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The Rohlin Property for Actions of Z? on UHF
Algebras
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1 Introduction

A noncommutative Rohlin type theorem was introduced by A. Connes for the
classification of single automorphisms of von Neumann algebras(2, 3]. This was
generalized, for example, by A.Ocneanu [19, 20}, for systems of several com-
muting automorphisms of finite von Neumann algebras, and more generally for
actions of discrete amenable groups. On the other hand this was also generalized
in the framework of C*-algebras. The Rohlin property for single automorphisms
of a certain class of C*-algebras was established [1, 5, 6, 11, 12, 13, 14]. In partic-
ular a noncommutative Rohlin type theorem for single automorphisms of UHF
algebras (and some AF algebras) was shown and the automorphisms with the
Rohlin property were classified up to outer conjugacy by A. Kishimoto [13, 14].
Here we present a generalization of the above results for UHF algebras.

2 Rohlin type theorem

Let N be a positive integer . We first define the Rohlin property for actions of
Z"~ on unital C*-algebras. This is a simple generalization of that in the case of
N =1 [13]. Let &,...,&n be the canonical basis of ZV i.e.

& =(0,...,0,1,0,...,0),

where 1 is in the ¢-th component, and let I = (1,... ,l) throughout this paper.
For m = (mq,...,my) and n = (ny,...,ny) € Z¥, m < n means m; < n; for
each:=1,...,N.

Definition 1 Let N be a positive integer. Let A be a unital C*-algebra and
let o be an action of Z¥ on A ie. aisa group homomorphism from Z" into’
the automorphisms Aut(A) of A. Then « is said to have the Rohlin property
if for any m € N¥ there exist m(),... m(® ¢ NV with m®,... . m® > m
and which satisfy the following condition: For any € > 0 and finite subset F' of
A there exist projections

egr) :r=1,...,R, g Z¥ /mNZN



in A satisfying

R .
2. 2. =1,

r=1 gezN/m(T)zN
l|[, egr)]" <g¢, (1)

llorg(ef?) — el < &

foranyz € F,r=1,...,R, g € Z" with0 < g < m(") —T and h € ZV /m("ZN

Remark 2 Let A be a UHF algebra. Then from the standard techmque we.

can replace the condition (1) by
[z, ] =0.

An action o of ZV on A is determined by an N-tuple (ag,,..., ¢, ) of commut-
ing automorphisms of A. In terms of (ag,,...,a¢,) we can restate the Rohlin
property for a as follows: For any n,m € N with 1 < n < N there exist posi-
tive integers m(1), .. .,m{®) > m which satisfy the following condition: For any
€ > 0 and finite subset F of A there exist projections

e((,r), .,e(mrzr)_l cr=1,...,R
in A satisfying
R m(m -1
DI
r=1 j=0

llz, &1l <€
foreachr=1,...,r, j=0,...,m(7") —land z € F, and

e, (¢7) — el < €,

llae,. (e57) — el < €

for each n’ = 1,..., N with n' #n, r=1,...R and j =0,...,m" — 1, where
o) (r) . .
€y =€ -

In [13] A. Kishimoto introduced a notion of uniform outerness for automor-
phisms of C*-algebras and he showed, if the algebras are UHF, this notion is
equivalent to the usual outerness for automorphisms of the von Neumann alge-
bras obtained through GNS representations associated with traces.
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Definition 3 Let A be a unital C*-algebra and let @ be an automorphism of
A. Then « is said to be uniformly outer if for any a € A, nonzero projection
p € A and € > 0 there exist projections py,...,p, in A such that

p= Z,pi 3
i=1

Ipiac(pi)ll < e

fort=1,...,n.

Theorem 4 [13] Let A be a UHF algebra and let a be an automorphism of A.
Then the following conditions are equivalent:

(1) « is uniformly outer.

(2) The weak extension of o to an automorphism of m.(A)" is outer, where
T denotes a unique tracial state on A and 7, i3 the GNS representation
of A associated with 7.

We recall a Rohlin type theorem for automorphisms of UHF algebras.

Theorem 5 [14] Let o be an automorphism of a UHF algebra A. Then the
following conditions are equivalent:

(1) « has the Rohlin property.
(2) ™ is uniformly outer for any m € Z \ {0}.
We show the two-dimensional version of the above theorem, namely

Theorem 6 Let o be an action of Z2 on a UHF algebra A. Then the following
conditions are equivalent:

(1) a has the Rohlin property.
(2) ay is uniformly outer for any g € Z* \ {0}.

Once we establish this theorem, we have immediately

Corollary 7 Let a be an action of Z? on a UHF algebra A. Then the following
conditions are equivalent:

(1) « has the Rohlin property as an action of Z* on A.

(2) a4 has the Rohlin property as an automorphism of A for any g € Z? \

{0}



3 Conjugacy

We introduce three types of conjugacy for actions of ZV on C*-algebras and
discuss their relation.

Definition 8 Let o be an action of ZV on a unital C*-algebra A and let u be a
mapping from Z" into the unitaries U(A) of A. Then u is said to be a I-cocycle
for o if

Ugih = Ug0ig(up)

for any g, h € ZV

If & and S are actions of Z" on a unital C*-algebra A, then for each € > 0
and v € Aut(A) we write o R’ g if

“afi —y0p, 07_1” e

[—=]

o
fori=1,...,N and write « 2 3 (or @ 2 f simply ) instead of « % 8.
Definition 9 Let o and 8 be as above. Then

(1) o and g are said to be approximately conjugate if for any ¢ > 0 there exists

%€

an automorphism 7 of A such that a = f.
(2) @ and § are said to be cocycle conjugate if there exist an automorphism =y
of A and a 1-cocycle u for a such that

Adugoay=vyo0fs0y7"

for any g € Z.

(3) @ and f are said to be outer conjugate if there exist an automorphism v of
A and unitaries uy,...,uy in A such that

Adu;oag, =yof, oyt

fori=1,...,N.
Of course cocycle conjugacy implies outer conjugacy. Moreover one has

Proposition 10 Let A be a simple, separable unital C*-algebra with a unique
tracial state T and let o, B be actions of ZN on A. If o and B are approzimately
conjugate then they are cocycle conjugate.

Remark 11 If o and 8 are automorphisms of a UHF algebra with the Rohlin
property and they are outer conjugate, then they are approximately conjugate
by the stability property. Hence the three notions of conjugacy defined above
are equivalent for those automorphisms. But outer conjugacy does not always
imply approximate conjugacy for Z" actions. See Remark 18 for a counter
example.

95



4 Product type actions

We discuss product type actions of Z? on UHF algebras. As in the case of

single automorphisms, the Rohlin property for these actions is deeply related to

a notion of uniform distribution of points in T2. We first state this notion as a
proposition whose proof is found in [1].

Proposition 12 Let (Si |k € N) be a sequence of finite sequences in TV i.e.
Sk = (Sk,plpz 1,...,nk) R

Skp € TN

for each k € N andp = 1,...nx. Then the following conditions on (Si |k € N)
are equivalent.

(1)
lim ;; Zf(Sk,p) | s6syas
for any f € C(TN), where ds denotes the normalized Haar measure on TV,
(2)
Jim, n—k Z
for any 1 = (lh,...,In) € ZN \ {0}, where s' denotes st - 5% for each s =

(31,...,8N) € TN

(3) N
lim 7 (Hw“),aé"’)) = (2m)7™" 1_11«);“ - 61%)
for any 0 < 95_") < Ogl) < 2w, where vy s defined by
n(S)=t#{p| 1< p<nk and arg(sk,p) €S }
for each subset S of Hil\;l[O, 27) and §F denotes the cardinality of the set F.

Moreover suppose that (ny |k € N) have the following property: For any n € N

there exists positive integer ko such that for any positive integer k > kg there

exist positive integers n( ) . ,nscN) > n which satisfy ny = nscl) nch). Then

the above conditions are also equivalent to

(4) For any € > 0 there exist positive integers ko and no such that for any

k, m, n.’,...,n; ° € N satisfying k > ko, ngcl), SGN) > ng and ng =
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m - nﬁf)---nﬁ.'v) there exists an m to 1 surjection ¢ from {1,...,ni} onto

{1,... ,ng,l)} X +ee X {1,---,n§€N)} satisfying

Sk,p — (exp (27Ti . Ml—) yeevs €XP <2m' . (('0((1)1\)’21\’))
Ty

1) -
nyg

<e (2)

for any k and p, where |s| = max{|sp| : 1 < p < N} for each s € TN and
(¢(p)): denotes the i-th component of ¢(p).

If S) satisfies the estimate (2) for some ¢ as above, then Sy is said to be
(ngcl) yoos ,nch); g)-distributed. If one of the conditions of the above proposition

holds then ( Sk |k € N) is said to be uniformly distributed. Now we state

Definition 13 Let A be a UHF algebra and let o be an action of Z"¥ on A.
Then « is said to be a product type action if there exist a sequence (my |k € N)
of positive integers such that A = ®32, M,,, (C) and

ag(Ax) = Ak

for any g € Z" and k € N, where Ap, denotes the C*-subalgebra of A corre-
sponding to My, (C) ® (Q1£Clm,).

Remark 14 In the situation above, if N = 2 then one finds unitaries uscl), ugf)
in A, and A, € T such that

P ()9
(p,q) [Ar = Adugcl) ugcz) ’

ugcl)ugcz) = /\kugcz)us:)

for any p,q. Since ui}),ug) are unique up to a constant multiple, Ay is unique.

In addition A** = 1.

Let n € N and let U,V € U(M,(C)) satisfying UV = VU. Then we set
Sp(U) to be a sequence consisting of the eigenvalues of U repeated as often as
multiplicity indicates and Sp(U, V) is a sequence consisting of the pairs of eigen-
values of U and V with a common eigenvector, repeated as often as multiplicity
indicates. Then the Rohlin property for the product type actions of Z? on A
with A = 1 is characterized as follows. v

Proposition 15 Let A be a UHF algebra and let o be a product type action of
72 on A with (mg|k € N), (uf” |k € N), («? |k € N), (Ae|k € N) as
above. If A\, = 1 for each k € N then the following conditions are equivalent:

(1) a has the Rohlin property.
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(2) ( Sp(®7c‘=mu§cl), Z=mu5cz)) | n =m, m41, ...) is uniformly distributed
for any m € N .

In [14] A.Kishimoto showed for each UHF algebra A

(1) For any product type actions a and 8 of Z on A with the Rohlin property,
a and § are approximately conjugate.

(2) For any action a of Z on A with the Rohlin property and € > 0 there
exist a product type action 3 of Z on A with the Rohlin property and an
automorphism v of A such that o 15 g.

In particular there is one and only one approximate conjugacy class of actions
of Z on A with the Rohlin property. In the case of N = 2 we do not know
whether (2) is valid or not. In the rest of this paper we state several results for

(1).

Theorem 16 Let A be a UHF algebra and let o and @ be product type actions
of Z? on A with the Rohlin property. Take (my|k € N), (Ac|k € N) for a
as in Definition 18 and Remark 14. Also take (ni|l € N), (|l € N) for g8

similarly. If A\, = py = 1 for each k,1 € N then o and B are approzimately
conjugate.

We discuss product type actions for two classes of UHF algebras. Let
(pr | k € N) be the increasing sequence of all the prime numbers. For a sequence
(ir |k € N) of nonnegative integers such that ) .-, ix = oo, let g = p}* and
let A= Q@%2,M,(C). We regard M,,(C) as a C*-subalgebra of A. We con-
sider the class of product type actions a of Z? on A factorized as @, My, (C).
Thus « is defined in terms of unitaries ugcl),ugcz) in Mg, (C) and Ax € T with
ugcl)ugf) = )\kuf)ug) by

NP ()97
(p,qg) [M,,(C) = Adusc) “gc) .

Since A\{* = 1, we may regard A, as an element of Gy = Z/qrZ. We let [a] be
the sequence (Mg |k € N) which is also considered as an element of [, Gy.
We define an equivalence relation in [J;-, Gk by: g ~ h if there is an n such

98

that gi = hg for k > n. Let 0 be the trivial sequence (0,0,...). We note that |

for every g € [[r—, G there is an action a of Z? in the above class such that
[a] = g.

Theorem 17 (1) If a is an action of Z% in the above class and [a] # 0, then
a has the Rohlin property.

(2) If o and B are actions of Z? in the above class and satisfy the Rohlin property,
then the following are equivalent:
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(2.1) [a] ~ [£].

(2.2) a and 3 are outer conjugate with each other.

Remark 18 Let A = M;3(C) ® M2~(C) and define n x n unitary matrices
Uy, Uy DY '

1 0 0 1

_ Wn _ 1 '.. 0
Un = . y Un = ) . 3

wp ™ 10

where w,, = exp (277 - 1) for each n € N. Using these matrices we define actions
a, B of Z2 on A by

ag, = Aduz ® <®Adu2k> L, o, =Adus ® (®Adv2k) ,
k=1

k=1

Be, = iday(c) ® (@Adu2k> y Be, = idyy ) ® (@Adv2k).

k=1 k=1

Then in the same way as the proof of Theorem 17, we can show that o, 3 have

the Rohlin property and they are not approximately conjugarte. But they are
clearly outer conjugate.

Let {qr]k € K} be a finite or infinite set of prime numbers. We next
consider product type actions of Z2 on the UHF algebra

® M‘]:"(C) ’

keK

where Mg (C) is understood as ®p2; Mg, (C) .

Theorem 19 Let A be a UHF algebra as above and let o, 3 be product type

actions of Z? on A. If a and B have the Rohlin property then o and 3 are
approzimately conjugate with each other.

Now we sum up the results we have stated so far.

Theorem 20 Let (py | k € N) be the increasing sequence of all the prime num-

bers. For any UHF algebra A there exist one and only one sequence (i |k € N)

of nonnegative integers and oo such that A = ®z<_>___1Mpik (C), where Mpe(C) is
k

understood as @2 M, (C) ([10]). Then it follows:
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(1) If i{k € N|1 < i <00} =00 then there are infinitely many outer conju-
gacy classes of product type actions of Z?> on A with the Rohlin property.

(2) ff{k e N|1< i <0} < 0 and A is infinite-dimensional then there is
one and only one outer conjugacy class of product type actions of Z2 on A with
the Rohlin property.

(3) If A is finite-dimensional then there is no action of Z? on A with the Rohlin
property.
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