goooboooobgon
9420 1996 O 1-13

Finite Group Schemes I
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1 Introduction

In this report I give some definitions and state fundamental facts on group
schemes which are used in [S], [Su] and [N]. The main topics of this report are
exact sequences of commutative group schemes and Cartier duality of finite
commutative group schemes. The proofs are not given here. I write this
report mainly for persons who have not studied these topics. Fundamental
results on group schemes can be seen in [SGA3 Tome 1,2,3], [DG], [Sh], [W]
etc. To motivate the reader to study finite group schemes, I give a reason why
finite group schemes are fundamental in the study of arithmetic geometry.
Abelian schemes are very important objects in arithmetic geometry. We can
get a p-divisible group from an abelian scheme which is an inverse limit of
finite commutative group schemes. It is easier to study p-divisible groups
rather than abelian schemes itself. I assume the reader is acquainted with
fundamental facts about schemes which are written in [EGA LILIILIV] or
[H]. But I sometimes review them for him. I hope this report is useful for
him and encourage him to read books and papers on group schemes.
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group schemes. I thank Doctor A. Shiho very much for pointing out some
mistakes. '
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2 Definition of group schemes

In this section we give the definition of group schemes over any base and
formulate it in the view of Hopf algebras when they are affine over bases.
Let S be a scheme and (Sch/S) be the category of the schemes over S.
Let G € (Sch/S), i.e. a morphism 7 : G — S, and m : G X G — G,

e: S — G, and inv : G — G be morphisms over S.

Definition 2.1. 1) A quadruplet (G,m, e, inv) (we often this simply by G
) is called a group scheme over S if the following diagrams commute:

a) ( associative law )

GxG>S<G LXI——) G

s 3¢
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b) (unit )
G ? S —l—x—e—+ G é G
| |
exl
S >S§ G — @G >S< G
IJ, | lm
¢) (inverse )
(1,inv)
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2) Let G = (G, m, e, inv) be a group scheme over S. G is called commutative
if the following diagram commutes:

twist

GxG —— GxG
T i
G  — G
Remark 2.2.

1) We do not use the word ”abelian” in (2.1) 2) contrary to in the theory of
abstract group theory, for it is used for the other objects stated in (3.1) 7)
below.

2) Let G (resp. T ) be a group scheme ( resp. scheme ) over S. Then the
base change scheme G >S< T is a group scheme over T'. Especially if we take T

as a point of S, we obtain a group scheme over it and we can consider G/S
as a family of group schemes with parameter space S.

3) Let G, H be group schemes over S. Then the fiber product G g( H is

naturally endowed with a group structure.

4) Let G and T be as in 2). We can consider G as a functor from (Sch/S)
to the category of sets (Sets). The T-valued points G(T') := Homg_scn(T, G)
can be endowed with a group structure: a) The multiplication law is given

as follows: G(T) x G(T) = (G X G)(T) ==+ G(T). b) The unit element is
T=T X s T X G. Note that G(T) = (G X T)(T). c) The inverse is

induced by inv. Then the commutative diagrams as in (2.1) correspond to a)
(ab)e = a(bc),b)a-1=a,1-a=a,c)aat =1,a"ta=1for a,b,c € G(T).

Next we consider an affine group scheme G over a scheme S. In general
for affine schemes over S f : X — S, g : Y — 5, we have the equal-
ity Homg_scn(X,Y) = Homog-aig(9:(Oy), fx(Ox)) by [EGA II] Prop.(1.2.7).
Let m : G —» S be the structure morphism and we put A(G) := m.(Og), A :=
m* : A(G) — A(G) ® A(G), € := e* : A(G) — Os, and a := inv* :

A(G) — A(GQ). Then by the above general fact, the commutative dlagrams
in (2.1) correspond to the following commutative diagrams:
a) ( coassociativity ) ’



mm94@§m®<ﬂi-mmgmm
1®AT A
AG)@AG)  —— A
b) ( counit )

M®§%<33-M®§M®

c) ( antipode )

AG) ——— A(G)gZ;A(G)

,,‘T TA

Such (A(G), A, ¢, a) satisfying the above axioms a), b), and c) is called a (
commutative ) Hopf algebra over Og, A a comultiplication or coproduct, € a
counit and @ an antipode ( An antipode is usually written as S, but we use
S as a base scheme, so that we denote it by a. )



-3 Examples

We give examples of group schemes in this section.
Example 3.1.

1) Additive group scheme G,.
As a scheme G, is a line over Z, i.e. SpecZ[X]. The structure of the Hopf
algebra is given as follows:

ZIX]> X+ X ®@1+10 X € Z[X]®?
Z(X]3 X - 0€Z,
Z[X] 3 X - —X € Z[X).

The additive group scheme over a base scheme S is obtained by the base

change Go/s : =G, x_S.
SpecZ

2) ( See [M] Lecture 26.) Witt scheme W, (n € Zy;): A generalization of
1).

The Witt scheme W, is Spec Z[Xo, -+ , Xn-1] as a scheme. We consider n-th
product of G, G = SpecZ[Wy, - - - , Wn_1] ( Here we take W; as coordinates
of G,. ) and a morphism W, — G given by ZWo, -+ Wya] 3 Wi —>
X2 4pX? T 4 4P X; € Z[Xo,+ -+ , Xn_a)]. Since W, ®Z [%] =N Y/ [,%] ,
the group structure on G? ®Z [%] induces that on W,  Z [;1;] . The following

says that not only W, ® Z |%| but also W, has a group structure.
)

Theorem ( Witt ) W, has a unique group structure which induces the above
on the dense open set W, ® Z [%]

This is the reformulation of the classical theorem of Witt [Se] §6 Th. 5. If
the reader knows the theorem, he shall know that W, has a not only group
structure but also ring structure ( The definition of ring schemes can be easily
defined. ). If n goes infinity, the group scheme W is obtained.

3) General linear group GLy.

As a scheme GL, is Spec Z[ X1, - , Xnn) [—;5], where D is the determinant
det(X; ;). The structure of Hopf algebra is given as follows:

1 o 1%
Z[ X1, s Xan) [D‘] 3 Xi; 2y ZXik ® Xx; € Z[ X1, y Xam) [5] ,
k=1



: 1 .
Z[Xl,b e )Xn,n] [—5] =] Xij — (Sij € Z’

1 o Ai; 1
Z[Xl,la' - ,Xn,n] ‘:5] 2 X,ﬁj — D-7 € Z[Xl,l, cee ,Xn,n] l:—D—J y

where A;; is the cofactor of the matrix (X;;). Some closed subschemes of
GL, ( e.g, SLn, Spn ) can be defined. GL, is denoted by G,,.

4) Constant groups.

Let I be an abstract finite group. The functor

(Sch/Z) 5 T —— T € (Groups)
is not representable. But the functor
(Sch/Z) 5 T +— ™™D ¢ (Groups)

is representable. The scheme which represents it is as follows: As a scheme it
is the spectrum of the ring of the maps from I' to Z, in other words the group
ring of T' over Z. We denote it by Map(I', Z). Since Z has a ring structure,
Map(T, Z) also has the structure. Map([', Z) is a free Z—module of finite
rank and Map(T', Z)®Map(T', Z) is canonically isomorphic to Map(I'x T, Z).
Let f be an element of Map(I', Z) and o, 7 € I'. Then the comultiplication,
counit and antipode is given as follows:

(Af)(o,7) = floT), (ef)(o) = f(1), (af)(o)=f(o7").

If one notes that Map(I', Z) has the idempotents e, := (( the characteris-
tic function of ¢ )), and in general an idempotent of a structure sheaf of a
scheme corresponds to a connected connected component of it, one sees that
Spec (Map(I', Z)) represents the functor

(Sch/Z) 5 T +— ™) ¢ (Groups).

5) Group scheme of n-th root of unity u.,.

As a scheme pu, = SpecZ[X]/(X™ — 1) (n € Zso ). The Hopf algebra
structure is the same of Gy,. In the notation of §4, u, = Ker(G,, — Gy,).
6) Let p be a prime number and S be a scheme of characteristic p.

Let apr = Spec(Os[X]/(X?")) (r € Zso ). The Hopf algebra structure is

the same of G,. In the notation of §4, a,- is Ker(G, 2, G.), where Fr is
the Frobenius of G,, i.e. p-th power homomorphism.



7) Abelian schemes

Let A be a group scheme over a scheme S. A is called an abelian ( group
) scheme over S if it is proper and smooth over S whose geometric fibers
are connected. It is one of the most important group schemes in arithmetic
geometry.

The following theorem says that the study of a connected group variety
reduces to that of an abelian variety, a closed variety of a general linear
group and of an extension:

Theorem 3.2 ( Chevalley ). Let k be a field and G be a connected group
variety over k. Then there exists an extension of an abelian variety A by
a connected closed normal subgroup variety H of G which can be embedded
in GLyx for some n € N as a closed variety. ( Ezact sequences of group
schemes are explained in §4. )

4 Kernels and cokernels

The definition of the kernel is very easy. Let f : G — H be a morphism of
group schemes over a scheme S. Then Ker f is defined as the fiber product:

Kerf —— S

l lunit section

The definition of the cokernel of f is somewhat difficult. A naive question
arises: Is the following contravariant functor

F:(Sch/S)> T~ H(T)/f(G(T)) € (Sets)

representable, i.e. does there exist a scheme G over S such that G(T) =
H(T)/f(G(T))(T € (Sch/S)) in a functorial way? But this does not hold
usually. Descent theory [SGA-1] Exposé VIII Cor.1.2 says that, if a con-
travariant functor F is representable, it must satisfy the following condition:
For a faithfully flat and quasi-compact(=:f.p.q.c = fidélment plat et quasi-
‘compact in French ) morphism of S-schemes [[ T, — T

(%) F(T) — [[ F(To) = ] F(Ts x Ty).



is exact, i.e. F(T') is isomorphic to the equalizer of =3. Let n be a natural
number greater than 1 and let us consider p, < G, over a field k which
contains n-th root of unity. Let K be a Galois extension of & of finite degree
d. If Gy jx/pinyi is representable in the naive sense, the following sequence is
exact by () ( we take a f.p.q.c morphism Spec K — Speck ).

K" [pin(k) — K*[pn(K) = (K [pn(K))".
One of the maps — is the diagonal embedding and the other is the map of
the conjugations. We assume there exist an element of a € k such that n-th

root of a is not contained in k. Then {/a is an element of the equalizer of
=3, but it is not an element of the image of k*/u,(k).

( If one knows the etale topology of Grothendieck, he sees immediately that
the naive idea is not right. In fact, if G i /pn/k is representable by a com-
mutative group scheme G in the naive sense, we have an exact sequence

]-_)/‘tn/k_)Gm/k ———)Q—+1

in the category of the abelian sheaves of the Zariski site on Spec k, also of the
etale site on Spec k. The long exact sequence of the above sheaves on the etale
topology and the Hilbert’s theorem 90 ( [SGA 4 Tome 3] Exp. IX Th.3.3
) show H(,(Speck,pun/x) = 0. But this is contrary to H(Speck,pn/x) =
H'(Gal(k,/k), pn(K)) = E*/(k*)" #0.) |

If one takes every map T, — T as an open immersion, the exactness of
(*) says that F' is a sheaf on T. As stated above one should consider not
only open immersions but also f.p.q.c morphisms and we take not only open
coverings but also f.p.q.c. coverings as coverings of a scheme. We call a
contravariant functor G : (Sch/S) — (Sets) a sheaf ( to be more precise,
sheaf of the f.p.q.c. topology on S ) if (x) for G instead of F is exact. (
The author does not define the definition of the coverings and Grothendieck
topology, but one should consult SGA 3 Exp. IV, SGA 4 Tome 1, or SGA
4% 1.6 if one wants to know the f.p.q.c. sheaves well ). Anyway, at last one
can come to the definition of the cokernel:

Definition 4.1. Let f : H — G be a morphism of group schemes over S.

f
Coker f is defined to be the cokernel of H=3G in the category of the sheaves

on S. Here e is the composite of the structure morphism of H/S and the
unit section of G/S.



The next problem is to give sufficient conditions for the representability of
cokernels.

Theorem 4.2 ([R]). Let G/S be a group scheme of finite type and H be
a closed subgroup scheme of finite type. One of the following conditions is
sufficient for the representability of G/H.

1) S is artinean.

2) G is smooth over S and S is regular of dimension< 1.

8) G is quasi-projective and H is proper and flat.

Example 4.3.

1) Let n be a positive integer and S be a scheme. Then G/s/pn/s = G /S

2) Let p be a prime number and S be a scheme of characteristic p > 0. Then
Fr—1 ‘

W,/s/(Z/p")s —+ W,s. Here Fr is the Frobenius(=p-th power homomor-
phism) of W, /s.

3) Examples given in [S] and [Su]. _

( If the reader knows the etale and f.p.p.f(=fidelement plat et presentation
fini in French, faithfully flat and of finite presentaion in English) topology ,
he sees the above are obtained by exact sequences of etale or f.p.p.f-sheaves
( etale < f.p.pf< fp.qc).)

5 Cartier duality

In this section Cartier duality for finite group schemes is explained. It is con-
venient sometimes for the reader to remember Pontrjagin duality for locally
compact topological groups. First we must review the definition of finite
group schemes.

Definition 5.1. 1) Let G/S be a group scheme. G is called finite if the
structure sheaf Og is a locally free Og—module of finite rank.

2) Let G/S be a finite group scheme. Then the order function of G is defined
as ko (Og) : mo(S) — N. It is denoted by §G.

Let G/S be a finite group scheme. Then Og is a locally free Os—module
of finite rank. We put OF :=Homoz-mod(Og, Os). Let us recall the algebra
structure and the Hopf-algebra structure of Og in the left of the table below.



G ”» GD»

prod. of ring : 08" — Og | OZ®* (’)8 ;  coproduct
stru. morph. : Og — Og | Os +— OF;  counit
coproduct; A : Og — OF? | O «+— O2%%  prod. of ring
counit; € : Og — Oy (9 — (95, structure morph.
antipode; a : Og — Og (98 «— OL; antipode

Dualizing the left we obtained the right of the table. With these structures
O2Z defines a finite commutative group scheme:

Propositon 5.2 ( Cartier duality ). Let G/S, H/S be finite commuta-
tive group schemes. Then the followings hold:

1) GP = Spec((’) ) is a finite commautative group scheme of order §G.

2) (GP)P'=0G

3) Homg(G’D HP) = Homg(H,G)

4) GP = Hom(G,Gpys), where Hom(G, Gy/s) is the functor from (Sch/S)
to (Ab) whose T'-valued point (T € (Sch/S)) is Homr_g,(G1, Gmy1)-

5) (G X H)P =GP X HP.

D
6)(G§T) =G >S<T

7) Let 1 — K — G — H —» 1 be an ezact sequence of finite com-
mutative group schemes over S. Then the sequence 1 +— KP +— GP +—
HP +— 1 is exact.

Definition 5.3. GP is called the Cartier dual of G.

If one shows something on the Cartier dual GP, one often gets some infor-
mation on G itself, e.g. extensions over nilpotent bases, the existence of
Jordan-Holder sequence in [R] Prop. (3.2.1) and etc.

Example 5.4.

1) (Z/n)P = p,. If one remembers the Pontrjagin duality, it seems evident.

To show it we ( must ? ) use (5.2) 4).

2) Examples given [OT] and [R1]. The author shall take these examples in

[N] (3.8) 2).

3) We want to give dualities of Witt schemes. Before doing so, let us

remember the Pontrjagin duality of the direct sum indexed by N of the

real group R. Let C; be the Lie group of the complex numbers of abso-

lute value 1. The pairing PR x [[R 3 (z,y) — e?™XL% ¢ C, gives
N N

10



duality Hom(@R,C;) ~ [[R. Here } (:) is the sum of - € PR. For-
N N N

mally eV = [[2,(1 — U")” el , where p is the Mobius function. Let p

be a prime number. Mimicking the equation, we define the Artin-Hasse

exponential E,(U) by Ey(U) = [ =1 = U")” 2 As shown in [DG]
p'"

Chap.V, §4, n°4, E,(U) has another expression E,(U) = exp(d ;2 Ur )-

Let X = (Xo,Xi,---) be a sequence of variables. We define E,(U;X) =

p(UXo) (UPX,)Ey(UP’ Xp)+ -+ € Zy[X][[U]]*. As the classical exponen-

tial gives a group homomorphism

e2mi(’)

(@R ) — Cl,
E,(U;-) does a homomorphism of group schemes

Ep(U;)
(Wz(p)[[U]b +) = Gm/Z(p)[[U]]'
To avoid infinite sums, we consider a sub-functor W of W whose T-valued

point is {(a1,--+ ,an, - +) € W(T)a; = 0(a. a),a; € I(T,Or) : nilpotent}.
W is an analogy of EBR W is an ideal of W and for a € W(T) (T €

(Sch/Zy) ), Ep(U; a) is a polynomial of U over I'(T, O7). Hence we have a
pairing e
Wz, Z>(i) Wz, 3 (a,b) — Ep(l,a-b) € Guyz,-

Here - between a and b means the multiplication of the Witt ring. Finally
we have a duality which is used in {S]:

Theorem 5.5 ( [DG] Chap.V, §4 ). Let S be a scheme of characteristic

b. —
1) The above pairing induces the isomorphism (Woys)P ~  Ws. Here

D ot
FWWS := Ker(Fr" : Wg — Ws).
2) The above pairing induces the isomorphism . m(Wn/s)D o HnWm/S. Here
Fn Wm/S = Ker(Fr m/,g —r Wm/S)
Remark 5.6.

Note that W, /s is not a finite scheme over S. WE/ s is defined as the functor
_.H&rg(wn/Sa Gm/S)-

11
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