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Furuta inequality and its complementary domain

PN CUSRVE, R v i s e

Eizaburo Kamei

#el1 98 7THEIL, HRIZL > TRRSKEREFRSRL, 20OHRRIHNHELED. ERFETR
SRR HERHREY LT SR, FLTSR. Thidk DA FRER) LI CEFLTY
%, ([11],[12]) ‘ ,

T NF R, Hilbert 22 EOEMEIERR A, B K LT, RDOEIITHEZDND,

Furuta inequality: If A > B > 0, then for each r > 0,

(BTAPB")5 > (B"BPB")3 P e=1 LQ+2)g=p+2r
and - \\\\\ p=gq
(ATAVAT)% > (ATBpAr)% §
N

hold for p and ¢ such that p > 0 and ¢ > 1 with (1 +2r)q > p+2r.

Thit, r=0&{EL Z & T Lowner-Heinz DILEEL 72> T D
Z DD, o020 /(.0 7
Léwner-Heinz inequality: If A > B > 0, then A* > B '
for a € [0,1].

Figure

oz bE 7 N F RER 2 AF-ZHE19] 12 & B ERRTEHOBAD B R TV ([3],[15],[16]), FHZZ 2T
b AERZETESIL. apower mean &FEIND H,DOT, Hilbert 22 LOEMEIERHE A, B £ a€0,1]
AR L, RO EDITEZ DD,
Afa B=A3(A"3BA™3)>A%
a-power mean % VYT TINBREREPRETLROL IR D,
A" ﬁ%{%; BP < A% ﬁ:,i_gi AP, forr>0and p> 1.
a-power mean & AV 7V E REROFEADHF T, FaITRD & 5 RFERERTZ(16],

Satellite theorem of the Furuta inequality: If A > B, then

At f1-e BP<B< AL B i AP
p—1 p—-t

fort<Qandp2>1.

o, HHIEZAVZ REREL S, BE BAIZLD log — majorization D (13] LU,
grand Furuta inequality[16) Z&1Y EF7c,
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Grand Furuta inequality : If A> B > 0 and A is invertible, then for each ¢t € [0,1], and p > 1,

Fou(A, B,rs) = A 5 {AS(A~$ BP A~ 4 )5 A5 } o oorim A~ 5

is a decreasing function of both 7 and s for any r >t and s > 1, and the following inequality holds:

AVt = F, (A, A1, 8) > Fpu(A, B, 1, s)
for any s > 1,p > 1 and r such that » > ¢ > 0.

CORFRZRNT, t=1,s =r OB, KOZHE BEOTREX 2 7LD,

el

A" > {AB(A~dBrA-E) AR}
E7o =0 DT, IVIRERERD T LRI,

T a-power mean ZRWILERZ 525 Z L TRAIIROMEREH/DL Z LT L8,
Theorem 1. If A> B >0 and A is invertible, then

Aty . (Ath, BP)<B<A

(p—t)s¥r

forp>1,s>1land1>¢t>0.

ZZT AL B=A5(A"3BA %) A ,sc R &F L. s € [0,1]lZBVTH a — power mean & —F3
5,

ZDEBIZAVT,

F(rs)= AT oue (A", B)<B<A

LRI, F(r,s) = A3F, (A, B,1,8)A3 L R Y, F(r,s) 7, sIZ2V T, decreasing TH5D = & b5,

LEOFEIZBWOTIE, At L, BP ORIV BEELERLE O, ROKRIL., Zh%E operator mean
DRPLBEBIZ LI E0R4 DEATETHS,

Theorem 2. If A > B >0 and A is invertible, then for p>1,s>1and 1>t >0

(At h, BP)G=o < B.

DML & TVIREREME) ZETRO LD ICER 1 OFRERRBF L5,

A+ 4. (At h, BP)

Gotetr

- A-THL i t P p_.v.lg T (p—t)s+t
A HTJT:T—SF{(AHBB)( ¥}
< (Ath, BP)G=vemt < B< A

€ ZTREHE 2 DFEADT-OITRD 250 lemma & 5 2 THE <,
Lemma 1 (Furuta[18]). Let A and B be positive invertible operators. Then for any real number s,

(ABA)* = AB% (B3 A2B%)*~1Bi A.
IRD lemma 1, Lemma 1 % operator mean DEBEIZEVVRI 26D TH B,
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Lemma 2. Let A and B be positive invertible operators and A > B. Then forl<s<2andte [0,1],

Al hs BP < B(p—t)8+t.

Proof of Theorem 2. It is sufficient to show that

(At v, BP)Z0%7 < B

fori1<s<2and k=12,...

Lemma 2 is the case of k = 0. Let p, =s(p—1t) +t and By = (A b, Bp)i’}T.
Inductively, put pr1 = 2¥s(p—t) +t and Bgi1 = (A" bk, Bp);:l:r—f for k=1,2,....
Then piy1 = 2(pk —t) +1¢ and

By = (At fi2 (At bok-14 Bp))ml-i—l = (At fo sz)ﬁlﬁ:.

If By < A, then applying Lemma 2,

Bk-{—l = (At uz ng)z(}’k‘l‘t)-kt S Bk

so we have the conclusion by induction.

Tl 7 RSB 2% Tp>0,r >0 and g > 1 with (1+2r)q > p+2r] 7 best possible
THD T L. BB Lo TRENZ[20], & ZABEIFL r <0 OFEAI L 7 A FBOREXDRKY 32
SHEENDHD R LR L [22), FhuL, e OEETEL. KDL IITRD,

Yoshino. IfAZBEO,thenforlgﬁSQandOStSl,

Atb.‘__:_: Bp_<_A
I TR, ThE A TREXOBMERERE LT b, £TRO L) RERICIO TR
BEH/DHTENTEZB,

F.F.K.IfAZBZO,thenforQ_%,%Spﬁlwd0§t<p,

At BP<A
EHLEEHLITIINLOHBREHA L. TR LI TROFRERIZ(17],

Theorem 8. Let A> B >0 and A is invertible, then LB
(1)for0<t<p<3,
At h2p-: BP < B?r < A%, -domati
Pt . :
(2)for0<t<p<land 3 <p,
At BP<B<A 3
p—1

o 24U, KO L S IK—RLENS (6.
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Theorem F.F.K. Let A > B >0 and A is invertible.
(1)If0<t<p<3, then

G(B) = (A 4oy B ¥
is decreasing for 8 > 2p. Especially for B =1, the following holds;
(At h%ﬁ BP)?P < At u%%t BP < B < A%,
(2)If0<t<p<1land ;< p, then
F(B) = (A" §o= BP)?

is decreasing for 3 > 1. Especially for 3 = 2p, the following holds;

¢« BP<B<A

|

(A baeee BP)% < Al g,

Pp—

|

o

WBORIER1): 0 <t <p< i DB, Athg BP < A VIRRILT D2
ZHIZDOWTEEHF> TWD Z LITRETTHS [14),

(A huizs BP)° < A' s BP < B < A5,

-

for p <6 < 2p.

Bl | 72 REXOEMIT, £OIAIZH D, Tk i positive invertible operators A, BizxL., &
DEIRNFEEZDZEBIED D,

. Definition. Let A and B be positive invertible operators. If log A > log B, then we denote A > B

and call the chaotic order.
L, EHEE(L)ICE DRDOEEE chaotic order & LTELXETI & THD,
Theorem(Ando). Let A and B be positive invertible operators. Then the following are equivalent.
(1) A> B,
(2) AP > (AEBPAR)3, for p 20,

(3) A~? ﬂ% BP is decreasing for p > 1.

ET BAFIRD XD (CREOERE IR D Z &3 TE = [4],[7,



Theorem 4. If A, B are positive and invertible, then A > B if and orﬂy if for p > 0,1 <0,
At [i____:? B?P < I holds.

p—

Z DT b, chaotic order O FT% Satellite Theorem & FHED Z &3 F LD, TRbb,

Corollary. If A>> B, then A? ﬁx_:_: Br < B.
FIZ. A>BE A> B & order L LT AP > B%,6€(0,1] 25X DT ENTE, RDKH 72
#AHIT 25 1E LD [10)6 '

Theorem 5. If A, B are positive,invertible and & € [0, 1], then A® > B if and only if A*fs-. BP < A°
p—-t
holds for p> 6 and t < 0.

Proof. If A% > B?, then by using the Furuta inequality,

Ao BP= (403 4, 4 (B)F <B <A

5

ThbEEEHBE (0,1 IR LT — +0 DFRRD K 12725,
(Furuta inequality)
Al BP< B A B 1 AP
p—t p—t
(Theorem 5)
At sy B? < B® < A® < B s AP
p—t P
{chaotic order)

Atd_. BP<1<B'f_.. AP
p—1

p-t

19

%7-. strictly chaotic order (i.e. log A > log B) I{Z W T, KillKD &2 REEITE/DLILHT

7219,

Theorem 6. If A, B are positive invertible, then log A > log B if and only if there exists an a € (0,1]
such that A% > B<. ' '

Proof. Assume log A > log B. Since the function m";l is monotone increasing for a € [—1,1](cf.[18]),

r*—1

= log z uniformly. For log A —log B »2 € > 0, there exists a such that

we have li_xzzlo
| 21 ~log Af|< § and || Bl _logB < §.

A¥ -1 B*—1

A*—B* = a{( —log A) + (log A—log B) + (log B — 1}
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> afe— (| 222 —10ga | + | 222 C10gB )}
> ale-;-3)
= 3

The converse is easy.

chaotic order (log A > log B) DF&EIE, ROELIIZEZ DT L LTEARYY, Theorem 6 DFIZILA
BRVEVD REIZ ST, BB ORI L2 TEX bR TS,

Corollary 7. For positive invertibleoperators A and B, A > B if and only if for any é € (0, 1] there
exists an a = a4 such that (e?A4)* > B@,
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