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Gross - Prasad OB
¥EE Bk (Takao Watanabe) (S K<)
D/ — MNIBEXEICH B 2 DDFX [G-P), [G-P 2] DREFTT.

1. Orthogonal groups.

Z D section Tid k % ch(k) #2 TH B L5 BERDKRLT 5.
V 2 n-T k-7 MV L, B: V XV — k 2IEBEAN—RFER & T 5. V O Witt 3#E 2

B X,Y & maxmal totally isotropic subspaces
V=XoleY, { Vo & anisotropic subspace
LT EEE

X=<ey ,ea> Vo=<fi, ", no> Y =<e€,--,€4>
B(ei, e]) = B(e‘:'.‘e_;) = 07 B(eh e;) = 61:]'
B(e;, f;) = B(ej, f3) =0, B(fi, fj) = aibij

LELD. ZDEE B OTHIE
0 0 14 ay
Jp = 0 S 0], S= e
1; 0 O ng
3.
Definition.

(1) d(V) = (=1)[/2 det(Jp)k*? € kX /k** % discriminant ¥\
(2) dimV, < 2 (resp. dimVp < 1) D& & V & quasi-split (resp. split) TH 2 &\ 5.

[f5]
() k=C DL %, FED B L split T

(V,B) 2 (V',B') < dimV =dimV’

1, 0
B~ ( 0 —1q)
(V,B)2(V',B') < dimV =dimV’,(p,q) = (¢',q")
(3) k BERIKD & =, B D B I& quasi-split T

(2 k=R DL &, BRROFELFE.

Wz

(V,B)= (V',B') <= dimV =dimV’, d(V)=d(V")
(4) k DS pEfRD L &, DRIC dimVp <4 TH 5. (,)r: kX x ¥ — {£1} % Hilbert symbol & LT

e(V) = H(ai, a;)k (Hasse invariant)
i<g

rBle
(V,B)~ (V',B) < dimV =dimV’, dV)=d(V"), e(V)=eV")
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(5) D kK IZDWT,a,bek™ LT BLE,
Q(a) = (k, By): B,(z,y) = axy (discrimnant @ @ 1 X7t quadratic space)

%2
Q(a,b>=(E,Ba,b>:E:{k<\/5) (ag %)

kok (aek<?)’ Bap(z,y) = —;—(NE/k(z+ y) — Ni i () — Ni i (y))

£¥%. dimE =2, d(Q(a,b)) = ak** T, £ D 2 Xt quadratic space (X Z D& > 12 Q(a,b) & FRIZ
5.

Q(a,b) = Q(b) ® Q(—ab)
Q(a,b) 2 Q(d',b) <> a=a mod k**, b=t mod Ng/(EX)
TH5.

(V, B) ODHBERE %
SO(V,B) = SO(V) = {g € SL(V): *9Jpg = Jg}
95,V OEBSERE

‘/‘r =< €ry1,"" ,€d > &b < f17'°' 1f'no > < e:-—[—];"' yeld >:XT€B ‘/OQ)YT
Vi=<ey, - ,ee>@®<é),---,el>=X"@Y"
LT
1,
* k% x *
SOV, Bly,xv,.) =SO(V;) = SO(V): | * * x|+ * % *
* ok % 1,
' * % *
6
1g»
GL(XT) — SO(V): 6 — 1p,
tlsAl
| P
EBLEk
P, = Stabgo(v)(X") = My x N, (a maximal parabolic subgroup)
M, = Stabso(v)(Vri) =GL(X") x SO(V;), (aLevi subgroup of P,)
1, * * % *
ld__,. *
N, = lp, * € SO(V) » , (the unipotent radical of P,)
1,
* ld——r
LEETD. N ZRDOES ITHT 5.
1, C
14 »
Néer — [N, N;] = {n.(C) = 1n, CeEAlt, S 2 XTAYT
1,
1d~r
. A B D
P ~tD
N,/Née = dn,(A, B,D) = 1o, —S'tB ner; HDEMrar { oy yr gy
B € My,

—tA 1d~r
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Ny "D M, ORI

(69)nr(C)(69) " = n(6C*6)

(S0 (A, B, D)(6g)" = m,(6(4, B, D))y O € CLXD: 9€5004)

THA6N%. E5IC

* * ok 1 % *
Lo o 01 --- «x
Qr = : - - leGL(XT), , A= .. . | eGL(XTM)
* -e- % % : ool oot
0 01 00 1

£B<.

2. Relevant pairs.
(V, B) & Section 1 *[H L &9 3.

Definition.

(V, W) % relevant pair & {&

() W ix V 022 T Blwxw (& non-degenerate

(i) Wt 2 W OBEXHZEBET2LE, dmW! BER (=2r+1 29 3) THD (W, Blwrxwe) &
split §°%.

ZDLEV,W OANI—2ELTHRRTICRS. 22T V,W OFTH R TOS % Z, TEL, B8
ReDFH%E Z, TRY.

SO(V) L X 3ZMEEL LT W BROFICR 3.

Wh=<e, - ,e>0QB)® <€, ,e.>, (B=dW?))

W = (WL)L C (X"@Y")J' — ‘/r
SO(W, Blwxw) = SO(W) — SO(V;) C M, C .

b, WE triple (G,H,?%) %

G = SO(V) x SO(W)
H = (A, x SOW)) x N, — G: h =6gn > (h,g)
¢: H — k: a morphism of H

TEFHETS. CITCLERTEZIONZLDLET 5.
r=00DEL=0
r>10¢&E

by : V, — V./W — k: a linear functional # 0
b1: X" > X"/ <e, - 6.1 >2< e, > k: alinear functional # 0

2D, ZNH5S
¢ N, — N, /N = X7 @V, 124 g

& U ZEERTD. ZDLE
Staby, (£') = {m € M,: £'(mnm™") = £'(n) ("n € N,)} = Q, x SO(W)
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5. £oT Ll E (Qr x SOW)) X Np IERTES. 561
¢,: A, — k: a nondegenerate morphism BIZE L(6) =byg+ -+ b6,_1, B E)

EELD
¢: H = (A, x SO(W)) x N, — k: £(6gn) = £,(8) + £'(n)

eB<.

Lemma.

‘(H,é) & SO(V) IZL2EHERL UT (VW) CORMKET 5. (bw,l1,4, DEDFITRKREFELRW)

[f54]
(1) V,W  quasi-split 22 d(V) = ak*%, d(W) = bk** T 3 & 5 12 relevant pair (V, W) &3 ROF
2 5.

(QS-1, a=1): dimV =2d, dimW =2(d—7—1) +1

V=<ep, - ,eq>®<el, - ,e4>
1
W=<eri1, - €a-1>BQMb)D < €1, - €1 > , Qb)) =< §(ed:l:be:,) >
WL =< ey, - ,6,—>®Q(—b)®<€{l,"‘ )e;' >

(QS-1,a#1): dimV =2d+2, dmW =2(d—r) +1

V=<ey,-,eq>0Qa,b)®d < e, -, >
W =<erq1, €4 > OQB)D < €l py, -, €3> ,
WJ_ =< ey, " ’er>®Q(_ab)®<e,11"' ,8:.>

Q(a,b) = Q(—ab) ® Q(b)
=<f1>®< foa>

(QS-2,b=1): dimV =2d+1, dimW = 2(d — )

V=< €1, ’ed>®Q(a)@<e,11"',e:i>
W=<e1,---,ea> B < €1, €64 > Q(a) =< f1 >
Wt =<ey, - ,e > OQ(a)® < €, -, €5 >

(QS-2,b#1): dimV =2d+1, dimW =2(d—r—1)+2

Viesen > @d@o<a > Qb,2) = Q(-ab) @ Qo)
W =<ery1,,ea-1> OQb,a)® < €] 1, -, €41 >, 1( )o@
=<3 - >@®< fi>
Wt =<ey, e > 0Q(ab)d < €}, , €y > o \3€d — %64 f1
(2) (1) PRFETE S dmW <1338, SOW)=1r=dT
H:Ade

& SO(V) @ maximal unipotent subgroup (Z1% Uy &) & %. WXIZ £ £ LT Uy O nonde-
generate morphism ¢y, DEN 5.
(3) (1) @ (V, W) »»5RD relevant pair BEL %.

(V,w) (G, H,¢)

(Ze, Qd(Z,))) (Zo,0) (50(Z.), Uz., tu,) (80(2,),Uz,,tvs,)
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ZDLE
U=Uz xUz, amaximal unipotent subgroup of G
by =Ly, ®Lly,, :U— k: anondegenerate morphism
B,
Lemma.

(V, W) b quasi-split relevant pair @ & &, H & G O spherical subgroup T® %.

LUF, k 2BEFTA L U, additive character ¢: k — C*, (¢ £1) REETS. ZOLE, HX 5Nz relevant
pair (V,W) »SERTI /30 M G, H & character 0 =1pol: H—C DBEEXS.

(V,W) 7 quasi-split D & &, U# U @ nondegenerate character @ET%’%(‘: L, T # G ONAEFTHID
27 % maximal torus ¥ §%. T & U L@ THEMT 2. U/T % U OhO T-orbit DRTEELTS.
2z, 0o =1 oly O T-orbit % o t£7.

Proposition.

(V, W) % quasi-split relevant pair T/ dimZe >4 DL X, U/T & #i&E Ngx(E*)/(k*)? O principal
homogeneous space (2% 3. ZZT E = klz]/(2? — d(Ze)) LT 5.

Definition.
(V,W) % relevant pair & U, (G, H,0 =% o) AT % triple £ 5. G DFBERA (7, Vi) IR L

Hompg (w,8) = {n: Vx — C continuous linear functional: n(w(h)v) = o(h)n(v) (“he H)}
rHL. X612 (V,W) 1 quasi-split & 51,
Homy (7, 80) = {n: Vx — C continuous linear functional: n(r(u)v) = bo(w)n(v) (“uel)}

Y¥<¢. 22T k P archimedean 72 5 I EFARE (m, V) & Casselman - Wallach DEBT D smooth
Frechet representation of moderate growth OH 7 IJ—T#HZ 2. :

I8 (Ginzburg, Piatetski-Shapiro and Rallis) :
k }S nonarchimedean, (V, W) %% quasi-split T 7 HEE 7 51 dimHompg(m,0) <1

TR (Shalika)
(V, W) 18 quasi-split ¢ 7 HEEHIR 51 dimHomy (7,60) < 1
(dim Homy (7, 6p) = 1 Y25 m % Op-generic £\ D)

3. Vogan L-packets

Wi, % BT k O Weil B, W, =W xC % Weil-Deligne # & 4 5.
Quasi-split relevant, pair (V, W) ZEZE L, TNA5%EL 2 triple % (GH0) L$3. GO L#EIGL
» <L BRI

5044(C) x Spya—r)(C) (QS-1,a=1)
024+2(C) x Spaa—r)(C) (QS-1,a#1)
Sp24(C) X 8054 (C) (QS-2,b=1)
5p24(C) X Oz(a—r)1+2(C) (QS-2,b#1)

LG:

Y15, 158 D mod k% %

(Qs1)

—dz)=1"
p=dz={; (s
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TED, BIFEERRIC L D k(VD)/k IZHi5T % character % wp 2T 3. ie.

wp: Wi — {1},  kerwp = Wi N Gal(k/k(vD))

Definition.
R o Wi — LG DPRD IEZHEFH T LEFAR LN S.
(i) ¢ & Gal(k/k)-compatible, i.e. det p((a,w)) = wp(w) ("(a,w) € Wy).
(i) ©(C) & LG D unipotent ZTh S35,
(iii) p(Wy) i& “G @ semisimple % 7tH 5% 5.
FRERYEDOR TESICEIERRE
e~y = FgelG® st o) =g w)gT  (Yw' e W)

TED

ole) = {FAERY W, - Lc oREE )}
eHL.
Definition.
pedELG) izxtL
Cp={9 € *G°: gp(w') = p(w')g ("w' € W;)}
Ay =mo(Cp) = Cp/CY: C, DERERS DI T HE
A, ={x: A, DERRTEMERR }/ ~, x~x <> geC, st x(gag')=x'(a) (Ya€ A,)

LB IOLE .
Bpure(“G) = {(p,x): 9 € B(*G), x € Ay}

D 7t% pure Langlands parameter &\,

Remark.
G = SO(V) x SO(W) DiF&IE
A, 2 Z2/22®---®Z/2Z

O 1 B ([G-P, Corollary 6.6 and 7.7)) & A, = Hom(A,, {£1}).
Definition.
2 O quadratic space V,, W, H*
dmV, = dimV, dimW, =dimW, d(Vy)=d(V), d(Wa) = d(W)
EAR-TLE, B Gy = SO(Vy) x SO(W,) & G @ pure inner form &\ 5.

Remark.
(1) Pure inner form @ k-F%¥HE Galois cohomology

H(k,G) = H'(k,SO(V)) x H(k, SOW)) = {£1} x {1}

DLe 17 1 IZHGT 5. Pure inner form O T quasi-split 222Dk G BEFIFTTH 3.
(2) (Va, Wo) 3673 L relevant pair i2i&7% 52\, FEfE k D3 p RO

e(Va) _ ¢ (Wa)
e(V) e(W)

(Va, W) 77 relevant pair <
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P2 3 (|G-P2, Proposition 8.4]).
(Va, Wa) DS relevant pair D & &, 55§ 3 triple % (Ga, Ha,0s) & B<.

WE
I(G,) = {Ga DERFFARTOEES }, Gk = || MG.)
a€H(k,G)
I,(Ga) = ¢ 235 T 3 Go @D (conjectural) Langlands L-packet, O,= || T,(Ga)
acHY(k,G)
8L,

Conjecture 1([G-P])
(1) RO p € ®(*G) ITx L,
Z dim Homy (7, 80) < 1
7€, (G)

L%, EAOMER T-orbit 67 € U/T DETHICL 5720,

(EXADEN 112722 L & ¢ & generic THZEWNWDZLIZT D)
(2) Ad: LG — Aut(Lie(*GP)) % adjoint XH L TR L &

¢ i generic <= L(s,Adoyp) & s =1 TIEHI.
MEL D 32D,

Conjecture 2([V])
-t
Dpure(“G) — TH(G/E): (2, X) = 7(p, X)
PEELUTREm:ZT. R
(i) & e ®EG) izxtL, O, = {n(p,x): x € Ap} L% 3. (i.e. Langlands L-packet & consistent)
(ii) @ € ®(*G) 1 generic T, xo € A, 7 trivial character 22 51& 7(¢, xo0) & I1,(G) DR Bo-generic
KETH 3. : '
((ii) & Z D2 BEIE T-orbit 67 OH D FIZ@kE T 3. 11, % Vogan L-packet & £.5)

Conjecture 3(|G-P 2})
m=7(p,x) €M, M Gy, ORETHD L &

Lim) = Homp_ (7, 6,) ((Va, Wg) 1 relevant pair D & &)
(m) = { 0 ((Va, Wa) 7 relevant pair TR\ & &)

EBL. DL E
1) EBD ¢ € 2(EG) AL Y dimL(x) <1 TH 3.
w€ll,

(2) @ P8 generic 2 5 Z dimL(n)=1T® 5.

well,
@ 7 generic D& &, ZOFEHS I, Ot TdimL(m) =1 &R 2 HDN/=72—DF#T 3. Conjecture
2 D&Bs A, 5T, I2&D 1 =7(p,x1) EEDTEE, 1 BROBERDDIZRZEFHEINTNE. W
¥ LG & symplectic L ERXHOERETH 205, LG = Sp(M1) x O(M2) &»F 3. 22T My, M &
C~RY MNVEMTHS. 22T

© = 1 X p2: Wi, — Sp(M7) x O(My)
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LI 2L E, IS symplectic RIR
P = 01 ® pp: Wi — Sp(M;) x O(Mz) — Sp(M; @ My)
DEHEIND. y=(1,72) €C, & A, DuERET 2 L5 % involution & LT

My ® My(y,—1) = My ® My I2 51 3 v D —1 EIAG 2R
M,‘(’)‘i, —1) =M; iZBiF3 ¥ D —1 @ﬁgﬁiﬁ (2 = 1, 2)

LB, MakE
@ = (B, M@ M(7,-1)), ¥ =(pi, Mi(%:,-1)) (i=1,2)
NELSND. FEFATEEEGRD S E L S REER
Wi — Wi — Wi/ [Wi, Wi] 22 &
L&D —1ek KBBESR W, D w, E—DL3. TABS x1: Ay — (£1} %
x1(7) = (@) det(ipa (w_1)) ™D/ det(p] (w_y )™ er/2
THETB. 22T () € {£1} | 7 O local constant ¥ T 3. (|G-P, Proposition 9.5]).

Conjecture 4(|G-P 2|)
¢ D generic % 51F dim L(m(p, x1)) = 1 TH 5.

PTEDPNSWHEIZIE GL(2) BT 2HRP S FRBELNWC LHES. 205

T
RDFEIT Conjecture 3, 4 IXIE L.
edimV =3

oedimV =4 »>dmW =1
¥/~ dimV =4 2> dimW = 3 D& & Conjecture 3 {1k L.

Remark.
(1) 7(p, x1) € Nyp(Ga) L3 Go WRD L S IZHRE 3. Kottwitz duality & BRREH

H(k, G) x mo(Z(*GO)%*/D) _, Q/Z,  mo(Z(XGP)H /B - 1o(C,) = A,
L&D x1 €A, i H(X,G) DTt a 2ED . BKKITIE

VoW dimV, =dimV, d(V,)=4d(V), e(Vo)=xi1(-1v,1lw)e(V)
Vo, Wa)s \ dim W, = dim W, d(W.) = d(W), e(Wa) = x1(1v, — I )e(W)

TEEB. SOHE
x1(—1v, w) = x1(lv, —1w) = &(%) det(ip2 (w_1)) 5™ #*/2

LB, s, LI ’
Ga =G = E(@ det(502('w_1))dim ©1/2 =1

Mo 3.

(2) dmWt =1 (ie. 7= 0) DFEEEZLD. (Vo,Wa) P relevant pair 2 51E Hy = SO(Wy) <
Go = SO(V,) x SO(W,) i& diagonal embedding 7D 0, =1 TH 3. WZIZ 7 =07 X 02 € [I(Gy) =
I(SO(V,)) x I(SO(W,)) iZ# L

L(r) = Homp, (r, 0) = Homp, (01,0Y), (o) & 0y ORIEET)
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Thbb L) & o1|p, OAFEDRRFERD L, Conjecture 3, 4 &
Homy; (7o, 6) # {0} —> Homg,(m1,0,) # {0}
2E<.

4. The global conjecture

Z O section Tid k % global fild £ §° 3. (V,W) % dimW* =1 T% % & 5 & relevant pair 9 5. &
NIZHIET 3 triple % (G, H,£) L3 5. #10 Remark (2) LRI

H = SO(W) — G = SO(V) x SO(W): diagonal embedding
£=0

THd. kDEES v IIHL, G, =G(k,), Hy = H(k,) E2T3. A% kO7T—NVERELT, GA),
HA) 277 NVELT 5.
k @ (conjectural) Langlands group % Ly & LT, G @ global tempered Langlands parameter

© =1 % @21 Ly — G = Sp(M1) x O(Mz)
Br3. % ollHfL, ¢ » 5% > local tempered Langlands parameter %
| o W}, — PG = Sp(My) x O(M) |
B @y IWHIET 2 local Vogan L-packet % I, L33 ZITERD v TP LD ERET 5.

(%) o & generic
(i3) Conjecture 3 & b m, €Il,, % dimL(m,) =1 LR ZRHFL T DL E, ™ €Iy, (Gy)
= ®Lm, i G(A) ® admissible RIELT
Hompa(m,C) 2 ®, L(m,) 2 C

BEET. XT @ WHLT, Cpy Ay, ¢ % local OBALERICERT 2. B2 A, OTERET 3
involution v € C, IZX LT, & = (&, M1 ® Ma(v, —1)) & @ D4 symplectic KHEEL, INHBELD

global root number %
@) =@
v

TRY.

Conjecture 5 (|G-P])
FCHERLE 7 MERERTH 2D OLERSEHIERD 7C) € A, IZDOWT (@) =1,k L
THd. ZOLE wld GA) D discrete R R T multiplicity 1 2% D.

WE 7 BERREIRT, GA) FORBEROEHICERINTWE LTS, fern iINLT, Bo
emﬂ:/ F(R)dh
H\H(A)
MRET B LRET 3. (r H cuspidal SNV OBIWET B). £y BEFNIZ0OTRITNE, 20
& 1 Y5220 Hom e (m, C) DREE 52 3.

Conjecture 6 (|G-P)])
g #0 TH21=DDOMBERSEME L(1/2,) #0
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