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1. INTRODUCTION

In 1990, Takahashi proved the following nonconvex minimization theorem, which
was used to obtain Caristi’s fixed point theoren] [1], Ekeland’s $\epsilon$-variational princi-
ple [3] and Nadler’s fixed point $\mathrm{t}\mathrm{h}\mathrm{e}\mathrm{o}\mathrm{r}\mathrm{e}\ln[6]$ .

Theorem 1 (Takahashi [8]). Let $X$ be a complete metric space with metnc $d$ and
let $f$ : $Xarrow(-\infty, \infty]$ be a proper lo wer semicontinuous function, bounded from below.
Suppose that, for each $u\in X$ with $f(u)>x \in\inf_{\mathrm{x}}f(X)$ , there exists $v\in X$ such that $v\neq\tau\iota$

and $f(v)+d(\mathrm{s}\iota, v)\leq f(u)$ . Then there exists $x_{0}\in X$ such that $f(x_{0})= \inf_{x\in X}f(x)$ .

This theorem was $\mathrm{i}_{\mathrm{l}\mathrm{n}\mathrm{p}\mathrm{e}}\mathrm{r}\mathrm{o}\mathrm{V}\mathrm{d}$ by several authors, see [5], [9] and [10]. On the other
hand, $\mathrm{C}\mathrm{i}_{1}\cdot \mathrm{i}_{\acute{\mathrm{C}}}[2]$ proved an interesting fixed point theorem for a quasi-contraction which
generalizes sonle fixed point theorems in a colnplete $\mathrm{n}1\mathrm{e}\mathrm{t}\Gamma \mathrm{i}_{\mathrm{C}}$ space. Recently Kada,
Suzuki and Takahashi introduced the following concept.

Definition ([4]). Let $X$ be a metric $\mathrm{s}_{1}\supset \mathrm{a}\mathrm{c}\mathrm{C}$ with nletric $d$ . Then a function $p..\cdot.X\cross$

$Xarrow[0, \infty)$ is called a $\backslash \mathrm{v}$-distance on $X$ if the following are satisfied:
(1) $p(x.-.)\leq p(g\cdot.y)+p(y, \wedge.’)$ for any $x.y,$ $\sim\sim\in X$ ;
(2) for $\mathrm{a}\mathrm{n}.\mathrm{v}.\tau^{\backslash }\in X,$ $p(x, \cdot)$ : $Xarrow[0, \infty)$ is lower semicontinuous;
(3) for any $.\cdot->0,$ $\mathrm{t}\mathrm{h}\mathrm{e}\mathrm{l}\cdot \mathrm{e}$ exists $\wedge>0_{\mathrm{s}\mathrm{u}(}\cdot \mathrm{h}$ that $p(z_{\chi}.x)\leq\delta$ and $p(z, y)\leq\delta$ imply

$d(x, y)\leq\epsilon$ .

The metric $d$ is a $\mathrm{w}$-distance on $X$ . Other exalnples of $\mathrm{w}$-distance are stated
in [4] and [7]. Using it, $\mathrm{I}\backslash \mathrm{a}\mathrm{C}\mathrm{l}\vee \mathrm{a}$ , Suzuki and Taliahashi [4] generalized Caristi’s fixed
point $\mathrm{t}\mathrm{h}\mathrm{e}\mathrm{o}\mathrm{l}\cdot \mathrm{e}\mathrm{n}\mathrm{l}$ , Ekeland’s $\epsilon- 1’\mathrm{a}\mathrm{J}\mathrm{i}\mathrm{a}\mathrm{t}\mathrm{i}_{\mathrm{o}\mathrm{n}\mathrm{a}}1_{1}\supset \mathrm{r}\mathrm{i}\mathrm{n}\mathrm{c}\mathrm{i}\mathrm{p}\mathrm{l}\mathrm{e},$

$\mathrm{T}\mathrm{a}1_{\overline{\backslash }\mathrm{a}\mathrm{h}}\mathrm{a}\mathrm{s}\mathrm{h}\mathrm{i}’ \mathrm{S}$ nonconvex lninimization
theorenu and $\mathrm{C}\mathrm{i}\mathrm{l}\cdot \mathrm{i}\acute{\mathrm{C}}’ \mathrm{S}$ fixed $1$) $\mathrm{o}\mathrm{i}\mathrm{n}\mathrm{t}\mathrm{t}\mathrm{h}\mathrm{e}\mathrm{o}\mathrm{l}\cdot \mathrm{e}\mathrm{l}\mathrm{l}\mathrm{l}$ . One of thenl is the following fixed point
theorem.

Theorem 2 ([4]). Let $X$ be a complete metnc space, let $p$ be a $w$-distance on $X$ and
let $T$ be a mapping from $X\prime into$ itself. Suppose tfiat there exists $r\in[0,1)$ such that

$p(Tx, \tau^{2}X)\leq r_{l^{J(x,\tau_{x}}})$
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for $e^{l}veryx\in X$ and

$\inf\{p(x, y)+p(x, \tau_{X}) : X\in X\}>0$

for $e\prime ue7^{\cdot}yy\in X$ with $y\neq Ty$ . Then there exists $x_{0}\in X$ such that $x_{0}=Tx_{0}$ .
$M_{\mathit{0}}reo\mathrm{t}/er$ . if $\hat{k}=T-.$ . then $p(_{\sim}^{\sim}, \approx)=0$ .

In this $\mathrm{p}\mathrm{a}_{\mathrm{P}}\mathrm{e}1^{\cdot}$ , we $\mathrm{f}\mathrm{i}1^{\cdot}\mathrm{s}\mathrm{t}$ give sonle $\mathrm{E}\mathrm{x}\mathrm{a}1111^{)}1\mathrm{e}\mathrm{S}$ and $\mathrm{L}\mathrm{e}\mathrm{n}$) $\mathrm{n}\mathrm{l}\mathrm{d}\mathrm{s}$ connected with w-distance.
$\mathrm{I}\backslash ^{\mathfrak{s}}\mathrm{e}\mathrm{x}\mathrm{t}$ we give allothel $1$) $\mathrm{r}\mathrm{o}\mathrm{o}\mathrm{f}$

. of a $\mathrm{g}\mathrm{e}\mathrm{l}\mathrm{l}\mathrm{e}\mathrm{l}\cdot \mathrm{a}$lization of Theorenl 1. $\mathrm{F}\iota \mathrm{r}\mathrm{t}\mathrm{h}\mathrm{e}\mathrm{l}$ we $1^{\mathrm{J}\mathrm{r}\mathrm{o}}\}^{f}\mathrm{C}$ two
fixccl $1$) $\mathrm{o}\mathrm{i}\mathrm{l}\mathrm{l}\mathrm{t}\mathrm{t}\mathrm{h}_{\mathrm{C}\mathrm{O}1}\cdot \mathrm{e}\mathrm{l}\mathrm{n}\mathrm{s}\backslash \mathrm{t}\cdot \mathrm{h}\mathrm{i}_{\mathrm{C}}1_{1}\mathrm{g}\mathrm{e}\mathrm{n}\mathrm{c}\mathrm{l}\mathrm{a}\mathrm{l}\mathrm{i}_{\mathrm{Z}\mathrm{e}}\acute{\subseteq}^{\mathrm{t}}\mathrm{i}_{\mathrm{l}\mathrm{i}\acute{\mathrm{C}}\mathrm{s}}$. fixed $1\supset(\mathrm{i}\mathrm{n}\mathrm{t}$ tlleol$\cdot$enl. Finally, $\mathrm{t}\mathrm{S}\mathrm{i}\mathrm{l}$

then], we give $i\iota 1\mathrm{l}\mathrm{o}\mathrm{t}\mathrm{h}\mathrm{e}\mathrm{r}1$) $1^{\cdot}\mathrm{O}\mathrm{o}\mathrm{f}$

. of a ( $11\mathrm{a}1^{\cdot}\mathrm{a}\mathrm{c}\mathrm{t}_{\mathrm{C}\mathrm{l}\mathrm{i}^{r}/\mathrm{a}}\lrcorner \mathrm{t}\mathrm{i}_{0}\mathrm{n}$ of llletl$\cdot$ ic $\mathrm{C}\mathrm{o}\mathrm{l}\mathrm{l}\mathrm{l}\mathrm{l}\mathrm{J}\mathrm{l}\mathrm{e}\mathrm{t}\mathrm{e}\mathrm{n}\mathrm{e}\mathrm{s},\mathrm{S}\backslash$.

2. PRELIMINARIES

In this Section, we state, without the $\mathrm{P}^{\mathrm{l}\mathrm{O}\mathrm{o}\mathrm{f}\mathrm{s}},$ $\mathrm{E}\mathrm{x}\mathrm{a}\mathrm{n}\mathrm{u}\mathrm{l}$) $\mathrm{l}\mathrm{c}\mathrm{s}$ and LenlnlRs connected
with w-distance.

Example 1. Let $X=\mathbb{R}$ be a $\mathrm{n}\mathrm{l}\mathrm{e}\mathrm{t}_{1^{\backslash }}\mathrm{i}_{\mathrm{C}}$ space with the usual $\mathrm{n}\mathrm{l}\mathrm{e}\mathrm{t}_{1}\mathrm{i}_{\mathrm{C}}$ alld let $f,$ $g:Xarrow$
$[0, \infty)$ be continuous functions snch that

$. \inf_{x\in-\mathrm{Y}}\int_{x}^{x+\prime}f(u)cl\mathrm{t}\mathrm{t}>0$ alld $x. \in 1\inf_{\vee},\mathit{1}_{x}^{1}+$

)

$d(j(u)l>0$

for any $r>0$ . Then a fullction $p;x\mathrm{X}Xarrow[0, \infty)\mathrm{d}\mathrm{e}\mathrm{f}\mathrm{i}11\mathrm{e}\mathrm{C}11_{\mathrm{J};}$
,

$p(x, y)=$

’

$/x.yf(u)du$ , if $x\leq y$ ,

$\backslash \int_{y}^{x}(y(_{1}l)du$ , if $y\leq x$

$\mathrm{f}\mathrm{o}1^{\cdot}$ every $x,$ $y\in X$ is a $\mathrm{w}$-distance on $X$ .

Example 2 ([4]). Let $\wedge^{\backslash _{\mathrm{L}^{\vee}}}$ be a llletric $\mathrm{s}_{1}\supset \mathrm{a}\mathrm{c}\mathrm{e}$ and let $T$ be a continuous $\mathrm{n}$) $\mathrm{a}\mathrm{l}\supset \mathrm{p}\mathrm{i}\mathrm{n}\mathrm{g}$

fionl $X$ into itself. Then a function $p:X\cross Xarrow[0, \infty)$ defined by
$p(x., y)=$ nlax{cl(\tau x. $y),$ $d(T\mathrm{t}\mathit{1}^{\cdot},$ $\tau_{y})$ } for $\mathrm{e}\mathrm{v}\mathrm{e}\mathrm{l}\cdot.\mathrm{V}$ $x,$ $y\in X$

is a $\mathrm{w}$-distance on $X$ .

Example 3. Let $X$ be a nuetric space with $\mathrm{n}\mathrm{u}\mathrm{e}\mathrm{t}\mathrm{l}\cdot \mathrm{i}\mathrm{c}\mathrm{c}l$ , let $T$ be a $\mathrm{m}\mathrm{a}_{1}\supset_{1}$) $\mathrm{i}\mathrm{n}\mathrm{g}\mathrm{f}\mathrm{i}\cdot 0\ln X$

into itself such that, for every $x\in X.$ the $01^{\backslash }13\mathrm{i}\mathrm{t}\{.\tau\cdot, T_{\lambda}\cdot, T2x, \cdots\}$ is bounded. Then
a function $p:X\cross Xarrow[0, \infty)$ given by

$p(x, y)=\mathrm{s}\mathrm{u}_{1^{)}\{d}(\tau k\tau\iota’ y)$ : $k\in \mathbb{N}\cup\{0\}\}$ for every $x$ . $y\in X$

is a $\backslash \mathrm{v}$ -distance on $X$ .

Example 4. Let $X$ be a $\mathrm{n}\mathrm{l}\mathrm{e}\mathrm{t}1^{\backslash }\mathrm{i}\mathrm{C}\mathrm{s}\mathrm{l}\supset \mathrm{a}\mathrm{C}\mathrm{e}$ with lllctric $\mathrm{C}l$ atid let $\{x_{?},\}$ be a sequence in $X$

such that
(i) $\{x_{n}\}$ is $\mathrm{C}^{\mathrm{t}}\mathrm{a}\mathrm{U}\mathrm{c}1_{1\mathrm{y};}$

(ii) $\{x_{n}\}$ does not $\mathrm{c}\mathrm{o}\mathrm{n}1^{\gamma}\mathrm{e}1^{\cdot}\mathrm{g}\mathrm{e}$ ;
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(iii) $x_{i}\neq x_{j}$ if $i\neq j$ .

Then a function $p$ : $X\cross Xarrow[0, \infty)$ defined by

$l^{J}(\iota\cdot.y)=\{$

$2^{-i}+2^{-j}$ . if $x=x_{j}\mathrm{a}\mathrm{A}\mathrm{l}\mathrm{c}\mathrm{l}y=x_{j)}$

$2^{-j}+1$ . if $\mathrm{c}\iota\cdot=\backslash \mathrm{t}_{\dot{1}}$ ancl $y\not\in\{x_{n}\}.$,

$1+2^{-j}$ , if $x\not\in\{x_{1},\}$ and $y=x_{j}$

is a $\mathrm{w}$-distance on $X$ .

Lemma 1. $LetX$ be a metnc space. let $p$ be a $\prime \mathrm{r}v$-distance on $X$ and let $f$ be a bounded
lower semicontinuolls ftnction from $x$ into $\mathbb{R}$ . $A_{S\mathit{8}}ume$ that $c$ is a $positi_{\mathit{0}e}$ real number
with $c \geq\sup f(X)$ –inf $f(X)$ . Then a $f_{U_{}nct}ion\mathrm{r}_{\mathit{1}}$ : $\mathrm{x}_{\mathrm{X}}Xarrow[0$ . $\infty$ ) defined by

$(l(.\iota^{\tau}, y)=\{$

$f(.1^{\cdot})$ –inf
$f(\wedge^{/]_{/}IX})C’$

,
if $y\in l$)$/I_{X}$ ,

if $y\not\in\wedge/\mathrm{t}/Ix$

is a $w$-distance on $X_{f}where\wedge\eta Ix=\{y\in X:f(y)+p(x, y)\leq f(x)\}$ .

Lemma 2. Let $X$ be a metnc space with metric $d$ , let $p$ be a $w$-distance on $X$ and
let $a$ be a hnction from $X$ into $[0, \infty)$ . Then a function $q:X\mathrm{x}Xarrow[0, \infty)$ given
$by$

$q(x, y)=\mathrm{n}\mathrm{l}\mathrm{a}\mathrm{X}\{\mathfrak{a}(x),p(X, y)\}$ for euery $x,$ $y\in X$

is $c\iota lso$ a w-distance.

Lemma 3. Let $X$ be $\mathit{0}_{J}$ metric space. $l_{J}etp$ be a $w$-distance on $X$ , let $\{X_{\}l}\},$ $\{y_{n}\}$ and
$\{_{\sim}\wedge,l\}$ be $seq\mu_{J}enCes$ in $X$ and let.$\iota\cdot,$ $\iota/,$

$\sim$. $\in X$ . Then the $f_{oll\mathit{0}w}ing$ hold:

(i) If $p(x_{n}, y)arrow \mathrm{O}$ and $p(x_{\iota’\sim},\wedge’)arrow 0$ . then $y=\approx$ . In $parti_{C}U‘ lar$ , if $p(x, y)=0$ and
$p(x, \approx)=0$ . then $y=z$, see [4].$\cdot$

(ii) If $p(X_{?},, y_{n})arrow 0$ and $p(x_{n}, z)arrow \mathrm{O}$ , then $\{y_{n}\}$ converges to $z$ , see [4].$\cdot$

(iii) If $p(x_{l},.y_{n})arrow 0$ and $p(X_{1\mathit{1}}., \approx_{\}?})arrow 0$ . then $\{cl(y_{n’?}\tilde{\sim},)\}co\iota)erges$ to $0$ .

Lemma 4. Let $X$ be a metric space with $77?,etricd$ , let $p$ be a $w$-distance on $X$ and
let $\{.’\iota_{l},\}$ be a sequence in X. $Su_{}pp_{\mathit{0}}se$ that

$,l\infty^{\mathrm{S}}1\underline{\mathrm{i}\mathrm{n}}1|\gamma \mathrm{t}>\mathrm{u}1,\supset_{l}\mathrm{n})\mathrm{i}\mathrm{n}\{p(\backslash \mathit{1}_{\}}\cdot \mathrm{c}\mathrm{t}:_{m})l’ p(\iota_{\gamma},1.X,l)\}=0$
.

Then $\{X_{1?}\}$ is $Canc\prime_{l}\iota J$ . In particular. the following hold:

(i) $If,1\underline{\mathrm{i}\mathrm{n}}1\mathrm{S}\mathrm{t}11\mathrm{J}p(X\mathit{1}\infty|\gamma \mathit{1}>2\iota n’ X_{\gamma}n)=0$ . then $\{x_{n}\}$ is Cauchy, see [4],$\cdot$

(ii) $If1\mathrm{i}\mathrm{n}1\mathrm{S}\iota 11\supset\}\iotaarrow\infty,|?>np(.\gamma,,\iota’ X_{n})=0$, then $\{x_{\iota},\}$ is Cauchy.
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3. MINIMIZATION THEOREM

Ill this Section, using $\mathrm{T}\mathrm{h}\mathrm{e}\mathrm{o}\mathrm{l}\cdot \mathrm{e}\mathrm{n}\mathrm{l}2$, we $1$) $\mathrm{r}\mathrm{o}\lambda^{r}\mathrm{e}$ a nonconvex $1\mathrm{n}\mathrm{i}\mathrm{n}\mathrm{i}\mathrm{n}\mathrm{l}\mathrm{i}_{\mathrm{Z}}\mathrm{a}\mathrm{t}\mathrm{i}\mathrm{o}\mathrm{n}\mathrm{t}\mathrm{h}\mathrm{e}\mathrm{o}\mathrm{l}\cdot \mathrm{e}\mathrm{n}\mathrm{l}$

which $\mathrm{i}\mathrm{n}\mathrm{l}\mathrm{p}\mathrm{r}\mathrm{o}\mathrm{V}\mathrm{e}\mathrm{S}$ Theorem 1.

Theorem 3. $LetX$ be a $co’mpl1et\text{ノ}e7?l(_{y}^{\mathcal{D}}t\gamma\backslash i_{C\mathit{8}}pojCe$ , and $l,et,$ $f$ : $Xarrow(-\infty, \infty]$ be a $p$ roper
lower $semiConti\iota/_{}\mathit{0}usf\cdot unCt,ion$ . $bound(^{\supset d}f\gamma\cdot om$ below. $Ass\mathrm{t}7\prime etllaf_{\text{ノ}}f_{J}he’/\cdot e$ exists a w-
$d/_{}St\text{ノ}anCep$ on $X_{S’}\mathrm{t}Ch$ that $to^{2}/’ an/m\in X$ with $f( \mathrm{t}l)>\cdot\iota\cdot\in\inf_{\backslash }.’ f(X)$ . $th(_{J}^{p/}/’ e$ exists $\mathrm{t}^{f}\in Xwit\text{ノ}h$

$v\neq n$ and
$f.(\tau’)+p(u, v)\leq f.(u)$ .

$The?l$ there exists $x_{0}\in X\mathit{8}\mathrm{t}ch$ that $f(x_{0})=. \inf_{\iota\in\backslash },$ $f(x)$ .

Proof. $\mathrm{A}_{\mathrm{S}\mathrm{S}\mathrm{U}\mathrm{n}}\mathrm{u}\mathrm{e}f(x)>\inf f(X)\mathrm{f}_{01\mathrm{e}\backslash r}\mathrm{e}1^{\cdot}.\backslash \prime\prime x\in X$ . Put

$\mathrm{I}’=\{.\iota\cdot\in X:f(.l^{})\leq \mathrm{i}\mathrm{l}\mathrm{l}\mathrm{f}f(x)+1\}$

and
$\wedge^{\prime \mathrm{t}Ix=}’\{y\in 1’ : f.(y)+p(x, y)\leq f.(x)\}$

for every $x\in]’$ and define $q:1^{r_{\mathrm{X}}}1^{r}arrow[0, \infty)$ by

$c_{l}(_{X}, y)=\{$
$f(x)$ –inf $f(\Lambda/I_{X)}$ , if $y\in Mx$ ,

1, if $y\not\in\lrcorner\eta Ix$

for $\mathrm{e}\mathrm{v}\mathrm{e}\mathrm{l}\cdot \mathrm{y}x,$ $y\in 1^{r}$ . Then, sincc $f$ is lower $\mathrm{s}\mathrm{e}\mathrm{n}_{\overline{1}}\mathrm{i}\mathrm{c}\mathrm{o}\mathrm{n}\mathrm{t}\mathrm{i}\mathrm{n}\iota \mathrm{t}\mathrm{o}\mathrm{u}\mathrm{s},$
$\iota’\vee$ is closecl and hence 5’ is

$\mathrm{c}\mathrm{o}\mathrm{m}_{1}\supset 1\mathrm{e}\mathrm{t}\mathrm{e}$ . $\mathrm{F}_{\mathrm{l}\mathrm{o}\mathrm{n}1}\mathrm{L}\mathrm{e}\mathrm{n}\mathrm{l}\mathrm{n}\mathrm{l}\mathrm{a}1$ , we have that (1 is a $\mathrm{w}$-distance on $]’$ . $\mathrm{A}_{11}\mathrm{d}$ it is clear that
$y\in\wedge\eta/Ix$ ancl $z\in i\backslash /Iy$ imply $z\in\wedge^{\prime \mathrm{t}Ix}’$ . Let $x\in \mathrm{y}^{r}$ be fixed. By $\mathrm{a}\mathrm{S}’\mathrm{S}\mathrm{u}\mathrm{D}\mathrm{l}\mathrm{l}\mathrm{J}\mathrm{t}\mathrm{i}_{01}1,$

$\mathrm{t}\mathrm{h}\mathrm{e}\mathrm{l}\cdot \mathrm{C}$

exists $v\in X$ with $v\neq x$ and $f(v)+p(x, v)\leq f(x)$ . Then since

$f(v)\leq f(v)+p(x, u)\leq f(x)\leq$ inf $f(X)+1$ ,

we have $v\in Y$ and hence $\underline{/}\mathrm{t}’,Ix\backslash \{x\}\neq\emptyset$ . So, we can choose $Tx$ such that

$f(T_{1’} \backslash )’\leq\frac{1}{2}\{f(x)+\inf f\cdot(\Lambda/Ix)\}$ and $Tx\in \mathrm{A}/Ix\backslash \{.?\cdot\}$ .

Then, since $MTx\subseteq Mx$ , we llave
$q(T\mathrm{t}\iota\cdot.T\mathit{2}_{X)}$ $=$ $f(T\backslash \iota’\cdot)$ –inf $f(MT_{X})$

$\leq$ $f(Tx)$ –inf $f(\wedge^{/\mathrm{t}}/I_{X)}$

$\leq$ $\frac{1}{2}\{f(x)+\inf f(\mathbb{J}/I_{X})\}$ –inf $f(j\backslash /_{Ix)}$

$=$ $\frac{1}{2}$ { $f(x)$ –inf $f(\Lambda Ix)$ }

$=$ $. \frac{1}{2}q(\backslash \mathrm{t}\cdot, \tau x)$ .
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Let $\{x_{n}\}\subseteq Y.$ $y\in l’$ with $\mathrm{r}_{\mathit{1}}(x_{\mathit{1}},, y)arrow \mathrm{O}$ . By the definition of $q$ , we nlay assume
$y\in- \mathrm{t}I.\tau\cdot,$

? for $\mathrm{e}1^{r}\mathrm{C}1\backslash \mathrm{y}?l\in \mathbb{N}$ . Since $Ty\in i\backslash ly\subseteq Mx_{\iota},$ , we have

$q(.\iota_{l}.,, Ty)=q(x_{l},, y)arrow 0$

and hence $y=Ty$ by Lelnnla 3. Therefore we have

$\inf\{c_{l}(x, y)+(\mathit{1}(x, \tau X) : x\in 1^{r}\}>0$

for every $y\in 1^{r}$ with $y\neq Ty$ . So, by $\mathrm{T}\mathrm{h}\mathrm{e}\mathrm{o}\mathrm{l}\cdot \mathrm{e}\mathrm{m}2$ , there exists $x_{0}\in]^{\prime’}$ such that
$x_{0}=Tx_{0}$ . This is a contradiction and this $\mathrm{c}\mathrm{o}\mathrm{m}_{1}$) $1\mathrm{e}\mathrm{t}\mathrm{e}\mathrm{S}$ the $1\supset 1^{\cdot}\mathrm{o}\mathrm{o}\mathrm{f}$ . $\square$

Remark. Theorem 1 is not applied to the function $f(x)=x^{\mathit{2}}$ . But, putting $p(x, y)=$

$|J_{x}^{y}2|t|dt|$ , Theorem 3 is $\mathrm{a}\mathrm{l}\supset 1\supset \mathrm{l}\mathrm{i}\mathrm{e}\mathrm{d}$ to such $f$ .

Using Theorenl 3 and $\mathrm{E}_{\mathrm{X}\mathrm{a}\mathrm{n}\mathrm{l}}1\mathrm{J}\mathrm{l}\mathrm{e}2$ . we have the following $\mathrm{c}\mathrm{o}\mathrm{r}\mathrm{o}\mathrm{l}\mathrm{l}\mathrm{a}\mathrm{l}\gamma$ which generalizes
the results of [5] and [10].

Corollary 1 (Takahashi [9]). Let $X$ be a complete metric space with metric $d$ , let
$T$ be a continuous mapping from $X$ into itself and let $f$ : $Xarrow(-\infty, \infty]$ be a proper
lower $sem\prime icontin\prime uouS$ function, bounded $f?’ ombel\mathit{0}’w$ . Assume that for any $u\in X$ with
$f( \mathrm{t}l)>\inf_{\mathrm{n}\cdot\in\wedge\backslash },$

$f(x)$ . there is $\mathrm{t}’\in X\prime w\prime ithv\neq u$ and

$f(v)+ \max\{d(Tu.v), (l(\tau \mathrm{c}l.Tv)\}\leq f(u)$ .

Then $tlle7^{\cdot}e$ exists $x_{0}\in X$ such that $f(x_{0})=x \in\inf_{\mathrm{v}}.f(X)$ .

4. FIXED POINT THEOREMS

In this Section. we first $\mathrm{P}^{\mathrm{l}\mathrm{o}\mathrm{v}\mathrm{e}}$ the following $\mathrm{t}\mathrm{h}\mathrm{e}\mathrm{o}\Gamma \mathrm{e}\mathrm{n}\mathrm{l},$ which is more useful than
Theorenl 2.

Theorem 4. Let $X$ be a complete metric space. let $p$ be a $\prime w$-distance on X. Let $T$ be
a mapping $f7^{\cdot}07\eta X\prime into$ itself and $?\in[0.1$ ) with

$p(TX.\tau^{2,}\backslash \mathrm{r})\leq\uparrow p(x, \tau x)$

for every $x\in X$ . Suppose either of the following $hold\mathit{8}$ .

(i) $\inf\{p(x, T_{X})+p(x, y):x\in X\}>0$ for every $y\in X$ with $y\neq Ty,\cdot$

(ii) it $\prime implie\mathit{8}y=Ty$ that there exists a sequence $\{x_{n}\}\subseteq X\mathit{8}uch$ that $\{x_{n}\}$ and
$\{Tx_{l}\mathit{1}\}$ converge to $y$ .

(iii) $T\prime iscont\prime in\prime uo’us,\cdot$ see [4].
Then the$7^{\tau}eexistS.\mathit{1}_{0}\in X$ such that $x_{0}=Tx_{0}$ . Moreouer, if $\iota^{\mathrm{t}}=Tv$ , then $p(v, v)=0$ .
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Proof. In tlle case of (i), it is $A1^{\cdot}\mathrm{c}\mathrm{a}\mathrm{d}$ ) $1$) $1\mathrm{O}\mathrm{V}\mathrm{Q}\mathrm{c}1$ . Let us $1$) $1^{\cdot}\mathrm{O}\mathrm{V}\mathrm{e}$ tllat (ii) iniplies (i). Let
$y\in X$ with $\inf\{p(.’\iota\cdot, \tau x)+p(\iota" \iota/):.?\in X\}=0$. Then $\mathrm{t}\mathrm{h}\mathrm{e}\mathrm{l}\cdot \mathrm{C}$ exists $\{_{\sim}^{\sim},\}\}$ such that
$p(\wedge.,, .T\wedge.|2)arrow 0$ and $p(\wedge.’,l\cdot y)arrow \mathrm{O}$ . By LenlDla 3. we $\mathrm{h}_{\dot{\mathfrak{c}}\iota \mathrm{V}\mathrm{e}}T^{\sim}.,\iotaarrow y$ . Since

$p(\wedge..T^{2_{\wedge}}\vee\prime\prime)’?’$.
$\leq$ $l$) $(^{\sim}.\prime 1’.’\}\tau\sim)+l’(\tau\wedge.T\mathit{2}_{\wedge})’?’.,$

?

$\leq$ $(1+l\cdot)\mathit{1}J(\wedge.\tau\sim.,)\prime l’ larrow 0$ ,

we have $T^{2}\approx|larrow y$ by $\mathrm{L}\mathrm{e}\mathrm{n}\mathrm{l}\mathrm{n}\mathrm{l}\mathrm{a}3$ . Put $x_{ll}=T_{\hat{k}_{1}}’,$ . Then both $\{x_{n}\}$ and $\{Tx_{\iota},\}$ converge
to $y$ . This $\mathrm{i}\mathrm{n}\mathrm{l}\mathrm{l}$) $\mathrm{l}\mathrm{i}\mathrm{e}\mathrm{s}y=Ty|\supset\backslash .\gamma(\mathrm{i}\mathrm{i})$ . Hence (i) is satisfied. To $\mathrm{c}\mathrm{o}\mathrm{m}_{1}$) $1\mathrm{e}\mathrm{t}\mathrm{e}$ the $1$) $1^{\cdot}\mathrm{o}\mathrm{o}\mathrm{f}$ , we
show that (iii) $\mathrm{i}\mathrm{m}_{1})1\mathrm{i}\mathrm{e}\mathrm{S}(\mathrm{i}\mathrm{i})$. Let $T$ be a continuous $\mathrm{n}\mathrm{l}\mathrm{a}_{\mathrm{P}}\mathrm{p}\mathrm{i}\mathrm{n}\mathrm{g}$ of X. $\mathrm{A}\mathrm{s}\mathrm{s}\mathrm{u}\mathrm{n}\mathrm{l}\mathrm{e}$ that $\{.’\iota" l\}$

and $\{T_{\mathrm{t}}?\cdot,, \}\mathrm{c}\cdot \mathrm{o}\mathrm{n}\mathrm{V}\mathrm{e}\mathrm{l}\cdot \mathrm{g}\mathrm{e}$ to $y$ . Then we have

$Ty=T(,1\underline{\mathrm{i}1}11.?\mathit{1}\infty’))=,\iota\infty 1\underline{\mathrm{i}_{11}}1\tau_{x_{?}},=y$.

$\mathrm{T}\mathrm{h}\mathrm{e}\mathrm{r}\mathrm{e}\mathrm{f}_{01\mathrm{e}}(\mathrm{i}\mathrm{i})$ holds. $\square$

In general, a $\backslash \backslash \gamma$-distance $p$ on $X$ does not satisfy that $p(x, y)=p(y, x)$ for $\mathrm{e})^{f}\mathrm{e}1^{\cdot}.\backslash$,

$x,$ $y\in X$ . So, the condition $p(\tau^{2_{X}}, TX)\leq\uparrow l^{J}(T_{X,?\cdot)}\mathrm{c}$ for every $x\in X$ , differs fronl the
condition $l^{y}(TX, \tau\underline{9})x\leq\uparrow’ p(X, \tau x)$ . $\mathrm{T}\mathrm{h}_{\mathrm{C}\mathrm{o}\mathrm{r}}\mathrm{e}\mathrm{n}14$ is a fixed point theoren] for the lattel$\cdot$

condition. We can also $1$) $\mathrm{r}\mathrm{o}\mathrm{l}" \mathrm{e}$ a fixed $1\supset \mathrm{o}\mathrm{i}\mathrm{n}\mathrm{t}\mathrm{t}\mathrm{h}\mathrm{e}\mathrm{o}\mathrm{l}\cdot \mathrm{e}\mathrm{n}\mathrm{l}$ for the $\mathrm{f}_{01\mathrm{m}\mathrm{e}\Gamma \mathrm{C}\mathrm{o}\mathrm{n}}\cdot \mathrm{d}\mathrm{i}\mathrm{t}\mathrm{i}_{0}\mathrm{n}$.

Theorem 5. Let $X$ be a $co\gamma\gamma lpl\text{ノ}ete$ metric space. let $p$ be a $w$-distance on X. Let $T$ be
a mapping $fio7$}$lx$ into $itsel_{1}f$ and) $\gamma\cdot\in[0,1)$ snch $tho,t$

$p(T^{\cdot}.\iota\cdot.T.\iota\underline{)}.)\leq\uparrow\cdot p(T_{l}.\cdot, x)$

for every $x\in X$ . Suppose $eithe\uparrow of$ $t_{\text{ノ}}\prime le$ follo’wing llolds.
(i) It implies $p(Ty, y)=0$ (or $equi\prime ualentl_{\text{ノ}}yTy=y$) that there $exi_{S}t\mathit{8}$ a sequence

$\{X_{1\mathit{1}}\}\subseteq Xsucl\iota$ that $\{x_{?},\}arrow y$ and $p(\tau_{X_{?},,X_{?}},)arrow 0.\cdot$

(ii) it implies $y=Ty$ that there $exist\mathit{8}$ a sequence $\{x_{n}\}\subseteq X$ such that $\{X_{1},\}$ and
$\{T^{\mathit{1}}.\iota,\cdot\}\iota con\mathrm{t}\prime e?\backslash ge$ to $y.\cdot$

(iii) $T$ is continnous.
Then $tll\rho re$ exists $\backslash \mathit{1}^{\cdot}0\in Xs\iota/_{\text{ノ}}cl_{l}$ that $x_{0}=Tx_{0}$ . $M_{oteove}?\cdot$, if $v=Tv,$ $t_{\text{ノ}}llen_{l}$) $(v,$ $\mathrm{t}^{))}=0$ .

$P\uparrow Oof$. First, we shall show $p(Ty, y)=0$ is equivalent to $Ty=y$ for every $y\in X$ . If
$p(Ty, y)=0$ , we have

$p(T^{\mathit{2}}y, T.y)\leq rp(\tau_{y,y})=0$

allcl
$p(T^{2}y, y)\leq l^{J}(\tau^{2}y,$ $\tau y\mathrm{I}+p(Ty, y)=0$ .

So, we obtain $Ty=y$ by Lennna 3. If $Ty=y$ , we have

$p(y, y)=p(T^{\cdot}y, Ty\underline{)})\leq\uparrow.p(\tau_{y,y)}=\uparrow’ p(y, y)$
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and hence $p(y.y)=0$ . $\wedge\backslash |\mathrm{T}\mathrm{e}\mathrm{X}\mathrm{t}$ , we shall show (ii) iniplies (i). Let $\{X_{1\not\supset}\}$ be a sequence
in $X$ , which $\mathrm{c}\mathrm{o}\mathrm{n}\backslash \tau \mathrm{e}\mathrm{l}\cdot \mathrm{g}\mathrm{e}\mathrm{s}$ to $\mathrm{s}\mathrm{o}\mathrm{n}$) $\mathrm{e}_{1}\mathrm{J}\mathrm{o}\mathrm{i}\mathrm{n}\mathrm{t}y$ in $X$ and satisfies ,,$1\underline{\mathrm{i}\mathrm{n}}1\infty p(Tx_{n}., X_{n})=0$ . Then
we have

$p(\tau^{2}\mathrm{t}\tau\cdot,?’ Tx,\iota)\leq?\mathit{1}^{J}(Tx’?’ x_{\iota},)arrow 0$ $(\uparrow?arrow\infty)$

and
$p(T^{2}.\eta_{-}\cdot l1..?.,l)$ $\leq$ $p(T^{2}.\prime I_{?},\cdot, T\backslash \iota’\cdot)’\iota+p(T_{2x_{7l}}.)|\mathrm{t}$

’

$\leq$ $\prime_{l’}(\tau_{x\cdot,j}.\}l.’?)+p(T_{L}.\cdot,I_{7l})\iota’$

$=$ $(1+\uparrow’)p(T_{\mathit{1},}\iota.l .\cdot|\iota)arrow 0$ $(\uparrow?arrow\infty)$ .

By Lenlma 3 and $\{_{\backslash }\iota_{l},\}$ converges to $y$ . we have $\{T_{X_{\mathit{7}l}}\}$ also converges to $y$ . So,
$\mathrm{f}\mathrm{l}\mathrm{O}111(\mathrm{i}\mathrm{i}),$ $y$ is a fixed $1^{\mathrm{J}\mathrm{o}\mathrm{i}_{\mathfrak{U}\mathrm{t}}}$ of $T$ and hence (i) holds. It is from the $1$) $\mathrm{r}\mathrm{o}\mathrm{o}\mathrm{f}$ of $\mathrm{T}\mathrm{h}\mathrm{e}\mathrm{o}\mathrm{l}\cdot \mathrm{e}\mathrm{n}\mathrm{l}4$

that (iii) $\mathrm{i}\mathrm{n}\mathrm{l}\mathrm{p}\mathrm{l}\mathrm{i}\mathrm{e}\mathrm{s}(\mathrm{i}\mathrm{i})$ . So. to $\mathrm{c}\mathrm{o}\mathrm{l}\mathrm{l}\mathrm{l}\mathrm{p}\mathrm{l}\mathrm{e}\mathrm{t}\mathrm{e}$ the proof, $\backslash \mathrm{v}\mathrm{e}_{1}\supset 1^{\cdot}01\gamma \mathrm{e}T$ has a fixed point in the
case of (i). Let $u\in X$ and define

$u_{l},=T^{n}u$ for any $\uparrow l\in \mathbb{N}$ .

Then we have. for $\mathrm{a}\mathrm{n}.\backslash \text{ノ}\cdot?l\in \mathbb{N}$ ,

$p(u\}l+1, \mathrm{t}l,, )\leq\uparrow.p(\mathrm{t}l\prime l’ \mathrm{c}l_{1-1},)\leq\cdots\leq\uparrow^{?\mathit{1}}.p(u1, u)$.

So, if $17\overline{\iota}>\prime 1$ ,

$l^{j}(\mathrm{t}l,1l’ u\}l)$ $\leq$ $l^{j}(\iota\iota,?\mathit{1}. \tau l,7\mathit{1}-1)+\cdots+p(_{1}\iota_{\iota+},1,$ $u_{??}\mathrm{I}$

$\leq$ $\uparrow^{\})\iota-}.p(1)u1,$$u+\cdots+?.p(\prime \mathit{1}u1, u)$

$\leq$ $\frac{\gamma^{1\iota}}{1-\uparrow\backslash }.p(v_{1}, u)$ .

By Lenunla 4. $\{?l,, \}$ is a Cauchy sequence. Since $X$ is $\mathrm{c}\mathrm{o}\mathrm{m}_{1}\supset 1\mathrm{e}\mathrm{t}\mathrm{e},$ $\{u_{n}\}$ converges to
$\mathrm{s}\mathrm{o}\mathrm{n}\mathrm{l}\mathrm{e}_{1}\supset \mathrm{o}\mathrm{i}\mathrm{n}\mathrm{t}.\tau_{0}\in X$ . And we have

$p(Tu_{\iota’\iota},u,)\leq\gamma^{\mathcal{T}l}p(u1\cdot u)arrow \mathrm{O}$ .

So, by assumption, we have $p(T_{X0_{\pi}}.x_{0})=0$ . $\mathrm{T}\mathrm{h}\mathrm{e}1^{\cdot}\mathrm{e}\mathrm{f}_{0}\mathrm{r}\mathrm{e}x0$ is a fixed $\mathrm{p}\mathrm{o}\mathrm{i}_{11}\mathrm{t}$ of $T$ . This
conlpletes the $1$) $\mathrm{r}\mathrm{o}\mathrm{o}\mathrm{f}$ . $\square$

Now, we prove $\acute{\mathrm{C}}\mathrm{i}\mathrm{r}\mathrm{i}_{\acute{\mathrm{C}}\mathrm{s}}$’ fixed $1^{\mathrm{J}\mathrm{O}}\mathrm{i}\mathrm{n}\mathrm{t}$ theorenl by two methods.

Corollary 2 ( $\acute{\mathrm{C}}$ iri\v{c} [2]). Let $X$ be a complete metric space with metric $d_{\dot{\mathrm{G}}}$ and let
$T$ be a 77mapping from $X$ into $itself$. $Sv_{\text{ノ}}pposeT$ is $quasi- ContraCti_{\mathit{0}n}\rangle$ $i.e.$ , there exists
$\uparrow\tau\in[0,\cdot 1)sucl_{l}$ that

$\zeta l(\tau?\cdot,$ $\tau_{y)}\leq\uparrow\cdot\cdot$ nlax{cl(I. $y).d(.\mathit{1}^{\cdot}.Tx).d(y.Ty),$ $\zeta l(x.Ty),$ $\zeta l(y.\tau_{X})$ }

for euery $x./\iota\in X$ . Then $T$ has a unique fixed point.
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Proof by Theorem 4. By $\mathrm{l}\mathrm{e}\mathrm{n}\mathrm{l}\mathrm{n}\mathrm{l}\mathrm{a}2\mathrm{i}_{1}1[\mathit{2}],$ $\{x, T.\mathit{1}^{\cdot}, \tau^{\mathit{2}_{1}}.\cdot, \cdots\}$ is $1\supset \mathrm{o}\mathrm{u}11$ (led for $\mathrm{e}$)$\Gamma \mathrm{e}\mathrm{l}\cdot.1’\iota\prime \mathrm{L}\in X$ .
Hence we can $\mathrm{c}\mathrm{l}\mathrm{e}\mathrm{f}\mathrm{i}_{11\mathrm{e}}$ a function $p:X\cross Xarrow[0$ . $\infty$ ) $1\supset$

}

$p(x, y)=\mathrm{n}\mathrm{l}\mathrm{a}\mathrm{X}\{\mathrm{d}\mathrm{i}\mathrm{a}\mathrm{n}\mathrm{l}\{X, \tau_{x,\tau^{2}.\iota}’\cdot, \cdots\}, cl(\mathrm{J}_{-}^{\cdot}, y)\}$

for every $\backslash ’\iota\cdot,$ $y\in X$ . $\mathrm{B}$

} Lenlma 2, $p$ is a 11-distance on $X$ . Let $x\in X$ . Then we have,
using lennna 1 in [2],

$p(T\iota\iota\cdot, \tau^{2}X)$ $=$ $\mathrm{d}\mathrm{i}\mathrm{a}\mathrm{m}\{T\iota\iota, \tau X, T3.’\underline{)}\iota\cdot. \cdots\}$

$=$
$\mathrm{s}\iota\iota_{\mathrm{N}}|?\in 1)\mathrm{d}\mathrm{i}\mathrm{a}111\{TX, \tau 2.T’\iota\cdot,\mathit{1}3., \cdots T^{\prime 1}\iota\cdot\}$

$\leq$

$\mathrm{s}\iota|\iota\in \mathrm{N}\iota 1\supset r\cdot$

dialntx, $T_{X,T^{2}}x,$ $\cdots T^{\}\prime}x$ }

$=$ $r\cdot \mathrm{d}\mathrm{i}\mathrm{a}\mathrm{n}\mathrm{l}\{x, \tau_{x}, T\mathit{2}x, \cdots\}$

$=$ $?’\cdot p(X, TX)$ .

$\mathrm{A}_{\mathrm{S}\mathrm{S}\iota \mathrm{n}}1\mathrm{e}\{x_{?},\}$ and $\{T_{\mathit{1}_{t\mathrm{t}}}\backslash \cdot\}\mathrm{c}\mathrm{o}\mathrm{n}\backslash \cdot \mathrm{e}\mathrm{l}\cdot \mathrm{g}\mathrm{e}$ to $y$ . Since $T$ is $\mathrm{c}\mathrm{l}\mathrm{u}\mathrm{a}\mathrm{s}\mathrm{i}-\mathrm{c}\cdot \mathrm{o}\mathrm{n}\mathrm{t}\mathrm{r}\mathrm{a}\mathrm{c}\mathrm{t}\mathrm{i}_{0}\mathrm{n}$ ,

$d(\tau_{X_{\mathrm{t}}},, \tau_{y})\leq r\mathrm{n}1\mathrm{a}\mathrm{x}\{Cl(\backslash ?.,\iota’ y).\prime l(x,, , T_{?}\backslash \cdot\}’),$ $\zeta l(y.Ty).cl(_{\mathrm{t}}.\cdot,\iota’ Ty),$ $(l(y, \tau X_{l},)\}$

for any $?l\in \mathbb{N}$ . So,

$cl(y, Ty)$ $\leq$ $?’ \max\{d(y, y), cl(y, y), d(y, Ty), \Gamma l(y, Ty), cl(y.y)\}$

$=$ $\uparrow.(l(y, Ty)$

and hence $y=Ty$ . By Theorelll 4, thclc exists a fixed point $z$ of $T$ . Clearly, a fixed
point is unique. This conllJletes the $1$) $1^{\cdot}\mathrm{O}\mathrm{o}\mathrm{f}$ . $\square$

Proof by Theorem 5. $\iota\eta/_{\mathrm{e}\mathrm{C}\mathrm{a}}^{\mathrm{v}}\mathrm{n}$ define a function $p:X\cross Xarrow[0, \infty)\mathrm{b}_{\mathrm{J}’}$.

$p(.’ \iota\cdot, y)=\sup\{\mathrm{r}l(T^{k}.x, y) : k\in \mathrm{N}\cup\{0\}\}$

for $\mathrm{e}\mathrm{v}\mathrm{e}1^{\backslash }3^{\gamma}x,$ $y\in X.$ $\mathrm{B}.\mathrm{v}\text{ノ}\mathrm{E}_{\mathrm{X}\mathrm{a}\mathrm{m}_{1^{)}}}1\mathrm{e}3,$ $p$ is a $\backslash \mathrm{v}- \mathrm{d}\mathrm{i}\mathrm{S}\mathrm{t}\mathrm{a}\mathrm{n}\mathrm{c}.\mathrm{e}$ on $X$ . Let $x\in X$ . Then we
have. using $\mathrm{l}\mathrm{e}\mathrm{n}\ln$) $\mathrm{a}1$ in [2],

$p(T^{2}\backslash \mathrm{t}\cdot, \tau x)$ $=$ $\mathrm{s}\mathrm{t}\mathrm{l}\mathrm{p}\{d(\tau kX, \tau_{?}.’):k=2,3,4, \cdots\}$

$\leq$ $?\cdot\cdot \mathrm{s}\mathrm{u}_{1^{\mathrm{J}\{\mathrm{c}}}l(T^{k}x, x)$ : $k=1,2,3,$ $*,$ . }
$=$ $r\cdot p(_{X,Tx})$ .

So, by Theorenl 5, there exists a fixed point $z$ of $T$ . This $\mathrm{c}.0\ln_{1}$) $1\mathrm{e}\mathrm{t}\mathrm{e}\mathrm{s}$ the $\mathrm{p}_{1}\cdot \mathrm{o}\mathrm{o}\mathrm{f}$. $\square$
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5. METRIC COMPLETENESS

In this Section, we discuss a $\mathrm{c}\mathrm{h}\mathrm{a}1^{\cdot}\mathrm{a}\mathrm{C}\mathrm{t}\mathrm{e}\mathrm{r}\mathrm{i}_{\mathrm{Z}}\mathrm{a}\mathrm{t}\mathrm{i}\mathrm{o}\mathrm{n}$ of nletric conlpleteness. $\mathrm{F}\mathrm{i}\mathrm{l}\cdot \mathrm{s}\mathrm{t}$ , we
give a definition. A mapping $T$ : $Xarrow X$ is called weakly contractive if there exist
a $\backslash \mathrm{v}$-distance $l^{J}$ on $X$ and $r\in[0,1)$ such that $p(Tx, \tau_{y})\leq?l^{J(x,y)}$ for every $x,$ $y\in X$ .
The following $\mathrm{T}\mathrm{h}\mathrm{e}\mathrm{o}\mathrm{l}\cdot \mathrm{e}\mathrm{l}$ )$1$ was $1$) $1^{\cdot}\mathrm{O}\backslash /\mathrm{C}\prime \mathrm{c}1$ in $[\overline{/}]$ . We give anothel $\mathrm{P}^{\mathrm{l}\mathrm{o}\mathrm{o}\mathrm{f}}$ of “

$\mathrm{i}\mathrm{f}’’ 1$) $\mathrm{a}\mathrm{l}\cdot \mathrm{t}$ and two
$\mathrm{P}^{\mathrm{l}\mathrm{O}\mathrm{O}}\mathrm{f}\mathrm{s}$

’ of “
$\mathrm{o}\mathrm{n}1_{3^{r}}$ if’ $\mathrm{p}\mathrm{a}\mathrm{l}\cdot \mathrm{t}$ .

Theorem 6 $([\overline{/}])$ . Let $X$ be a metric space. Then $X$ is $co\prime mplete$ if and only if $e$ uery
weakly contractive mapp’ing from X,into itself has a fixed point ,in $X$ .

Proof of $if$
’

$pa\gamma\cdot t.$ Assunle that $X$ is not $\mathrm{c}\mathrm{o}\mathrm{n}\mathrm{I}\mathrm{p}\mathrm{l}\mathrm{e}\mathrm{t}\mathrm{e}$ . Then there exists a sequence
$\{x_{?},\}$ in $X$ satisfying the following conditions:

(i) $\{x_{l},\}$ is Cauchy;
(ii) $\{x_{n}\}$ does not $\mathrm{C}\mathrm{o}\mathrm{n}\backslash /\tau \mathrm{e}\mathrm{r}\mathrm{g}\mathrm{e}$ ;
(iii) $x_{j}\neq x_{j}$ if $i\neq j$ .

A function $p:X\cross Xarrow[0, \infty)$ defined by

$p(.\iota\cdot.y)=\{$

$2^{-i}+2^{-j}$ , if $x=\backslash \mathit{1}_{?}$
. and $y=x_{j}$ ,

$2^{-i}+1$ , if $x=\mathrm{t}\iota_{i}$ and $y\not\in\{x_{1},\}$ ,
$1+2^{-j}$ , if $.?\cdot\not\in\{.\tau_{n}\}$ and $y=x_{j}$

is a $\backslash \mathrm{v}$-distance on $X,$ $133^{\cdot}$ Example 4. Define a $\mathrm{n}$) $\mathrm{a}\mathrm{l}\supset \mathrm{p}\mathrm{i}\mathrm{n}\mathrm{g}T\mathrm{f}\mathrm{r}\mathrm{o}\mathrm{n}\mathrm{l}x$ into itself as follows:

$Tx=\{$ $x_{i+1}\backslash x_{1}^{\backslash },$

’ if $x=x_{i}$ ,
$\mathrm{o}\mathrm{t}\mathrm{h}\mathrm{e}1^{\backslash }\backslash (f\mathrm{i}_{\mathrm{S}}\mathrm{e}$.

Then $\backslash \backslash \cdot \mathrm{e}$ have $p( \tau_{?_{J}}\backslash \cdot.\tau_{y)}\leq.\frac{1}{\mathit{2}}p(\backslash \tau\cdot.y)$ for every $\alpha\cdot,$ $y\in X$ . But, $T$ has not a fixed point
in $X$ . This $\mathrm{c}\mathrm{o}\mathrm{n}11^{)}1\mathrm{e}\mathrm{t}\mathrm{e}\mathrm{S}\mathrm{t}\mathrm{l}\mathrm{l}\mathrm{e}_{1}$) $\mathrm{r}\mathrm{o}\mathrm{o}\mathrm{f}$ . $\square$

Proof of only if” $pa\uparrow\cdot t_{\text{ノ}}$ by $Tlieo?\prime_{y}\mathit{3}m4$ . $\mathrm{C}\mathrm{l}\mathrm{e}\mathrm{a}1^{\cdot}1\backslash .r$ ,
$p(T.\prime \mathrm{t}\cdot, \tau^{2}X)\leq\uparrow p(X.Tx’)$

for every $x\in X$ . Let $y\in X$ with $y\neq Ty$ be fixed. Assume that there exists $\{x_{\iota},\}$

such that
$n\infty 1\underline{\mathrm{i}\mathrm{n}}\mathrm{l}\{p(x,,.y)+p(x_{l,},.\tau X)n\}=0$ .

Then $\backslash \mathrm{v}\mathrm{c}$ have
$p(.\mathit{1}^{\cdot},.\tau y)1$ $\leq$ $p(.?,l’\tau_{X_{r\mathit{1}}})+p(\tau_{x},,, \tau_{y})$

$\leq$ $p(_{2_{)}}\mathrm{t}.l.T_{\mathit{1}_{7}}\mathrm{t}.\iota)+?.p(x_{\gamma \mathrm{t}},$ $y\mathrm{I}arrow 0$ .

Then. by $\mathrm{L}\mathrm{e}\mathrm{n}\mathrm{l}\mathrm{n}\mathrm{T}\mathrm{a}3$ . $\backslash \backslash \cdot \mathrm{e}\mathrm{h}_{\dot{c}}\iota \mathrm{V}\mathrm{e}Ty=y$. This is a $\mathrm{C}\mathrm{o}\mathrm{n}\mathrm{t}1^{\cdot}\mathrm{a}\mathrm{d}\mathrm{i}_{\mathrm{C}\mathrm{t}}\mathrm{i}_{\mathrm{o}\mathrm{n}}$ . Hence, we have
$\inf\{p(\iota?.y)+p(x, T_{X}) : x\in X\}>0$ .

$\mathrm{B}\backslash .’\cdot \mathrm{T}\mathrm{h}\mathrm{e}\mathrm{o}\mathrm{r}\mathrm{e}\mathrm{n}\mathrm{l}4,$ $\tau$ has a fixed point. $\square$
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Proof of
$\cdot$

only if part by Theorem 5. $\mathrm{C}\mathrm{l}\mathrm{e}\mathrm{a}\mathrm{l}\cdot \mathrm{l}\mathrm{y}$,
$p(T^{\underline{9}}I, TX)\leq?’ l^{J}(Tx, X)$

$\mathrm{f}\mathrm{o}1^{\cdot}\mathrm{e}\mathrm{v}\mathrm{e}1^{\cdot}\backslash ^{r}.\cdot \mathrm{t}\cdot\in X$ . Let $\{X_{1\iota}\}$ be a sequence in $X\backslash \mathrm{v}\mathrm{h}\mathrm{i}\mathrm{c}1_{1\mathrm{c}}\mathrm{o}\mathrm{n}\backslash \gamma \mathrm{e}1^{\cdot}\mathrm{g}\mathrm{e}\mathrm{S}$ to $\mathrm{s}\mathrm{o}\mathrm{n}\mathrm{l}\mathrm{c}_{1}$) $\mathrm{o}\mathrm{i}\mathrm{n}\mathrm{t}y$ in $X$

and satisfies ,$?\infty 1\underline{\mathrm{i}\mathrm{n}}\mathrm{l}p(T.\mathit{1}^{\cdot},, , \mathrm{U}\iota\cdot,, )=0$ . Let $k\in \mathrm{N}$ be fixed. Then we have

$p(T^{k}y.\backslash \mathrm{t}\prime 1)$ $\leq$ $p(T^{k}y.T \mathrm{x}_{1\mathrm{t})}.)l+\sum^{-}p(\tau j+1k\rfloor.\cdot,)1_{\iota}, \tau \mathrm{i}_{X,}.,)j=1(+l\tau_{I}\iota.\prime \mathrm{t}’ 1_{)},\cdot)$

$\leq$ $\uparrow\cdot p(k.y, .\iota\cdot 1’)+\sum^{-1}rjk..\cdot)i=0p(T_{l_{n},\mathit{1}}’\cdot’\iota$

$=$ $\gamma^{k}.\cdot p(y, .\iota_{\lambda},\cdot)+\frac{1-\uparrow k}{1-\uparrow},p(\tau x??’ x,?)$

and hence $p(T^{k}y, y)\leq\prime^{k}’ p(y.y)$ . So, we obtain
$p(\tau^{\kappa_{y,y}}.T)\leq?.p(T^{k-1}.y, y)\leq\prime^{k}.p(y, y)$ .

$\mathrm{I}3\mathrm{y}$ Lemma 3, we $1_{1\dot{\epsilon}\backslash 1\mathrm{e}}\tau_{y}=y.$ Thelcfole. by Tlleolelll 5, $T$ has a fixed $1$) $\mathrm{o}\mathrm{i}\mathrm{n}\mathrm{t}$ . $\square$

$Acl_{\iota inow}ledgment$ . The atltllol$\cdot$ wishes to $\mathrm{e}\mathrm{x}_{1^{\mathrm{J}1}}\mathrm{e}\mathrm{S}\mathrm{s}\mathrm{h}\mathrm{i}|\mathrm{s}’$ hcaltJ $\mathrm{t}\mathrm{h}\mathrm{a}\mathrm{n}\mathrm{l}_{\check{\mathrm{g}}},\mathrm{b}1$ to his $\mathrm{s}\mathrm{u}_{1^{)\mathrm{e}1\backslash }}r\mathrm{i},\mathrm{S}\mathrm{o}1$

$\mathrm{P}\mathrm{l}\cdot \mathrm{o}\mathrm{f}\mathrm{e}\mathrm{S}\mathrm{S}\mathrm{o}\mathrm{r}\tau 1^{\tau}$ . Takaliashi $\mathrm{f}\mathrm{o}1^{\cdot}$ nlan.\ $\cdot$ valuable suggestions and collstant $\mathrm{a}\mathrm{c}\mathrm{l}\mathrm{l}\cdot \mathrm{i}\mathrm{C}\mathrm{c}$.
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