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$0$ . Introduction

In the theory of operator algebras a notion of a selfdual cone is highly

instrumental in studying a non-commutative order in a Hilbert space.

Many authors have studied the problem how an algebraic structure of

a von Neumann algebra is determined by the underlying Hilbert space.

In [C] A. Connes introduced the orientation in a facially homogeneous

selfdual cone and constructed a von Neumann algebra related to the

selfdual cone. B. Iochum [I2] studied the (not necessarily orientable)

homogeneous selfdual cones and showed the relationship between these

cones and the Jordan Banach algebras. It is important to investigate

a positive map on a selfdual cone and we have many results of the

positive map (for example [Y1], [Y2], $[\mathrm{I}3]$ ) $.\mathrm{A}\backslash$ geometric interpretation

was given by B. Iochum [I1] to an algebraic notion of a conditional

expectation of a von Neumann algebra by using an orientation property

in a selfdual cone.

On the other hand, L. M. Schmitt and G. Wittstock [SW] charac-
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terized a matrix ordered standard form of a von Neumann algebra by

using a projection property in the family of selfdual cones instead of

orientation. Matrix ordered spaces were first introduced by M. D. Choi

and E. G. Effros [CE] as the appropriate objects to which completely

positive maps apply and enabled us to handle non-commutative order.

The author [M1] considered the relationship between a completely pos-

itive projection on $L^{2}(M)$ and a normal conditional expectation on a

a-finite von Neumann algebra $M$ .

The purpose of this note is to consider the relationship between the

completely positive maps–especially completely positive projections

and completely positive $\mathrm{i}\mathrm{s}\mathrm{o}\mathrm{m}\mathrm{e}\mathrm{t}\mathrm{r}\mathrm{i}\mathrm{e}\mathrm{s}-$-on $L^{2}(M)$ and the corresponding

maps on $M$ . In Section 2 we deal with the completely positive projec-

tions on a matrix ordered standard form of a (not necessarily a-finite)

von Neumann algebra and show that each of a completely positive pro-

jection and a conditional expectation induces the other. $\ln$ Section 3

we deal with the completely positive isometries on the matrix ordered

standard form and investigate the relationship between those maps and

isomorphisms of von Neumann algebras.

We shall use the lecture note of Takesaki [T2] as references of the

standard results of the modular theory of operator algebras. We shall

also use the notation as introduced in [SW] for matrix ordered standard
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forms.

1. Preliminaries

We begin with some basic definitions and results concerning matrix

ordered Hilbert spaces. For details and proofs we refer to [SW]. Let

$M_{n,m}$ and $M_{n}$ be the spaces of all complex $n\cross m$ and $n\cross n$ matrices

respectively. We write $\mathrm{s}\mathrm{t}:\alpha\mapsto\alpha^{*}$ for the natural involution on $M_{n,m}$ .

Let $H$ be a complex Hilbert space. We write $H_{n}=H\otimes M_{n}(=M_{n}(H))$

for the tensor product of the Hilbert spaces. Let $H^{+}$ be a selfdual

cone in $H$ . For any natural number $n$ , we denote a selfdual cone in

$H_{n}$ by $H_{n}^{+}$ . We call $(H, H_{n}^{+}, n\in \mathrm{N})$ a matrix ordered Hilbert space if

$\alpha\in M_{n,m}$ then $\alpha H_{m}^{+}\alpha^{*}\subset H_{n}^{+}$ . Let $J=J_{H+}$ be the induced involution

on $H$ . We then have a natural involution

$J_{n,mm}=J\otimes \mathrm{s}\mathrm{t}:H\otimes M_{n},arrow H\otimes H_{m,n}$

defined by $[\xi_{i,j}]\mapsto[J\xi_{j,i}]$ and we write $J_{n}$ for $J_{n,n}$ . If $(H, H_{n}^{+}, n\in \mathrm{N})$

a matrix ordered Hilbert space, then $J_{n}=J_{H_{n}}+\cdot$

Let $(H^{(1)}, H_{n}^{(1)+}, n\in \mathrm{N})$ and ( $H^{(2)},$ $H_{n}^{()\dagger}$ be
$2$

matrix ordered Hilbert

spaces. A linear map $\rho$ of $H^{(1)}$ into $H^{(2)}$ is said to be $n$-positive, if

$\rho_{n}=p\otimes 1_{n}$ maps $H_{n}^{(1)+}$ into $Hn(2)+$ , where $1_{n}$ denotes the identity on

the $n\mathrm{x}n$ matrices $M_{n}$ . lf $\rho$ is $n$-positive for all $n\in \mathrm{N}$ , then $\rho$ is said

to be completely positive.
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Let $(M, H, J, H^{+})$ be a standard form of a von Neumann algebra.

Let $H_{n}^{+}(H_{1}^{+}=H^{+}, n\in \mathrm{N})$ be a family of selfdual cones in $H_{n}$ . We

call $(M, H, H_{n}^{+}, n\in \mathrm{N})$ a matrix ordered standard form, if for every

$a\in M\otimes M_{n,m}$

$aJ_{n,m}aJ_{m}(H_{m}^{+})\subset H_{n}^{+}$

holds. Let $\varphi$ be a faithful normal semi-finite weight on $M$ , and $(\pi_{\varphi}, H_{\varphi})$

be a GNS-representation of $M$ by $\varphi$ . Put

$(H_{\varphi})_{n}^{+}=\overline{\mathrm{c}\mathrm{o}}\{[\pi\varphi(ai)J\varphi\varphi\pi(a_{j})J\xi\varphi]in,|j=1a_{1}, \cdots, a_{n}\in M, \xi\in H_{\varphi}^{+}\}$.

Then $(\pi_{\varphi}(M), H_{\varphi}, (H_{\varphi})_{n}+, n\in \mathrm{N})$ is a matrix ordered standard form.

Conversely, let $(H, H_{n}^{+}, n\in \mathrm{N})$ be a matrix ordered Hilbert space. Put

$\mathcal{M}=\{x\in B(H)|\{\mathrm{d}\mathrm{i}\mathrm{a}\mathrm{g}(X, 1, \cdots , 1)_{\cup}^{-}-\mathrm{d}\mathrm{i}\mathrm{a}\mathrm{g}(X, 1, \cdots , 1)^{J}\}\in H_{n}^{+}$

for $\mathrm{e}\mathrm{v}\mathrm{e}\mathrm{r}\mathrm{y}-\cup-\in H_{n}^{+}$ and all $n\in \mathrm{N}$ },

where diag $(X_{1}, x_{2}, \cdots, x_{n})$ denotes the $n\cross n$ matrix with entries $a_{ij}=$

$\delta_{ij^{X}i}(x_{i}\in B(H))$ and $\{x\xi y^{J}\}=\frac{1}{2}(xJyJ\xi+JyJX\xi)$ . It is shown that if

the completed face $(F_{\{\xi\}})^{\perp\perp}$ generated by $\xi\in H_{n}^{+}$ is projectable for all

$\xi\in H_{n}^{+},$ $n\in \mathrm{N}$ , then $(\mathcal{M}, H, H_{n}^{+}, n\in \mathrm{N})$ is a matrix ordered standard

form.

2. Completely positive projections

We shall first show that a conditional expectation induces a com-

pletely positive projection. To prove it, we need a lemma.
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Lemma 2.1. Let $M$ and $\varphi$ be as in Section 1. Then there exists a

completely positive isometry $u$ of $H$ onto $H_{\varphi}$ .

Proof. By [H2, Theorem 2.3] there exists an isometry $u$ of $H$ onto $H_{\varphi}$

such that

$\pi_{\varphi}(x)--uXu-1(\forall x\in M),$ $J_{\varphi}=uJu^{-1},$ $H_{\varphi}+=uH^{+}$ .

If $[\xi_{ij}]^{n}i,j=1\in H_{n}+(\xi_{ij}\in H)$ , then for any $x_{1},$ $\cdots$ , $x_{n}\in M\mathrm{a}\mathrm{n}\mathrm{d}\zeta\in H_{\varphi}+$

we have

$(u_{n}[ \xi ij], [\pi(\varphi Xi)J\varphi\varphi\pi(Xj)J_{\varphi}\zeta])=\sum_{i,j1}n=(\pi\varphi(x_{i^{*}})J\varphi\pi_{\varphi}(Xj*)Ju\xi_{i}\varphi j, \zeta)$

$= \sum_{i,j=1}^{n}(ux_{i}^{*}JxjJ*\xi ij, \zeta)$

$=(u[x_{1^{*}}, \cdots, x_{n}]*J_{1,n}[x_{1^{*}}, \cdots, x_{n}]*J_{n}[\xi_{ij}], \zeta)$

$\geq 0$ .

It follows that $u_{n}H_{n}+\subset(H_{\varphi})_{n}^{+}$ . $\square$

Proposition 2.2. Let $(M, H, H_{n}+, n\in \mathrm{N})$ be a matrix ordered stan-

dard form of a von Neumann algebra $M$ , and $L$ be a von Neumann

subalgebra of M. If $\epsilon$ is a normal conditional expectation of $M$ onto $L$

with respect to a faithful normal semi-finite weight $\varphi$ on $M_{f}$ then there

exists a completely positive projection $e$ on $H$ satisfying the following

conditions:
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i) $L=M\cap\{e\}’$ .

ii) $(L|eH, eH, e_{n}H_{n}+, n\in \mathrm{N})i_{\mathit{8}}$ a matrix ordered standard form.
iii) $eH^{+}$ is a separating set for $M$ .

Proof. By Lemma 2.1 we may consider $(M, H, H_{n}+, n\in \mathrm{N})$ as $(\pi_{\varphi}(M),$ $H_{\varphi},$ $(H_{\varphi})_{n}$

N). Let $e$ be a projection on $H_{\varphi}$ defined by

$e\eta_{\varphi}(X)=\eta\varphi(\epsilon(_{X})),$ $x\in \mathfrak{U}_{\varphi}$ .

lt suffices by [T2, Theorem] to prove iii). Choose an arbitrary element

$x$ in $M$ . Suppose that $\pi_{\varphi}(x)\xi=0$ for all $\xi\in e\mathfrak{U}_{\varphi}\subset \mathfrak{U}_{\varphi}$ . For every

$\eta\in \mathfrak{U}_{\varphi}’$ we have

$\pi_{\varphi}(x)\pi(\xi)\eta=\pi_{\varphi}(X)\pi(’\eta)\xi=\pi’(\eta)\pi(_{X}\varphi)\xi=0$.

Let $\{y_{i}\}$ be a net in $\pi(\mathfrak{U}_{\varphi})$ which converges strongly to 1. Since $\epsilon$

is normal, $\epsilon(y_{i})arrow\epsilon(1)=1$ . This implies the existence of a net in

$\pi(e\mathfrak{U}_{\varphi})$ converging strongly to 1. Hence $x=0$ . It follows that $eH_{\varphi}$ is

a separating set for $\pi_{\varphi}(M)$ . This means that $eH_{\varphi}$ is a cyclic set for

$\pi_{\varphi}(M)/=J_{\varphi\varphi}\pi(M)J_{\varphi}$ . Since $eJ_{\varphi}=J_{\varphi}e$ and the span of $eH_{\varphi}+\mathrm{i}\mathrm{S}eH_{\varphi}$ ,

iii) holds. $\square$

We shall next consider the converse of the above proposition. We

need two lemmnata.
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Lemma 2.3. Suppose that $(M, H, H_{n}^{+}, n\in \mathrm{N})$ is a matrix ordered

standard form of a von Neumann algebra M. If $e$ is a completely posi-

tive projection on $H$ , then there exists a von Neumann algebra $N$ such

that $(N, eH, e_{n}H^{+}, nn\in \mathrm{N})$ is a matrix ordered standard form.

Proof. One easily sees that $(eH, e_{nn}H^{+}, n\in \mathrm{N})$ is a matrix ordered

Hilbert space. By [I2, Proposition II.1.6, Proposition II.1.3 $\mathrm{i})$ ] $e_{n}H_{n}^{+}$

is regular. Therefore, the completed face $(F_{\{\xi\}})^{\perp\perp}$ generated by $\xi$ is

projectable for every $\xi\in e_{n}H_{n}^{+},$ $n\in$ N. There then exists the von

Neumann algebra $N$ by [$\mathrm{S}\mathrm{W}$ , Theorem 4.3]. $\square$

Lemma 2.4. Let $(M, H, H_{n}+, n\in \mathrm{N})$ be a matrix ordered standard

form of a von Neumann algebra $M$ , and $e$ be a 2-positive projection on

$H$ such that $eH^{+}$ is a separating set for M. Assume that $(N, eH, J_{eH+,e}H^{+})$

and $(M_{2}(N), e2H_{2}, J_{e_{2}}H_{2^{+}}’ e_{2}H2^{+})$ are standard $form\mathit{8}$ of von Neumann

algebras $N$ and $M_{2}(N)$ , respectively. If we put $L=M\cap\{e\}’f$ then

$L|eH=eM|eH=N$ . Furthermore, there exists an orthogonal system

$\{\xi_{i}; i\in \mathrm{I}\}$ in $eH^{+}$ such that $\varphi$ and $\varphi|L$ defined by $\varphi(a)=\sum i\in \mathrm{I}(\omega_{\xi_{i}}a)(a\in$

$M^{+})$ are faithful normal semi-finite weights on $M$ and $L$ , respectively.

Proof. The first part of this proof is due to [Ml, Lemma 2]. We put

$K=eH,$ $K^{+}=eH^{+},$ $K_{2}=e_{2}H_{2}^{+}$ and $\Lambda_{2}^{+}’=e_{2}H_{2}^{+}$ . By assumption,

one easily sees that $eJ|K=J_{K+,e_{2}J_{2}}|I\{_{2}^{-}=J_{K_{2}^{+}}$ . Take a deriva-

tion $\delta\in D(H_{2}^{+})$ . By [ $\mathrm{C}$ , Lemma 5.3] $e_{2}\delta_{2}$ belongs to $D(K_{2}^{+})$ . Since
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$(M_{2}(M), H_{2}, J_{2,2^{+}}H)$ is a standard form, for each $X=\in$
$M_{2}(M)$ there exists by [I2, Theorem VI.1.2 $\mathrm{i}\mathrm{i})$ ] $\mathrm{Y}=\in$

$M_{2}(N)$ satisfying

$e_{2}(x+J_{2}xJ2)-\cup(-=\mathrm{Y}+J,J’+)_{-}I1^{+^{\mathrm{Y}}}Ii_{2}2--$ , $\forall\Xi\in I\iota_{2}’$ .

By $\mathrm{s}\mathrm{e}\mathrm{t}\mathrm{t}\mathrm{i}\mathrm{n}\mathrm{g}---=$ with $\xi\in K$ we have

$=$,

so that $y_{2}=y_{3}=0$ and $ex\xi=y_{1}\xi+Jy_{4}J\xi$ . Moreover, if we set

$–=-$ with $\xi\in K$ then

$=$.

It follows that $ex\xi=(y_{1}-y_{4})\xi,$ $\xi\in K$ . Hence $eM|K\subset N$ .

We shall next prove that $N\subset L|K$ . Note that in a standard form

$(M, H, J, H^{+})$ the map $q\mapsto qJqJH^{+}$ is an order isomorphism of the set

of all projections in $M$ onto the set of all closed faces in $H^{+}$ (see $[\mathrm{S}\mathrm{W}$ ,

Proposition 3.4], [I2, Corollary VI.2.3] $)$ . Hence, if $p$ is a projection

in $N$ , then $J_{K_{2}^{+}}J_{I\mathrm{c}_{2}^{+}},K^{+}2$
’ which will denoted by $F$ , is

a closed face in $I\zeta_{2}^{+}$ and $P_{F}=J_{K_{2}^{+}}J_{K_{2}^{+}}$ . There then

exists a projection $P=$ in $M_{2}(M)$ such that $P_{<F>}=PJ_{2}PJ_{2}$ ,

where $P_{<F>}$ denotes a projection on the closed linear span of the face
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$<F>$ generated by $F$ in $H_{2}^{+}$ . It follows from [I2, Lemma $\Pi.1.7$] that

$P_{F^{-}}\cup-=e_{2}P_{<F>-}--$ for all $\cup--\in K_{2}$ . By setting $\cup--=$ we have

$p\xi=eaJcJ\xi$ for all $\xi\in K$ . On the other hand, since $e_{2}P_{F}e_{2}\leq P_{<F>}$ ,

we have for all $\xi\in K$

$=J_{K_{2}^{+}}J_{K_{2}^{+}}-$
.

$=J_{2}J_{2}$

$=$
We then have $b\xi=0$ by [ $\mathrm{S}\mathrm{W}$ , Corollary 3.3]. It follows that $b=0$

because $K_{2}$ is a separating set for $M$ . Since $\xi=cJcJ\xi=c\xi$ , we have

$c=1$ . Therefore, $p\xi=ea\xi$ for all $\xi\in K$ . Since $e_{2}P_{<F>}=P_{<F>^{e_{2}}}$ by

[I2, Lemma 11.1.7], i.e.,

$=$,

we have $ea=ae$ . Therefore, $L|K=eM|K=N$ .

Recall that for $\xi,$ $\eta\in H^{+},$ $\xi\perp\eta$ if and only if $p(\xi)\perp p(\eta)$ , where

$p(\xi)$ denotes the support projection of a vector functional $\omega_{\xi}$ on $M$ .

By Zorn’s lemma there exists a maximal family $\{\xi_{i} : i\in \mathrm{I}\}\subset eH^{+}$

such that $\{p(\xi_{i})\}$ is mutually orthogonal. By maximality we have

$\sum_{i\in \mathrm{I}}p(\xi_{i})=1$ . Then $\varphi$ is a faithful normal semi-finite weight on

$M$ . In fact, for any finite subset $\mathrm{J}$ of I we put

$\varphi_{\mathrm{J}}(a)=\sum_{i\in \mathrm{J}}\omega_{\xi_{i}}(a),$

$a\in M^{+}$ .
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Then $\varphi(a)=\lim_{\mathrm{J}\varphi_{\mathrm{J}}}(a),$ $a\in M^{+}$ , so that $\varphi$ is a normal weight on $M$

because $\{\varphi_{\mathrm{J}}\}$ is monotone increasing. Put $e_{\mathrm{J}}= \mathrm{s}\mathrm{u}\mathrm{p}\mathrm{p}(\varphi_{\mathrm{J}})=\sum_{i\in \mathrm{J}}p(\xi_{i})$ .

Then $\varphi(a)=\varphi_{\mathrm{J}}(a),$ $a\in e_{\mathrm{J}}M^{+}e_{\mathrm{J}}$ . Hence $\varphi$ is semi-finite. If $\varphi(a)=$

$0,$ $a\geq 0$ , then $\omega_{\xi_{i}}(a)=0$ for all $i\in \mathrm{I}$ . This implies $a^{1/2}p(\xi i)=0$ . Since

$\sum_{i\in \mathrm{I}}p(\xi_{i})=1$ , we have $a=0$ . Thus $\varphi$ is faithful.

We shall next show that $\varphi|L$ is a faithful normal semi-finite weight

on $L$ . Put $\varphi_{0}(x^{\mathrm{o}})=\sum_{i\in \mathrm{I}}\omega_{\xi i}(x^{\circ}),$
$x^{\mathrm{o}}\in N^{+}$ . Since

$\sum_{i\in \mathrm{I}}N’\xi_{i}=\sum_{i\in \mathrm{I}}JH+N\xi i=ee(\sum_{i\in \mathrm{I}}JM\xi i)=e(\sum_{i\in \mathrm{I}}M’\xi_{i})=1_{eH}$
,

$\varphi_{0}$ is a faithful normal semi-finite weight on $N$ . Since $eH$ is a separating

set for $M$ , the map $x\in L\mapsto x|eH\in N$ is an $\mathrm{o}\mathrm{n}\mathrm{t}\mathrm{o}*$-isomorphism. Using

the equality $\varphi(x)=\varphi_{0}(x|eH),$ $x\in L$ , we see that the set $\{x\in L|\varphi(x)<$

$\infty\}$ is strongly dense in $L$ . This completes the proof. $\square$

Theorem 2.5. 1) Let $(M, H, H_{n}+, n\in \mathrm{N})$ be a matrix ordered stan-

dard form of a von Neumann algebra $M_{f}$ and $e$ be a projection on $H$

with $eH=K$ such that $eH^{+}$ is a separating set for M. Then the

following three conditions are equivalent:

i) $e$ is completely positive.

ii) For every $n\in \mathrm{N}_{f}e_{n}H_{n}^{+}$ is a selfdual cone in $I\iota_{n}^{\Gamma}$ and $e_{n}H_{n}^{+}=$

$H_{n}^{+}\cap K_{n}$ .

iii) $e$ is 2-positive and there exists a family of selfdual cones $K_{n}+$

in $K_{n}$ with $K^{+}=eH^{+}$ and $K_{2^{+}}=e_{2}H_{2^{+}}$ such that $(K, K_{n}+, n\in \mathrm{N})$
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is a matrix ordered Hilbert space and any completed face $(F_{\{\xi\}})^{\perp\perp}in$

$\mathrm{A}_{n}^{\prime+}$ is projectable for every $\xi\in I\mathrm{t}_{n}^{\prime+},$ $n\in \mathrm{N}$ .

2) Under the condition 1), $ifL=M\cap\{e\}/)$ then $(L|eH,$ $eH,$ $eHnn+,\in$

N) is a matrix ordered standard form. In $addition_{f}$ there exists a faith-

ful normal conditional expectation $\epsilon$ with $re\mathit{8}pect$ to the faithful normal

semifinite weight $\varphi$ on $M$ as defined in Lemma 2.4. Furthermore, $we$

have $L|eH=eM|eH$ .

Proof. 1) $\mathrm{i}$ ) $\Leftrightarrow \mathrm{i}\mathrm{i}$): If $e_{n}H_{n}^{+}\subset H_{n}^{+}$ , then $H_{n}^{+}\cap I\mathrm{f}_{n}$ is a selfdual cone

in $K_{n}$ . $\ln$ fact, let $\xi\in K_{n}$ belong to a dual cone of $H_{n}^{+}\cap K_{n}$ , then

$(\xi, \eta)=(\xi, e_{n}\eta)\geq 0$ for all $\eta\in H_{n}^{+}$ . Hence $\xi\in H_{n}^{+}\cap K_{n}$ . Since

$H_{n}^{+}\cap K_{n}\subset e_{n}H_{n}^{+}$ and each cone of both sides is selfdual, they are

equal. $\mathrm{i}\mathrm{i}$ ) $\Rightarrow \mathrm{i}$) is trivial.

$\mathrm{i})\Rightarrow \mathrm{i}\mathrm{i}\mathrm{i})$ : We apply Lemma 3.3,

2) Let $M,$ $K$ and $e$ as in assumption of 1), and let iii) hold. By

[ $\mathrm{S}\mathrm{W}$ , Theorem 4.3] there exists a von Neumann algebra $N$ such that

$(N, K, K_{n}+, n\in \mathrm{N})$ is a matrix ordered standard form. For any $x$ in $M$

there exists uniquely by Lemma 2.4 $\alpha(x)$ in $L$ such that $ex\xi=\alpha(X)\xi$

for all $\xi$ in $K$ , since $eH^{+}$ is a separating set for $M$ . We may consider

by Lemma 2.1 $(M, H, J, H^{+})$ as $(\pi_{\varphi}(M), H_{\varphi}, JH_{\varphi}+)\varphi’$ . Then $\mathfrak{B}=$

$\{\eta_{\varphi}(x)\in \mathfrak{U}|x\in L\}$ is a left Hilbert subalgebra of $\mathfrak{U}_{\varphi}$ with completion

$eH_{\varphi}$ . Let $x$ be an arbitrary element in $\pi(\mathfrak{U}_{\varphi})$ , and let $\{\xi_{i}\}$ be a net in
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$\mathfrak{B}’$ such that $\{\pi’(\xi_{i})\}$ converges strongly to $e$ . For any element $\zeta$ in $\mathfrak{U}’$

we have

$(es_{\eta_{\varphi}}(X), \zeta)=(\eta_{\varphi}(x^{*}), e\zeta)=\lim_{i}(\pi’(\xi_{i})\eta_{\varphi}(x^{*}), e\zeta)$

$= \lim_{i}(x^{*}\xi_{i}, e\zeta)=\lim_{i}(\xi_{i}, \alpha(x)e\zeta)$

$= \lim_{i}(\xi_{i}, \pi(’\zeta)\eta\varphi(\alpha(X)))=\lim_{i}(\pi’(F()\xi_{i,\eta}\varphi(\alpha(X)))$

$=(F(, \eta_{\varphi}(\alpha(X)))$ ,

using the fact that the invariance

$\varphi(\alpha(x))=\sum_{i\in \mathrm{I}}(\alpha(x)\xi i, \xi i)=\sum_{\in i\mathrm{I}}(x\xi i, \xi_{i})=\varphi(X),$
$x\in M^{+}$

implies

$\varphi(\alpha(x)^{*}\alpha(X))\leq\varphi(x^{*}x)<\infty,$ $X\in \mathfrak{U}_{\varphi}$ .

Hence $eS\eta_{\varphi}(x)=S\eta_{\varphi}(\alpha(x)),$ $x\in\pi(\mathfrak{U}_{\varphi})$ . $\ln$ addition, since

$\eta_{\varphi}(\alpha(x))=\lim_{i}\alpha(X)\xi i=\lim_{i}ex\xi_{i}=e\eta_{\varphi}(x)$ ,

it follows that $eS$ coincides with $Se$ on $\mathfrak{U}_{\varphi}$ . Hence $eS=Se,$ so that

$e\triangle_{\varphi}=\triangle_{\varphi}e$ , and $L$ is invariant under $\triangle_{\varphi}it(\forall t\in \mathbb{R})$ . We see from the

theorem of Takesaki [T2, Theorem] the existence of the conditional

expectation $\epsilon$ .

1) $\mathrm{i}\mathrm{i}\mathrm{i}$) $\Rightarrow \mathrm{i}$): We apply Proposition 2.2. This completes the proof. $\square$

We remark in Theorem 2.52) that the conditional expectation $\epsilon$ is

uniquely determined under the condition that a faithful normal semi-

finite weight $\varphi$ is represented by the cone $eH^{+}$ .
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3. Completely positive isometries

Let $(M, H, H_{n}^{+}, n\in \mathrm{N})$ and $(\hat{M}, \hat{H}, \hat{H}_{n}^{+}, n\in \mathrm{N})$ be matrix ordered

standard forms of von Neumann algebras. Then Lenlma 2.1 shows

the following fact: If $p$ is a $*$-isomorphism of $M$ onto $\hat{M}$ , then there

exists a completely positive isometry $u$ of $H$ onto $\hat{H}$ such that $\rho(x)=$

$uxu^{-1},$ $x\in M$ .

Theorem 3.1. Let $(M, H, H_{n}^{+}, n\in \mathrm{N})$ be a matrix ordered standard

form of a von Neumann algebra, and $(\hat{H}, \hat{H}_{n}^{+}, n\in \mathrm{N})$ be a matrix or-

dered Hilbert space. If $u$ is a completely positive isometry from $H$ onto

$\hat{H}$ , then there exists a von Neumann algebra $\hat{M}$ of which $(\hat{M}$ , $\hat{H}$ , $\hat{H}_{n}^{+},$ $n\in$

N) is a matrix ordered standard form. In addition, we have $uMu^{-1}=$

$\hat{M}$ .

Proof. We shall first show that if $G$ is an arbitrary completed face in

$\hat{H}_{n}^{+},$ $n\in \mathrm{N}$ , then $G$ is projectable. Since $u_{n}H_{n}^{+}=\hat{H}_{n}^{+},$ $G$ is writen

as $G=u_{n}F$ for some completed face $F$ in $H_{n}^{+}$ . By assumption, $F$ is

projectable. It follows that $u_{n}P_{F}u_{n}^{-1}\hat{H}_{n}^{+}\subset u_{n}F$ , where $P_{F}$ denotes a

projection of $H_{n}^{+}$ onto the closed linear span $[F]$ of $F$ . Therefore, it

suffices to prove that $P_{u_{n}F}=u_{nF}Pu_{n}^{-1}$ . lndeed, since $u_{n}P_{F}u_{n}-1$ is a

projection and $F$ is a selfdual cone in $[F]$ , the above equality holds.

There then exists by [ $\mathrm{S}\mathrm{W}$ , Theorem 4.3] the von Neumann algebra $\hat{M}$

such that $(\hat{M}, \hat{H}, \hat{H}_{n}^{+}, n\in \mathrm{N})$ is a matrix ordered standard form.
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Choose an element $x\in M$ . We then obtain for $\mathrm{a}\mathrm{l}1_{\cup}^{-}-=$

$\hat{H}_{n}^{+}$

$\xi_{nn}\xi_{1n}.\cdot.]\in$

{diag( $uXu^{-}1,1,$ $\cdots$ , $1)_{\cup}^{-_{\mathrm{d}}}-\mathrm{i}\mathrm{a}\mathrm{g}(uXu^{-}1,1,$ $\cdots$ , $1)^{\hat{J}}$ } $=$

$= \frac{1}{2}($

$+)$$=$$=u_{n}\mathrm{d}\mathrm{i}\mathrm{a}\mathrm{g}(x, 1, \cdots, 1)J_{n}\mathrm{d}\mathrm{i}\mathrm{a}\mathrm{g}((x, 1, \cdots, 1)J_{n}u_{n}^{-1-}--$,

which belongs to $\hat{H}_{n}^{+}$ because $u_{n}$ is a completely positive map. This

implies $uxu^{-1}\in\hat{M}$ , i.e., $uMu^{-1}\subset\hat{M}$ . Taking the implementation by
$\hat{J}$ , we obtain the converse inclusion. $\square$

Let $(H, H_{n}^{+}, n\in \mathrm{N})$ be a matrix ordered Hilbert space. We shall

write $L(H^{+})$ for the 1-positive bounded maps on $H$ . Put

$U(H^{+})=$ { $u\in L(H^{+})|u$ is a unitary}
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and

$CPU(H^{+})=$ { $u\in L(H^{+})|u$ is a completely positive unitary}.

Moreover, let $(M, H, H_{n}^{+}, n\in \mathrm{N})$ be a matrix ordered standard form of

a von Neumann algebra. Put

CPU $(H^{+})=$ {$uJuJ|u$ is a unitary in $M$ }.

One easily sees that $CPU(H^{+})$ is a topological group under the strong

operator topology. Since $H_{n}^{+}\mathrm{i}\mathrm{S}\mathrm{g}\mathrm{e}\mathrm{n}\mathrm{e}\mathrm{r}\mathrm{a}\mathrm{t}\mathrm{e}/\mathrm{d}$ by the elements $[a_{i}Ja_{j}J\xi]_{i}^{n},j=1(a_{1},$ $\cdot$

$M,$ $\xi\in H^{+}),$ $uJuJ$ is completely positive. One then sees that CPU $(H^{+})\subset$

$CPU(H^{+})$ . $\ln$ the following proposition we shall show that there exists

a $\mathrm{o}\mathrm{n}\mathrm{e}- \mathrm{t}_{\mathrm{o}^{-}\mathrm{o}\mathrm{n}\mathrm{e}}$ correspondence between $CPU(H^{+})$ (resp. CPU $(H+)$ )

and a group of the automorphisms $\mathrm{A}\mathrm{u}\mathrm{t}(M)$ of $M$ (resp. the inner

automorphisms $1\mathrm{n}\mathrm{t}(M))$ .

Proposition 3.2. Keep the notation above. If we put $\alpha_{u}(x)=uxu^{-1},$ $x\in$

$M$ , then the map: $u\mapsto\alpha_{u}$ is a homeomorphism of $CPU(H^{+})$ ont

$\mathrm{A}\mathrm{u}\mathrm{t}(M)$ . In addition, CPU $(H^{+})$ is homeomorphic to Int $(M)$ .

Before going into the proof of the above proposition, we shall state

the following lemma.

Lemma 3.3. Let $(M, H, J, H^{+})$ be a standard form of a von Neumann

algebra. If $u\in U(H^{+})$ belongs to $M$ or $M_{\mathrm{Z}}’$ ten $u=1$ .
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Proof. By symmetry it suffices to prove in the case $u\in M’$ . Take an

arbitrary element $\xi\in H$ . Then $\xi$ is written as $\xi=\xi_{1}-\xi_{2}+i(\xi_{3^{-}}\xi_{4})$

such that $\xi_{1}\perp\xi_{2}$ and $\xi_{3}\perp\xi_{4},$ $\xi_{i}\in H^{+}$ . Since $u\xi=JuJ\xi,$ $u=JuJ$ .

Hence $u\in M\cap M’$ and $u=u^{*}$ In addition, since $s(\xi_{1})\perp s(\xi_{2})$ and

$s(\xi_{3})\perp s(\xi_{4})$ , where $s(\xi)$ denotes the support projection of a vector

functional $\omega_{\xi}$ on $M$ , and $uH^{+}=H^{+}$ , we have

$(u \xi, \xi)=\sum_{i=1}^{4}(u\xi i, \xi i)\geq 0$ .

Hence $u$ is a positive operator, and so $u=1$ . $\square$

Proof of Proposition 3.2. lf $\alpha_{u}=\alpha_{v}$ for $u,$ $v\in CPU(H^{+})$ , then $v^{-1}ux=$

$xv^{-1}u$ for all $x\in M$ , i.e., $v^{-1}u\in M’$ . Hence Lemma 3.3 shows that

$u=v$ . It follows from Theorem 3.1 that $CPU(H^{+})$ and $\mathrm{A}\mathrm{u}\mathrm{t}(M)$ are

isomorphic. By [H2, Proposition 3.5] $CPU(H^{+})$ is homeomorphic to

$\mathrm{A}\mathrm{u}\mathrm{t}(M)$ .

It is now clear that CPU $(H^{+})$ is isomorphic to Int$M$). $\square$

In the above proposition, if $uJuJ=vJvJ$ for unitaries $u,$ $v\in M$ ,

then $v^{*}u=Jvu^{*}J\in M’$ . Then there exists a unitary $w$ in the center

of $M$ such that $u=vw$ .

Proposition 3.4. Let $(M, H, H_{n}^{+}, n\in \mathrm{N})$ and $(N, K, I\mathrm{f}_{n}+, n\in \mathrm{N})$ are

matrix ordered standard forms of von Neumann algebras. If $H=K$

and $H_{1}^{+}=K_{1}^{+}$ , then there exists a projection $p$ on $H$ satisfying the

72



following conditions:

i) $p,$ $1-p$ are completely positive.

ii) $p_{n}H_{n}^{+}\subset IC_{n}^{+}$ and $(1-p_{n})H_{n}^{+/}\subset I\mathrm{f}_{n}^{+}f_{or}$ every $n\geq 2$ , where $H_{n}^{+\prime}$

denotes the set of all $transpo\mathit{8}ed$ elements of $H_{n}^{+}$ .

Proof. By [Hl, Theorem 5.10] there exists a central projection $p$ in

$M$ such that $N=pM+(1-p)M’$ . We then have $p=pJpJ$ and

$1-p=(1-p)J(1-p)J$ , which are completely positive maps. Therefore,

i) holds. Since the corresponding family of selfdual cones to the matrix

ordered standard form of the commutant $M’$ coincides with $H_{n}^{+/},$ $n\in \mathrm{N}$,

ii) holds. $\square$
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