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Choquet integral models and

the multiattribute utility theory

(Choquet F&ESE7 )V & £ @RI EHR)

Toshiaki MUROFUSHI (Z{K#HH), Dept. Comp. Intell. & Syst. Sci., Tokyo Inst. Tech.

1 Introduction

Subjective evaluation models using fuzzy integrals with respect to fuzzy measures have
been applied in various fields, and their effectiveness has been experimentally proved
2, 7, 8,9, 10]. Some authors pointed out that the advantage of fuzzy integral models
is derived from the non-additivity of fuzzy measures, and wrote such as “in contrast to
a linear model, it is not necessary to assume independence in a fuzzy integral model”
[7, 8,9, 10]. In regard to the meaning of “independence” in this intuitive comment, the

~author [6] has shown from the viewpoint of the multiattribute utility theory that
the fuzzy measure is additive < the attributes are mutually preferentially independent

in the case that the Choquet integral is adopted as a fuzzy integral. This paper summarizes
the preceding results [4, 6] on the Choquet integral model. The proof of the main theorems
are shown in Appendix, and the other proofs are omitted; the propositions are immediately
derived from definitions and the corollaries are direct consequences of the corresponding

theorem and its proof.
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2 Fuzzy measures and the Choquet integral

2.1 Basic definitions and properties [5]

Let (0, F) be a measurable space.

Definition 2.1 A fuzzy measure is a set function u: F — [0,00] satisfying
(1) u(®) =0,
(2) A, Be F and AC B = u(A) < u(B).

If W(AU B) = u(A) + w(B) whenever A, B € F and ANB =10, u is said to be additive.

If 1(©) < 00, a fuzzy measure p is said to be finite.

Throughout the paper we deal only with finite fuzzy measures.

Let u be a finite fuzzy measure on (0, F).

Definition 2.2 The Choquet integral of a measurable function f : © — R over A € F

18 defined by

©f fan 2 [Tu(tf>rynaydr+ [ [u((f > )0 4) - u(A)dr,

where {f > 1} £ {0] f(8) > 7} and the two integrals on the right side are both ordinary
ones. When the right side is 0o +(—00), the Choquet integral is not defined. A measurable

function f is said to be integrable iff the Choquet integral of f over © is finite-valued.
Proposition 2.1 The Choquet integral of a simple function
f= Z a;1p;
j=1

s represented by

(©) fiu = _‘Zjlaf[u(Aj)—u(Am)],
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where {Py, P, ..., Py} is a measurable partition of ©, —00 < a1 < -+ < ap < 00,

A]‘ = Uzl___j Pk and Am+1 = Q)
The Choquet integral has the following properties.

Proposition 2.2 (1)

f<9 = (©f fan<(C)[ gan.

(2)

(C)/@(af—kb)du - a.(C)/(afdﬂ+b-u(@) Va >0, Vb€ R.

(3) If p is an ordinary measure
© fau = [ fan,
) )
where the right side is the Lebesgue integral.
Definition 2.3 [1] N € F is called a null set iff

p(AUN) = pu(A) VAe F.

Proposition 2.3 Let N € F. The following conditions are equivalent to each other.

(1) N is a null set.

(2) If f and g are measurable functions such that f(8) = g(§) V8 € N, then

(©) [ fdu = (©) [ gdn.
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2.2 Positive sets, semiatoms, and inter-additive partitions [6]
Let p be a finite fuzzy measure on (O, F).
Definition 2.4 For A C X, we define
FNA = (FNA|FeF}, F\A = {F\A|FeF}).
Definition 2.5 P € F is said to be positive iff
u(A) < pu(AUP) VAe F\ P
Proposition 2.4 Let P € F. The following condtions are equivalent to each other.
(1) P is positive.

(2) If f and g be measurable functions such that f(8) = a V0 € P, g(§) = b V8 € P,

a<b, f(0) =g(0) V8 & P, and either f or g is integrable, then
C d C du.
(€) /@ fdu < (C) /@ gdu

Definition 2.6 [1] A € F is called a atom iff A is not a null set and, for any B € FNA,

either B or A\ B is a null set.

Definition 2.7 For S € F, we define

W(S) £ {AeFNS|u(AUB) = u(SUB) VB e F\ S},

N(S) 2 {Ae FNnS|WAUB)=u(B)VBe F\S}.
S € F is called a semiatom iff S is not a null set and FN S = W(S)UN(S).
Definition 2.6 is a natural extension of the definition of atom in the classical measure

theory. While an atom is a semiatom, a semiatom is not always an atom. If y is additive,

however, then every semiatom is an atom.
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Proposition 2.5 If S is a semiatom, then, for every measurable function f,
O)f ffdu = (©)f fan,
( )gf p = (C) L fan

where

a SUP Aew(s) fuwen flw) €S

f(9) 6¢5.

£5(0)

Definition 2.8 P is called an inter-additive partition of © iff P is a finite measurable

partition of © and

w(A) = > u(AnP) VA e F.
PeP

Proposition 2.6 Let P be a finite measurable partition of ©. Then the following two

conditions are equivalent to each other.
(1) P is an inter-additive partition of O.

(2) For every measurable function f,

©f fau = L (©)f fan

PeP

3 Preference relations and value functions [3]

The preference relation is one of the most important concepts in the utility theory. A
preference relation > is a binary relation on the set X of objects to be evaluated and
z > y means that z is prefered or indifferent to y for a decision maker. A preference

relation is assumed to be a weak order:

Definition 3.1 A binary relation > on o set X is called a weak order iff it has the

following two properties.



comparability: either x = y ory > z Vr,y € X.

transitivity: x >y & y>z = o>z Vz,y,2 € X.

The strong preference relation > and the indefference relation ~ are defined respectively
by

x»yénotytx, T~y S rr-y&y e

When the objects are characterized by n attributes, the set X is assumed to be given
by X = [I-,X;. Each index ¢ (or each factor X;) is called an attribute. We write
I {1,2,---,n}, and X, 2 [1;es X; for any non-empty subset .J of I. Since X = X,
we sometimes denote {i} by i for convenience, and I'\ 7 means I'\ {¢}. For any non-empty
proper subset J of I, we denote by z; the projection of = (21,22, -, 2,) € X to X,

and write z = (27, 2nJ).

Definition 3.2 An attribute i is said to be essential iff there exist x;,y: € X; and Tp; €
X such that (zi,xp) > (yi,xl\,-); An attribute which is not essential is said to be

inessential.

Definition 3.3 Let § # J z 1. We say J is preferentially independent of I\ J (or X,

is preferentially independent of Xp ;). iff, for every pair x; and y; of elements of X,
(zg,2n5) = (ys,2pg) for some xp; € Xpy = (25,20g) = (Y5, 2n) for allzpny € Xp .

The attributes in I (or X1, X, -+, X,) are said to be mutually preferentially independent

iff, for every non-empty proper subset J of I, J is preferentz'ally independent of I\ .J.

Definition 3.4 A function u : X — R is called a value function (or an ordinal utility
function) if

Ty © v(zr)>v(y) VoyeX.

194



195

Definition 3.5 A wvalue function v is said to be additive iff for each ¢ € I there exist a

real-valued function v; on X; and a nonnegative real number k; such that

v(z) = Y ki-vi(z) VreX.

i€l

4 Choquet-integral value functions

Definition 4.1 A Choquet-integral value function is a value function v which can be

represented by »
o(z) = (C) /; viz)dp Vo€ X, (1)
where v; s a real-valued function on X;, 1 € I, and p is a finite fuzzy measure on the

power set 27 of I. Note that the integrand is the function v(y(z(,) : i — vi(z;).

By Proposition‘2.2(3), if u is an ordinary measure, a Choquet-integral value function
coincides with an additive one (Definition 3.5); k; = u({i}) Vi € I.
In this section, we assume that the preference relation > has a Choquet-integral value

function (Eq. (1)), and use the following conditions.

(Cl) For any J C I\ {i}, there exist z,y € X and r,s € R such that J =
{7 € Ifvi(z;) > r} and JU{i} = {j € I'|v;(y;) > s}.

(C2) The intersection ;¢ v:(X;) of the ranges of v;’s contains at least two distinct points.

(C3) The intersection ;¢ v:(X;) of the ranges of v;’s is not nowhere dense.

Note that the relationship between Conditions (C1-3) is geven as follows:

(C3) = (C2) = (C1).
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Theorem 4.1 [4] If either v;(x;) = const. Va; € X; or {i} is a null set, then the attribute i
_1is inessential. Moreover, if Condition (C1) is satisfied, the converse holds: if the attribute

i 1s inessential, then either v;(x;) = const. Vx; € X; or {i} is a null set.

Theorem 4.2 [6] Let § # J 3 I. If either J is a positive semiatom or {J, I\ J} is an
inter-additive partition of I, then J is preferentially independent of I\ J. Moreover, if
Condition (C3) is satisfied, then the converse holds: if J is preferentially independent of

I\ J, then either J is a positive semiatom or {J,I\ J} is an inter-additive partition of I.

Corollary 4.1 Let i be an essential attribute in I. If {i} is positive, then i is prefer-
entially independent of I \ i. Moreover, if Condition (C2) is satisfied, then the converse

holds.

Corollary 4.2 (1) Assume that the set I of the attributes has ezactly two essential
attributes i and j. If {i} and {j} are both positive, then the attributes are mutu-
ally preferentially independent. Moreover, if Condition (C2) is satisfied, then the

converse holds.

(2) If p is additive, then the attributes are mutually preferentially independent. More-
over, if the set I has at least three essential attributes, and if Condition (C3) is

satisfied, then the converse holds.

5 Conclusion

In this paper, we have investigated preference relations which have Choquet-integral value
functions. The main result is that, under a natural condition, the attributes are mutually

preferentially independent iff the fuzzy measure is additive. Therefore, since a fuzzy mea-
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sure is not assumed to be additive, we can say “it is not necessary to assume preferential

independence in a Choquet integral model.”
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Appendix
Proof of Theorem 4.1. If v; is constant, obviously the attribute ¢ is inessential. If {i}
is a null set, the result follows directly from Proposition 2.3.

We now prove the converse. Assume that v; is not constant, and let J C I'\ {i}. It
is sufficent to prove that u(J U {i}) = w(J). By Condition (C1), there exist z, y € X
and r, s € R such that J = {j c I'lvj(z;) > r}and JU {i} = {j € I'|v;(y;) > s}. For
j eI\ {i}, we define
| zijVy; j€J
zj =

zjNy; J & JU{i},

where V and A are binary operations on X, k € I, defined respectively by

T Ve(Tr) > ve(Ye) A |z ve(ze) < vieye)
Te VU = 3 T N Y =

Ye  Uk(Tk) < Ve(Y ) Y Uk(Tk) > vr(Yk)-

>

Since v; is not constant, there exists a w; € X; such that v,(z;) # vi(w;), and we define

Fay A
2 =z ANws, 2= Vws.

2
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Moreover, we define vy, = vk(2k), k € I, and

M = {ji,jar--jm} = {j€I|vi<v;<uvi(zl)}, wherevj <wv;, <--- <,
AN
vjo = Ui
Vjmt1 2 U,'(Z:-),
AN .
Mjm+1 = {-] | vjm+1 S v]}a
M 2 {jk7"'7jm}UMjm+la k‘=1,2,...,m.

The inessentiality of 7 implies that (z;, 2n:) ~ (2}, 21\i), and hence that
U(Z:-, Z[\,‘) - ’U(Z,‘, Z]\,‘) = 0.

Since v is a Choquet-integral value function (Eq. (1)), it follows from Proposition 2.1 that
m+1
> (Vs = v )M U {3}) — p(My)] = 0.
k=1

By the definition of z, there exists an integer k such that v;, > v;,_, and My = J, and

therefore u(J U {i}) — u(J) = 0. ‘ 1

Proof of Theorem 4.2. If J is a positive semiatom, J is preferentially independent
of I'\ J by Propositions 2.4 and 2.5. If {J,I\ J} is an inter-additive partition of ©, the
desired result follows from Proposition 2.6.

We prove the converse. Suppose that N;c; v:(X;) is not nowhere dense and that J
is preferentially independent of I\ J. We first prove that {J,I \ J} is an inter-additive
partition of © when J is not a semiatom. If J is a null set, then {J, I\ J} is an inter-additive
partition of ©, so we assume that J is not null. By Condition (C3) and Proposition 2.2 (2)

we can assume that [0,1] C Ny vi(X;) and 0, 1 € Mgy vi(Xy). Let K € J, L C T\ J,
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a,b € Nicrvi(Xi), and 0 < a < b < 1. Then there exist z, y, - € X such that

0 ieJ\K (
a 1€J
b ie K
vi(Ti) = < vi(¥i) = § a i€l
1 iel
0 otherwise,
L 0 otherwise, )

Therefore we obtain

(Ts,zp\7) Z (Y5, Tns)
& v(zs,zng) 2 vYs,Tng)
& bu(KUL)+(1-b)(L)

2 ap(JUL)+ (1 —a)u(L)

& (b-a)uKUL)—ul)] 2 au(JUL)-

Similarily we have

AV

(z7,yn\J) 2 (yryng) € (b—a)u(K)

AV

(zs,200) 2 (yr2ng) & (b= a)u(K)

U,‘(S,‘) =0 Viel.

WK UL

alu(JU L) - p(K U L),

alu(J) = w(K)].

The preferential independence implies that the three inequalities above are equivalent to

one another. From the assumption that [0, 1] C N;cr vi(X;) it follows that, for any K C J

and L C I\ J,

[WEUL)—pu(L)] : u(JUL)~ (KU L)

= /J(K’) :

= uK) :

W(JUL) - u(K UL)]

[1(]) — n(K)].

(A1)

Since J is neither a semiatom nor a null set, there exist Ko C J and Ly, Ly C I\ J such

that p(L1) < u(KoU Ly) and p(KoU L) < p(J U Ly). From Eq. (A.1) and the inequality

(Ly) < p(Ko U Ly) it follows that p(Kp) > 0. Similarily it follows from the inequality
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(Ko U Ly) < u(J U L) that u(J) — u(Ko) > 0. Let L be an arbitrary subset of I\ J.

Since p(Ky) > 0 and p(J) — p(Ko) > 0, by Eq. (A.1) we obtain that

mKoUL)—u(L) = u(Ko),

WIUL) = p(KoUL) = u(J)— p(Ko),

and hence that
w(JUL) = p(J)+p(L). (A.2)

Now consider an arbitrary K C J. If u(K) = 0, it follows from Eq. (A.1) that u(K U
L) — u(L) = 0, and hence that (K UL) = p(K)+ p(L). If u(K) > 0, it follows from
Eq. (A.1) that

WIUL)—u(KUL) = u(J) - u(K),

and therefore from Eq. (A.2) that (K UL) = u(K)+ p(L). This proves that {J,I\ J}
is an inter-additive partition.

We now prove that J is positive when it is a semiatom. Since J is not a null set, there
exists an L C I'\ J such that u(L) < u(JUL). Let M C I\ J. Then we can choose

x, y € X such that

1 ieJ 0 1€eJ
vi(z) = {1 ielL vi(y) = {1 ieM
0 otherwise, 0 otherwise.
\ \ -

Since v(zy,xng) = w(J U L) > p(L) = v(ys, x1\s), it follows that (zs,zn0) > (Y7, Tng)-
Hence the preferential independence implies that (z;,yns) > (ys,yns), and therefore

that u(J U M) = v(zs,yng) > v(ys,yng) = u(M). 1



