Quadra 700 computer. The average signal is about 3.5 to 5.5 V, and
the instrumental noise is about $10^{-7}2/\mathrm{H}\mathrm{z}$ . The calibration of the wire was
made in the potential cone of the jet as described in ref. [6].

The probe is placed on the axis of the jet at a distance of 50 times the
nozzle diameter $\mathrm{t}^{]\mathrm{o}_{\mathrm{C}}\mathrm{m}}$ ), $7\mathrm{c}\mathrm{m}$ upstream $\mathrm{f}$ rom the grid. At this distance, the
diameter of the jet is about 3 cm and the diameter of the jacket is 13 cm.
The mean velocity $\cup$ , the turbulent ratio (25%) and the dissipation rate are
in agreement with what is commonly observed [7].

It is traditional [1] to study intermittency by investigating the
statistics of the velocity differences $6\mathrm{v}_{\mathrm{r}}$ between two times at the same
probe. This time lag $\tau$ is converted to a distance $\mathrm{r}=\mathrm{U}\tau$ using the Taylor frozen
turbulence hypothesis.

For each Reynolds number, a sample of $10^{7}$ data points is recorded. A
typical sampling frequency at $\mathrm{R}_{\Theta}=700$ is $60\mathrm{k}\mathrm{H}\mathrm{z}$ and the whole recording time
is less than 10 minutes.

EXPERIMENTAL RESULTS

We investigate the shape of the probability density function (hereafter
PDF) of $6\mathrm{v}_{\mathrm{r}}$ and its evolution with the scale, $\mathrm{r}$, for different Reynolds
numbers. We discuss it in terms of the parameter $\lambda^{2}(\mathrm{r})$ .

It is well known that the shape of these PDFs depends on the scale, $\mathrm{r}$ . It
goes from nearly Gaussian at large scales, $\mathrm{L}$ , to nearly exponential at small
(Kolmogorov) scales $\eta$ , where dissipation occurs [1]. The PDF at scale $\mathrm{r}$ can
be written in a normalized way :

$\frac{1}{\sigma_{\mathrm{r}}}\mathrm{P}_{\mathrm{r}}(_{\frac{6\mathrm{v}_{\mathrm{r}}}{\sigma_{\mathrm{r}}}})$

(1)
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which defines the function $\mathrm{P}_{\mathrm{r}}$ ( $\sigma_{\mathrm{r}^{2}}$ is the variance of $6\mathrm{v}_{\mathrm{r}}$). We represent this
PDF at scale $\mathrm{r}$ by a superposition of large scale PDFs [8] :

$\frac{1}{\sigma_{\mathrm{r}}}\mathrm{P}_{\mathrm{r}(\frac{6\mathrm{v}_{r}}{\mathrm{o}_{\mathrm{r}}})=}\int_{\infty}^{\mathrm{R}}\mathrm{G}_{r}(|\cap 0)_{\frac{1}{\sigma}\mathrm{p}(_{\frac{6\mathrm{v}}{\sigma})}}\llcorner \mathrm{d}|\cap\sigma$ (2)

The physical basis of this superposition is given by the analysis of
conditional histograms. In the Kolmogorov-Obukhov i theory 11,10] $\mathrm{G}_{\mathrm{r}}\mathrm{i}\mathrm{s}$

simply Gaussian :

$\mathrm{G}_{\mathrm{r}}(\ln\sigma)=arrow \mathrm{X}\lambda\sqrt{2\pi}]\mathrm{t}^{-_{\frac{1\cap^{2}(\frac{\sigma}{\mathrm{o}_{\mathrm{m}}})}{2\lambda^{2}}}}]$

(3)

It has been shown in previous papers $[9,11]$ that the shape of $\mathrm{P}_{\mathrm{r}}$ weakly
depends on the actual shape of $\mathrm{G}_{\mathrm{r}}$ . $\mathrm{P}_{\mathrm{r}}$ is mainly determined by the variance
$<(\ln\sigma)2>$ . We then fi $\mathrm{t}$ the hi stogram of the increments $6\mathrm{v}_{\mathrm{r}}$ wi th the formul a
(2) usi ng the simple gaussian distribution (3) as an ansatz. The val ue of $\lambda 2$

$\mathrm{w}\mathrm{h}\mathrm{i}$ ch gi ves the best fi $\mathrm{t}$ of the hi stogram will be to a good approximation
equal to $<(1\mathrm{n}\mathrm{o})2>$ .

We can then characterize the change of shape of the histograms with
scale, simply by investigating the $\mathrm{r}$ dependence of N2. Fig. 2 illustrates the
assertion that the shape of $\mathrm{P}_{\mathrm{r}}$ mainly depends on $\lambda^{2}$ . PDFs corresponding to
measurements at several Reynolds numbers and various scales $\mathrm{r}$ , but having
the same measured $\lambda^{2}$ have been plotted versus $6\mathrm{v}_{\mathrm{r}}/\sigma_{\mathrm{r}}$ . The difference
between them is small. The function $\mathrm{P}_{\mathrm{r}}$ corresponding to this value of $\lambda^{2}$ is
shown by a solid line.

Within the energy cascade scheme, the measured $\lambda 2$ can be interpreted
as proportional to the number of cascade steps [9]. We named this important
physical quantity $\mathrm{I}\iota_{\mathrm{C}\mathrm{a}}\mathrm{s}\mathrm{c}\mathrm{a}\mathrm{d}\mathrm{e}\mathrm{d}\mathrm{e}\mathrm{p}\mathrm{t}\mathrm{h}^{1}1$.
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Fig. 2: Histograms of $6\mathrm{v}_{\mathrm{r}}$ (the variance is normalized to 1) for different Reynolds numbers and
different scales but the same value of $\lambda^{2}$ . The open symbols correspond to the following parameters
( $\eta$ is the dissipative Kolmogorov scale) : triangle, $\mathrm{R}_{9}=90$ , $\mathrm{r}=20\eta$ ; circle, $\mathrm{R}_{\mathfrak{g}}=161$ , $\mathrm{r}=24\eta|$

diamond, $\mathrm{R}_{6}=328,$ $\mathrm{r}=24\eta$ ; square, $\mathrm{R}_{\Theta^{=}}598$ , $\mathrm{r}=62\eta$ . The solid line represents the PDF calculated
with $\lambda^{2}=0.09$ .

There are two theoretical prediction for the behaviour of $\lambda^{2}$ versus $\mathrm{r}$ .
One is the Kolmogorov-Obukhov logarithmic law $\lambda 2\alpha$ ln(r/L), the other is a
power law $\lambda^{2}\alpha \mathrm{r}-\beta$ predicted by the $\mathrm{v}\mathrm{a}\mathrm{r}\mathrm{i}\mathrm{a}\iota \mathrm{l}\mathrm{o}\mathrm{n}\mathrm{a}\mathrm{l}$ model [11]. It has been
observed in several flows $[11,12]$ that $\lambda 2\mathrm{m}\mathrm{l}\mathrm{g}\mathrm{h}\mathrm{t}$ be closer to the power law
than to the logarithmic law, even though we can observe in fig. $3\mathrm{a}$ the
existence of the latter over a narrow range at large scale. $\ln$ order to firmly
establish on a purely experimental basis the power law dependence, we
differentiate $\mathrm{l}\mathrm{n}1\lambda 2$ ) versus In(r). This is possible thanks to the quality of our
determination of N2 by systematically minimizing a $\mathrm{X}^{2}$ quantity [9]. We
observe in fig. $3\mathrm{b}$ a plateau region which is a clear affirmation of the power
law dependance of $\lambda^{2}$ in this range.
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Fig. 3 $\{\mathrm{a}\}$ : Dependence of $\lambda^{2}$ on $\mathrm{r}$ for $\mathrm{R}_{\Theta^{=}}328$ . The solid diamond corresponds to a logarithmic-
linear plot, whereas the open diamond corresponds to a double logarithmic plot.

( $\mathrm{b}\}$ : dln $(\lambda^{2})/\mathrm{d}\ln(\mathrm{r})$ as a function of $\mathrm{r}$ for $\mathrm{d}i$fferent $\mathrm{R}_{6}$ values (the different symbols

represent the same parameters as in fig. 2).

The exponent $-\beta$ which is the derivative $\mathrm{d}\ln(\lambda^{2})/\mathrm{d}\ln(\mathrm{r})$ in the plateau
region, has been measured in the whole range of accessible Reynolds
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numbers and compared to previous experiments. Following the proposed
scaling of $\beta$ [11], we plotted $1/\beta$ versus $\mathrm{l}\mathrm{n}\mathrm{l}\mathrm{R}_{\Theta}$ ) in fig. 4. Good agreement is
found with other jet experiments. It is thus possible to characterize with
only one exponent $\beta$ the whole statistics of the velocity fluctuations within
the scaling range.
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Fig. 4: Inverse of the scaling exponent $\beta$ as a function of $\mathrm{R}_{6}$ . Open circles are the results of our
cryogenic jet experiment. The solid squares correspond to the same analysis for different
experiments (see ref. [12]). The four middle ones correspond to air jets, the two smallest ones in
$\mathrm{R}_{6}$ to grid flow and the two highest ones to wind tunnel measurements.

Coming back to fig. $3\mathrm{b}$ , we note that the plateau di ssappears for the
lowest Reynolds number. This is a signature of the transition by which the
flow goes from 1lhard turbulencell [13] in which the

$\mathrm{I}\mathrm{I}\mathrm{i}\mathrm{n}.\mathrm{e}$

rtial range can be
assimilated to the plateau region, to llsoft turbulence $|\cap$ which no inertial
range is evident. This transition occurs at $\mathrm{R}_{\Theta}=160\pm 40$ , which explains why
we report no value of $\beta$ below this threshold, even though we have done
measurements down to $\mathrm{R}_{\Theta}=90$ .

Curiously enough, the grid experiments referred to in fig. 4 give values
of $\beta$ for $\mathrm{R}_{\Theta}$ below the transition. It is possible that the turbulence produced
in the wake of a grid is qualitatively different from that produced by jets or
wind tunnels.

76



Looking again at fig. $3\mathrm{b}$ , we note the analogy with the isotherms of a
thermodynamic liquid-gas system. The transition between soft and hard
turbulence is then analogous to a critical point. This thermodynamic analogy
has been developed in ref. [14].

As often, the nature of the transition gives a hint to characterize the
turbulent states above and below. At low Reynolds numbers, the soft
turbulence could be said to be dissipative in nature, as the scales in which
energy is injected and those at which it is dissipated overlap. At large $\mathrm{R}_{\Theta}$ , in

hard turbulence, the plateau introduces a clear inertial separation between
these scales.

CONDITIONAL HISTOGRAMS

It has been found recently that a condition applied to velocity
increments selects Gaussian histograms [15]. The conditional statistics are
Gaussian from the inertial range down to the dissipative one. The authors
used as condition $\mathrm{e}_{\mathrm{r}}(\mathrm{x})=$ constant, the function $\mathrm{e}_{\mathrm{r}}$ being defined as :

$\mathrm{e}_{\mathrm{f}}(\mathrm{x})=\frac{15\mathrm{v}}{\mathrm{r}}\int_{\mathrm{X}}^{\mathrm{X}+}r\mathrm{x}(\frac{\partial \mathrm{v}(\mathrm{x})1}{\partial \mathrm{x}^{1}})^{2}\mathrm{d}1-15\mathrm{V}(\frac{6\mathrm{v}(\mathrm{x})}{\mathrm{r}})^{2}$

(4)

The first term of the sum is the dissipation averaged over a volume of size
$\mathrm{r}$ , in the case of locally isotropic turbulence. The second term can be seen as
the dissipation at scale $\mathrm{r}$ . The difference $\mathrm{e}_{\mathrm{r}}$ thus reflects the energy
transfer rate at the considered scale $\mathrm{r}$ .
We worked out this calculation with our velocity signal, and found the
following features [5] :

1) The conditional PDFs are Gaussian as we can see $\mathrm{i}\mathrm{n}$ fig. 5 for a few
values of the condition. This is valid not only in the inertial but also in the
dissipative range.
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Fig. 5: Conditional histograms of the increments $6\mathrm{v}_{\mathrm{r}}$ at scale $\mathrm{r}=100\eta$ for a few values of the
condition $\mathrm{e}_{\mathrm{r}}(\mathrm{m}\mathrm{W}/\mathrm{k}\mathrm{g})$ . Here, $\mathrm{R}_{6}=328$ .

2) The larger the energy transfer rate, $\mathrm{e}_{\mathrm{r}}$ , the wider the Gaussian
conditional histogram : the variance of the conditional PDF is related to the
condition $\mathrm{e}_{\mathrm{r}}$ by a power law as can be seen $\mathrm{i}\mathrm{n}$ fig. 6 for several scales.

$\perp\cup$ $\perp \mathrm{U}^{-}$ $\cup.\cup\cup 1$ $\cup.\cup 1$ $\cup.\perp$ $\perp$

$\mathrm{e}_{\mathrm{r}}$

Fig. 6 : Standard deviation $\sigma$ of the conditional histograms as a function of the condition $\mathrm{e}_{\mathrm{r}}$ at
several scales. The vertical line gives the limit of resolution of $\mathrm{e}_{\mathrm{r}}$ . Here, $\mathrm{R}_{\Theta}=328$ .
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This relation gives a physical basis to the measurement method of $\lambda^{2}$ .
Indeed, the mixture of pure Gaussian regimes supposed by equation (2) now
appears natural.

3) We can easily compute the PDF of the quantity $\mathrm{e}_{\mathrm{r}}$ by integrating the
$\mathrm{j}$ oi nt $\mathrm{h}\mathrm{I}\mathrm{s}\mathrm{t}\mathrm{o}\mathrm{g}\mathrm{r}\mathrm{a}\mathrm{m}$ over all possible increments $6\mathrm{v}_{\mathrm{r}}$ . The result for various
scales can be seen in fig. 7.

In $\mathrm{t}_{r\mathrm{r}}^{\mathrm{e}_{1^{-}<}}\mathrm{I}\mathrm{n}(\mathrm{e})>$

Fig. 7 : Histograms of the condition $\mathrm{q}$ at several scales. Each of these has been shifted verticaly
by a factor 10. $\mathrm{R}_{\{\}}=328$ .

As $\mathrm{e}_{\mathrm{r}}$ is related to $\sigma$ , this gives a way to check the validity of the Iog-
normal ansatz. But as we have already mentioned, the statistics of velocity
increments are weakely sensitive to the shape of the PDF of $\mathit{0}$ . As a
consequense, a very large statistical sample of velocity is necessary to
make any statement on this PDF. Our sample of $10^{7}$ points is slightly above
the limit of statistical noise as evaluated in [9]. At this point we cannot
determine wether the distribution of $\mathrm{e}_{\mathrm{r}}$ (or $\mathit{0}$ ) is $\log$-normal or not.
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CONCLUSION

We have built an original cryogenic experiment allowing broad variation
of Reynolds number in the same geometry. Measuring the physical quantity $\lambda^{2}$

which characterizes the intermittency, we have shown for the first time
that the inertial range appears in a turbulent flow through a well defined
llsecond orderll transition (analogous to a critical point).

The Reynolds number dependence of the exponent $\beta$ shows that viscosity
has some influence $\mathrm{f}$ ar beyond the dissipative (Kolmogorov) scale, up to the
vicinity of the integral scale. This result is of prime $i$ mportance for
characterizing turbulent flows when the small scale resolution cannot be
reached, for instance in large eddy simulations.

The conditional statistics of the velocity fluctuations give new insight
into the structure of the cascade process. We have shown that the non-
Gaussian statistics of the velocity fluctuations is due to a mixing in the
flow, of $\mathrm{l}\mathrm{l}\mathrm{P}^{\mathrm{u}\mathrm{r}}\mathrm{e}^{\mathrm{l}\mathrm{I}}$ (Gaussian) regimes. Behind the non-Gaussian behaviour of the
velocity fluctuations, there is a hidden simple dynamics, though it is not yet
understood.
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