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Abstract

In this paper we give the notion of a congruence on a linear space
$V$ and prove that it can be identied with the notion of a subspace of
V. $\mathrm{A}_{\mathrm{I}1}\mathrm{d}$ we give some elernentary properties of rough sets (the lower
and the $\mathrm{u}_{\mathrm{I}^{)}\mathrm{P}^{\mathrm{e}\Gamma}}$ approximations) of a subset, a subspace and a convex
subset of $V$ with respect to a subspace.
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1 Introduction
The notion of rough sets was introduced by Z. $\mathrm{P}\mathrm{a}\mathrm{w}\mathrm{l}\mathrm{a}\mathrm{l}${ in his paper [2].

Let $\mu$ be a equivalence relation on a giveIl set $S$ . We denote by $[a]_{\mu}$ the
$\mu$-equivalence class containing $a$ of $S$ . Then for a nonempty subset $A$ of $S$ ,
the sets

$\mu_{-}(A)=\{X\in S:[x]_{\mu}\subseteq A\}$

$l^{I^{-(A)=}}\{x\in S:[x]_{/4}\cap A\neq\emptyset\}$

is called the lower $approxi7nation$ and the upper approximation of $A$ , respec-
tively. And

$\mu(A)=(\mu-(A), \mu^{-}(A))$
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is called the rough set of $A$ . So the notion of the rough set $\mu(A)$ is an extended
notion of the set $A$ .

We shall apply the notion of rough sets to the elementary theory of a
linear space $V$ .

In section 2 we define the notion of a congruence relationon $V$ . Let $C(V)$

the set of all congruence relations on $V$ , and let $S(V)$ the set of all subspaces
of $V$ . Then we shall prove that there exists a $\mathrm{o}\mathrm{n}\mathrm{e}-\mathrm{t}_{\mathrm{O}}$ ne mapping from $S(V)$

onto $C(V)$ . This means that we can identify the notion of a congruence on
a linear space $V$ with the notion of a subspace of $V$ .

We give some properties of the lower and the upper approximations of
subsets of $V$ in section 3, of subspaces of $V$ in section 4, and of convex subsets
of $V$ in section 5.

2 Congruences on a linear space
Let $R$ be the set of all real numbers, and $V$ a linear space over $R$ . By a

congruence on $V$ we mean a equivalence relation $\mu$ such that

$(a, b)\in\mu$ implies $(a+x, b+x)\in\mu$ and $(ka, kb)\in\mu$

for all $a,$ $b,$ $x\in V$ and all $k\in R$ .
Let $\mu$ and $\nu$ be two binary relations on $V$ . Then the product $\mu\circ\nu$ of $\mu$

and lノ is defined by

$(\mu\circ\nu)=$ { $(a,$ $b)\in V\cross V:(a,$ $x)\in\mu$ , $(x,$ $b)\in\nu$ for some $x\in V$}.

In this section we shall give some properties of congruences on $V$ .

Theorem 1 Let $\mu$ and $\nu$ be congruences on a linear space V. Then

$\mu\circ$ \nu =\iota ノ $0\mu,$ .

$\square$

Theorem 2 Let $\mu$ and $\nu$ be any congruences on a linear s.pace $V$ over $R$ .
Then the product $\mu\circ\nu$ is also a congruence on $V$ .
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Proof. It follows from Theorem 1 that $\mu\circ\nu$ is an equivalence relation on
V. In order to see that $\mu\circ\nu$ is congruence, let $(a, b)\in\mu\circ\nu$ , and $\forall x\in V$

and $\forall k\in R$ . Then there exists an element $y\in V$ such that $(a, y)\in\mu$ and
$(y, b)\in\nu$. Since $\mu$ and $\nu$ are both congruence, we have

$(a+x,y+x)\in\mu$ and $(y+x, b+x)\in\nu$.

Then we have
$(a+X, b+X)\in\mu\circ \mathcal{U}$.

And also since
$(ka, ky)\in l^{l}$ and $(ky, kb)\in\nu$.

we have
$(ka, kb)\in\mu\circ\nu$ .

This means that $\mu\circ\nu$ is congruence. $\square$

Theorem 3 Let $W$ be a subspace of a linear space $V$ over R. We define a
binary relation $\mu_{w}$ on $Va\mathit{8}f_{\mathit{0}}llow\mathit{8}$:

$\mu_{w}=\{(a, b)\in V\cross V:a-b\in W\}$ .

Then $\mu_{w}i\mathit{8}$ a congruence on $V$ .

Proof. As is well-knon, and is easily seen, $\mu_{w}$ is an equivalence relation
on $V$ . To see that $\mu_{w}$ is a congruence, let $(\mathit{0},, b)\in l^{x_{w}}$ , and $x\in V$, $k\in R$ .
Then we have

$(a+x)-(b+x)=a-b\in W$,
and so

$(a+x, b+x)\in\mu w$ .
And, since $W$ is a subspace of $V$ , we have

ka–kb $=k(a-b)\in W$,

and so
$(ka, kb)\in\mu_{w}$ .

This implies that $\mu_{w}$ is a congruence on $V$ . This completes the proof.

Remark: $[x]_{\mu_{w}}=x+W,$ .

The following property can be easily seen.

44



Theorem 4 Let $\mu$ be a congruence on a linear $\mathit{8}paCeV$ over R. We define
a subset $W_{\mu}$ of $V$

-

as $f_{\mathit{0}llow}\mathit{8}$ :
.

$W_{\mu}=\{a\in V:(a, 0)\in\mu\}$ .

Then $W_{\mu}i\mathit{8}$ a $\mathit{8}ubspaCe$ of $V$ .

We denote by $C(V)$ the set of all congruences on a linear space $V$ , and
by $S(V)$ the set of all subspaces of $V$ . Then we have the following:

Theorem 5 Let $V$ be a linear $\mathit{8}pace$ over R. Then there exists $a$ one-to-one
mapping $\psi$ from $S(V)$ onto $C(V)$ .

Proof. We define amapping $\psi:S(V)arrow C(V)$ as follows:

$\psi(W)=\mu_{w}$

for all $W\in S(V)$ . Then it can easily seen that $\psi$ is a one-to-one onto
$\mathrm{m}\mathrm{a}\mathrm{p}-\square$

ping.

Remark: Theorem 5 shows that we can identify the notion of a $\mathrm{s}\mathrm{u}\mathrm{b}\mathrm{s}_{\mathrm{P}}\mathrm{Y}\mathrm{a}\mathrm{c}\mathrm{e}$

with a congruence in a linear space.

Theorem 6 Let $W,$ $U$ be $\mathit{8}ub_{\mathit{8}pa}ces$ of a linear space $V$ over R. Then

$\mu_{w}\cap\mu_{u}=\mu_{w}\cap u$ .
$\square$

Theorem 7 Let $W$ and $U$ be $\mathit{8}ubspaCe\mathit{8}$ of a linear $\mathit{8}pace$ V. Then

$\mu_{w^{\mathrm{O}}}\mu u=\mu_{w+}u$.

Proof. It is clear that $\mu_{w}\circ\mu_{u}\subseteq\mu_{\tau v+u}$. Conversely, let $(a, b)\in\mu_{w+u}$ .
Then $a-b\in W+U$, and so there exist elements $x\in W$ and $y\in U$ such
that $a-b=x+y$. Then, since $a-(b+y)=x\in W$ , we have $(a, b+y)\in\mu_{w}$ .
Since $a-(b+x)=y\in U$, we have $(b+y_{)}b)=(a-x, b)\in\mu_{u}$ . Therefore we
have $(a, b)\in\mu_{w}\circ\mu_{u)}$ and so

$\mu_{w+u}\subseteq\mu_{w}0\mu_{u}$ .

Therefore we obtain that
$\mu_{w}\circ\mu_{u}=\mu_{w+u}$ .

$\square$
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3 The lower and upper approximations with
respect to a subspace in a linear spaces

As is proved in Theorem 4 that there exists a one-to-one mapping between
$\mathrm{C}(\mathrm{V})$ and $\mathrm{S}(\mathrm{V})$ . Therefore we can identify the notion of congruences with
subspaces of a linear space $V$ .
Let $W$ be a subspace of a linear space $V$ . Let $A$ be a nonempty subset of $V$ .
Then the sets

$W_{-}(A)=\{x\in V:x+W\underline{\mathrm{C}_{-}}A\}$ ,
$W^{-}(A)=\{_{X\in V} : (_{X}+W)\mathrm{n}A\neq\emptyset\}$

is called respectively the lower and the upper approximations of the set $A$

with respect to the subspace $W$ .
The following properties can be easily seen:

Theorem 8 Let $W$ and $U$ be $sub\mathit{8}pacC\mathit{8}$ of a linear space V. Let $A$ and $B$

be any nonempty subsets of V. Then,
(1) $W_{-}(A)\subseteq A\subseteq W^{-}(A)$ ;
(2) $W^{-}(A\cup B)=W^{-}(A)\cup W^{-}(B)$ ;
(3) $W_{-}(A\cap B)=W_{-}(A)\cap W_{-}(B)$ ;
(4) $A\subseteq Bimplie\mathit{8}W_{-}(A)\subseteq W_{-}(B)$ ;
(5) $A\subseteq B$ implies $W^{-}(A)\subseteq W^{-}(B))$

$(\theta)W_{-}(A\cup B)\supseteq W_{-}(A)\cup W_{-}(B)$ ;
(7) $W^{-}(A\cap B)\subseteq W^{-}(A)\cap W^{-}(B)$ ;
(8) $U\subseteq W$ implies $W_{-}(A)\subseteq U_{-}(A)$ ;
(9) $W\subseteq U$ implies $W^{-}(A)\underline{\subseteq}U^{-}(A)$ .

$\square$

Theorem 9 Let $W$ be a $Sub_{\mathit{8}}pace$ of a linear $\mathit{8}pace$ V. Let $A$ and $B$ be
nonempty $\mathit{8}ub_{S}et_{S}$ of V. Then

(1) $W^{-}(A)+W^{-}(B)=W^{-}(A+B)$ .
(2) $W_{-}(A)+W_{-}(B)\subseteq W_{-}(A+B)$ .

Proof. (1) Let $c$ ve any element of $W^{-}(A+B)$ . Then $(c+W)\cap(A+B)\neq$
$\emptyset$ . Thus there exists an element $x\in(c+W)\cap(A+B)$ , and so $x\in c+W$
and $x\in A+B$ . Then $x=a+b$ with $a\in A$ and $b\in B$ , and

$c\in x+W=(a+b)+W=(a+W)+(b+W)$ .
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Thus $c=y+z$ with $y\in a+W$ and $z\in b+\mathrm{I}\mathrm{f}^{r}’$ . Then $a\in(y+W)\cap A$ and
$b\in(z+W)\cap B$ . Therefore $y\in W^{-}(A)$ and $z\in W^{-}(B)$ . Thus we have

$c=y+z\in W^{-}(A)+W^{-}(B)$ ,

and so
$W^{-}(A+B)\subseteq W^{-}(A)+W^{-}(B)$ .

Conversely, let $c$ be any element of $W^{-}(A)+W^{-}(B)$ . Then $c=a+b$
with $a\in W^{-}(A)$ and $b\in W^{-}(B)$ . Thus there exist elements $x$ and $y$ in $V$

such that
$x\in(a+W)\cap A$ and $y\in(b+W)\cap B$ ,

and so
$x\in a+W$, $x\in A,$ $y\in b+W$ and $y\in B$ .

Then
$x+y\in(a+W)+(b+W)=(a+b)+W=c+W$,

and
$x+y\in A+B$ .

Thus we have
$x+y\in(_{C+W})\cap(A+B)$ .

Thus
$W^{-}(A)+W^{-}(B)\subseteq W^{-}(A+B)$ .

Therefore we obtain that

$W^{-}(A)+W^{-}(B)=W^{-}(A+B)$ .

(2) Let $c$ be any element of $W_{-}(A)+W_{-}(B)$ . Then $c=a+b$ with
$a\in W_{-}(A)$ and $b\in W_{-}(B)$ . Thus

$a+W\subseteq A$ and $b+W\subseteq B$ ,

and so
$c+W=(a+b)+W=(a+W)+(b+W)\subseteq A+B$.

Thus $c\in W_{-}(A+B)$ , and so

$W_{-}(A)+W_{-}(B)\subseteq l/l_{-}’(\prime A+B)$ ,

which completes the proof. $\square$
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Theorem 10 Let $W$ and $U$ be $sub_{S}paceS$ of a linear space V. Let $A$ be a
nonempty $\mathit{8}ubseb$ of V. Then

(1) $(W\cap U)^{-}(A)\subseteq W^{-}(A)\cap U^{-}(A)$ .
(2) $(W\cap U)_{-}(A)=W_{-}(A)\cap U_{-}(A)$ .

Proof. (1) Let $c\in(W\cap U)^{-}(A)$ . Then $(c+(W\cap U))\cap A\neq\emptyset$ . Thus
there exists an element, $a$ $\in(c+(W\cap U))\cap A$ , and so

$a\in c+(W\cap U)$ and $a\in A$ .

This implies that

$a\in c+W$, $a\in A$ and $a\in c+U,$ $a\in A$ .

This means that
$c\in W^{-}(A)$ and $c\in U^{-}(A)$ ,

and so we have
$c\in W^{-}(A)\cap U^{-}(A)$ .

Thus we obtain that

$(W\cap U)^{-}(A)\subseteq W^{-}(A)\cap U^{-}(A)$ .

(2)

$c\in(W\cap U)-(A)$ $\Leftrightarrow$ $c+(W\cap U)\subseteq A$

$\Leftrightarrow$ $c+W\subseteq A$ and $c+U\subseteq A$

$\Leftrightarrow$ $c\in W_{-}(A)$ and $c\in U_{-}(A)$

$\Leftrightarrow$ $c\in W_{-}(A)\cap U_{-}(A)$ .

Therefore we obtain that

$(W\cap U)_{-}(A)=W_{-}(A)\cap U_{-}(A)$ .

$\square$

Theorem 11 Let $W$ be a $\mathit{8}ubspace$ of a linear space $V$ over $R$ , and $k\in$

$R(k\neq 0)$ . If A $i\mathit{8}$ a nonempty $\mathit{8}ub\mathit{8}et$ of $V$ , then

$W^{-}(kA)=kW^{-}(A)$ .

48



Proof. Let $c$ be any element of $W^{-}(kA)$ . Then $(c+W)\cap kA\neq\emptyset$ , and
so there exists an element $a\in(c+W)\cap kA$ . Then $a\in c+W$ and $a\in A$ .
Thus $a=kb$ for some $b\in A$ . Th.en we have

$c$ $\in$ $a+W=kb+W=kb+k(1/k)W$
$\subseteq$ $kb+kW=k(b+W)$ .

Then $c=kb$ for some $y\in b+W$, and so $b\in(y+W)\cap A$ . Thus $y\in W^{-}(A)$ ,
and so $c=ky\in kW^{-}(A)$ . Therefore we have

$W^{-}(kA)\subseteq kW^{-}(A)$ .

Conversely, let $c$ be any element of $kW^{-}(A)$ . Then $c=ka$ for some $a\in$

$W^{-}(A)$ . Thus there exists an element $x\in(a+W)\cap A$ , and so $x\in a+W$

and $x\in A$ . Then

$kx\in k(a+W)=ka+kW\subseteq ka+W$,

and $kx\in kA$ . Thus $kx\in(ka+W)\cap kA$ , and so $c=ka\in W^{-}(kA)$ . Therefore
we have

$kW^{-}(A)\subseteq W^{-}(kA)$ .
Therefore we obtain that

$W^{-}(kA)=kW^{-}(A)$ ,

which completes the proof. $\square$

4 Rough subspaces in a linear space
Let $W$ be a subspace of a linear space $V$ over $R$ . Let $A$ be a nonempty

subset of $V$ . Then
$W(A)=(W_{-}(A), W^{-(A)})$

is called a rough $\mathit{8}et$ of $A$ with respect to the subspace $W$ . A nonempty
subset $A$ of $V$ is called a $W^{-}$ -rough $Sub_{\mathit{8}}pace$ of $V$ if the upper approximation
$W^{-}(A)$ of $A$ is a subspace of $V$ . Similarly, $A$ is called a $W_{-}$-rough $\mathit{8}ub_{\mathit{8}}pace$

of $V$ if $W_{-}(A)$ is a subspace of $V$ .
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Theorem 12 Let $W$ be a $sub\mathit{8}paCe$ of a linear $\mathit{8}paceV$ over R. If $A$ is a
$\mathit{8}ub_{Spa}ce$ of $V$ , then it $i\mathit{8}$ a $W^{-}$ -rough subspace of $V$

Proof. Since $W$ and $A$ are subspaces of $V,$ $\mathrm{O}\in W$ and $\mathrm{O}\in A$ , and so
$0\in(0+W)\cap A$ .

Thus $0\in W^{-}(A)$ . Let $a,$ $b\in W^{-}(A)$ . Then
$(a+W)\cap A\neq\emptyset$ and $(b+W)\cap A\neq\emptyset$ .

Then there exist elements $x,$ $y\in V$ such that

$x\in(a+W)\cap A$ and $y\in(b+W)\cap A$ .
Thus we have

$x\in a+W,$ $x\in A,$ $y\in b+W$ and $y\in A$ .

Since $A$ is a subspace of $V$ , we have $x+y\in A$ . And since $W$ is a subspace
$\mathrm{o}\mathrm{f}V$ ,

$x+y\in(a+W)+(b+l\text{ノ}V)=(a+b)+W$.
Therefore we have

$x+y\in((a+b)+W)\cap A$ ,
and so

$a+b\in W^{-}(A)$ .
Let $a\in W^{-}(A)$ and $k\in R$ . Then $\mathrm{t}\mathrm{l}\mathrm{l}\mathrm{e}\mathrm{r}\mathrm{e}$ exists an element $x\in V$ such that

$X\in(a+W)\cap A$ ,

and so
$x\in a+W$ and $x\in A$ .

Since $A$ is a subspace of $V,$ $kx\in A$ . And also $W$ is a spbspace of of $V$ ,

$kx\in k(a+W)=ka+kW\subseteq ka+W$,

and so
$kx\in(ka+W)\cap A$ .

Thus we have
$ka\in W^{-}(A)$ .

$\mathrm{o}\mathrm{f}V\mathrm{T}\mathrm{h}\mathrm{e}\mathrm{r}.\mathrm{e}\mathrm{f}\mathrm{o}\mathrm{r}\mathrm{e}$

we have $W^{-}(A)$ is a subspace of $V$ , and $A$ is a $W^{-}$ -rough
$\mathrm{s}\mathrm{u}\mathrm{b}\mathrm{s}_{\mathrm{P}^{\mathrm{a}}}\mathrm{c}\mathrm{e}\square$
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Theorem 13 Let $W$ be a subspace of a linear space $V$ over R. If $A$ is a
$\mathit{8}ib_{\mathit{8}}paCe$ of $V$ such that $W\subseteq A$ , then A $i\mathit{8}$ a $W_{-}$ -rough $sub\mathit{8}paCe$ of $V$ .

Proof. Since 0+fノ V $=W\subseteq A$ , we have $0\in W_{-}.$
.

$(A)$ . Let $a,$ $b\in W_{-}(A)$ .
Then

$a+W\subseteq A$ and $b+W\subseteq A$ .

Then, since $A$ is a subspace of $V$ , we have

$(a+b)+W=(a+W)+(b+W)\subseteq A+A\subseteq A$ ,

and so
$a+b\in W_{-}(A)$ .

Let $a\in W_{-}(A)$ and $k\in R$ . If $k=0$ , then, as is stated above,

$ka=0a=0\in W_{-}(A)$ .

If $k\neq\emptyset$ , then $k(1/k)=1$ . Since $a+W\subseteq A$ and since $A$ is a subspace of $V$ ,
we have

$ka+W=ka+k(1/k)W\subseteq ka+kW=k(a+W)\subseteq kA\subseteq A$ ,

and so
$ka\in W_{-}(A)$ .

Therefore $W_{-}(A)$ is a subspace of $V$ , and $A$ is a $W_{-}$-rough subspace of V. $\square$

Theorem 14 Let $W$ and $U$ be $\mathit{8}ub_{\mathit{8}}paCe\mathit{8}$ of a linear $\mathit{8}paceV$ over R. If $A$

$i\mathit{8}$ a $\mathit{8}ub_{\mathit{8}}paCe$ of $V$ , then
(1) $W^{-}(A)+U^{-}(A)\subseteq(W+U)^{-}(A)$ .
(2) $W_{-}(A)+U_{-}(A)\subseteq(W+U)_{-}(A)$ . $\backslash$ . .

Proof. (1) Let $c$ be any element of $W^{-}(A)+U^{-}(A)$ . Then $c=a+b$
with $a\in W^{-}(A)$ and $b\in U^{-}(A)$ . Then

$(a+W)\cap A\neq\emptyset$ and $(b+U)\cap A$ ,

and so there exist elements $x,$ $y\in V$ such that

$x\in(a+W)\cap A$ and $y\in(b+U)\cap A$ .
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Thus we have

$x\in a+W$, $x\in A,$ $y\in b+W$ and $y\in A$ .

Since $W$ is a subspace of $V$ ,

$x+y$ $\in$ $(a+W)+(b+U)$
$=$ $(a+(W+b))+U$
$=$ $(a+(b+W))+U$
$=$ $((a+b)+W)+U$
$=$ $(a+b)+(W+U)$
$=$ $c+(W+U)$ .

Since $A$ is a subspace of $V,$ $x+y\in A$ . Thus we have

$x+y\in(c+(W+U))\cap A$ ,

and so
$c\in(W+U)-(A)$ .

Therefore we obtain that

$W^{-}(A)+U-(A)\subseteq(W+U)-(A)$ .

. (2) Let $c$ be any element of $W_{-}(A)+U_{-}(A)$ . Then $c=a+b$ with
$a\in W_{-}(A)$ and $b\in U_{-}(A)$ . Thus

$a+W\subseteq A$ and $b+U\subseteq B$ .

Then, since $W$ and $A$ are subspaces of $V$ , we have

$(a+b)+(W+U)$ $=$ $(a+(b+W))+U$
$=$ $(a+(W+b))+U$
$=$ $((a+W)+B)+U$
$=$ $(a+W)+(b+U)$
$\underline{\subseteq}$ $A+A$

$\subseteq$ $A$ ,
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and so
$c=a+b\in(W+U)-(A)$ .

Thus we obtain that
$W_{-}(A)+U_{-}(A)\subseteq(W+U)_{-}(A)$ .

$\square$

Theorem 15 Let $W$ and $U$ be $subSpaCe\mathit{8}$ of a lincar space $V$ over R. If $A$

is a $\mathit{8}ub_{\mathit{8}}pace$ of $V$ , then

$(W+U)^{-}(A)\subseteq(W^{-}(A)+U)\cap(U^{-}(A)+W)$ .

Proof. Let $c$ be any element of $(W+U)^{-}(A)$ . Then $(C+(W+U))\cap A\neq\emptyset$ .
Then there exists an element $x\in V$ such that

$x\in(c+(W+U))\cap A$ .

Thus we have
$x\in c+(W+U)$ and $x\in A$ .

Then $x=c+a+b$ for some $a\in W$ and $b\in U$ . Note that, since $W$ and $U$

are subspaces of $V,$ $-a\in W\mathrm{a}\mathrm{n}\mathrm{d}-b\in U$ . Then we have

$x=c+a+b\in c+W+b=c+b+W$,

and so
$x\in(_{C+b+}W)\mathrm{n}A$ .

Thus we have
$c+b\in W^{-}(A)$ ,

and so
$c\in W^{-}(A)+(-b)\subseteq W^{-}(A)+U$.

Similarly, it can be seen that

$c\in U^{-(A})+W$,

and so
$c\in(W^{-}(A)+U)\cap(U^{-}(A)+W)$ .

Therefore we obtain that

$(W+U)^{-}(A)\subseteq(W^{-}(A)+U)\cap(U^{-}(A)+W)$ .
$\square$

53



5 Convex subsets
Let $S$ be a nonempty subset of a linear space $V$ over $R$ . Then $S$ is called

to be convex if for any $a,$ $b\in S$ and $0\leq\lambda\leq 1$ ,

$\lambda a+(1-\lambda)b\in S$.

In this section we give some properties of the upper approximation of
convex subsets of a linear space $V$ .

Theorem 16 Let $W$ be a $\mathit{8}ub_{Sp}ace$ of a linear $\mathit{8}paceV$ over R. If $Si\mathit{8}a$

convex $sub_{\mathit{8}e}t$ of $V_{f}$ Then $W^{-}(S)$ is convex.

Proof. Let $a,$ $b\in S$ , and $0\leq\lambda\leq 1$ . Then

$(a+W)\cap S\neq\emptyset$ and $(b+W)\cap S\neq\emptyset$ ,

Theu there exist elements $x,$ $y\in S\mathrm{s}\mathrm{u}\mathrm{C}\iota 1$ that

$x\in a+W$ $y\in b+W$.

Then, since $W$ is a subspace of $V$ ,

$\lambda_{X\in}\lambda(a+W)=\lambda a+\lambda W\subseteq\lambda a+W$

and

$(1-\lambda)y\in(1-\lambda)(b+W)=(1-\lambda)y+(1-\lambda)W\subseteq(1-\lambda)y+W$.

Thus we have

$\lambda x+(1-\lambda)y\in(\lambda a+W)+((1-\lambda)b+W)=(\lambda a+(1-\lambda)b)+W$ .

Since $S$ is convex, we hace

$\lambda x+(1-\lambda)y\in S$.

Thus we have

$\lambda x+(1-\lambda)y\in((\lambda a+(1-\lambda)b)+W)\cap S$ .
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and so
$\lambda a+(1-\lambda)b\in W-(s)$ .

This means that $W^{-}(S)$ is convex, which completes the proof.

A nonemply subset $C$ of $V$ is called a cone if for all $a,$ $\in C$ and for all
$\lambda\geq 0$ , $\lambda a\in C$.

Theorem 17 Let $W$ be a $sub\mathit{8}paCe$ of $V$ over R. If $Ci\mathit{8}$ a cone, then $W^{-}(C)$

$i\mathit{8}$ a cone.

Proof. Let $a$ be any element of $W^{-}(C)$ and $\lambda\geq 0$ . Then

$(a+W)\cap c\neq\emptyset$ .

Thus there exists an element $x\in C$ such that $x\in a+W$. Then we have

$\lambda x\in\lambda(x+W)=\lambda x+\lambda W\subseteq\lambda x+\dagger V$.

Since $C$ is a cone, $\lambda x\in C$. Thus we have

$\lambda x\in(\lambda a+W)\mathrm{n}C$.

This implies that $\lambda a\in W^{-}(C)$ , which means that $W^{-}(C)$ is a cone. $\square$

Theorem 18 Let $W$ be a $\mathit{8}ub_{Spa}ce$ of a linear $\mathit{8}paceV$ over $R$ and $C$ a
convex cone of V. Then $W^{-}(C)$ is a convex cone.

$\square$

6 The kernel of a linear mapping
Let $V$ and $V’$ be two linear spaces over $R$ , and $f$ : $Varrow V’$ a linear

mapping. We denote by $0’$ the zero of $V’$ . Then the set

$Ker(f)=\{x\in V:f(x)=0^{;}\}$

is called the kernel of $f$ .
As is $\mathrm{e}\mathrm{a}s$ ily seen, ICer $(f)$ is a subspace of $V$ . The following can be easily

seen.
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Lemma 1 Let $f$ : $Varrow V’$ be a linear mapping. Then

$\mu_{Ker(}f)=\{(a, b)\in V\cross V:f(a)=f(b)\}$ .

口

Lemma 2 Let $f:Varrow V’$ be a linear mapping. Then for a nonempty $sub_{\mathit{8}e}t$

$A$ of.V,
$f(A)=f(A+Ker(f))$ .

Proof. Let $y$ be any element of $f(A)$ . Then $f(a)=y$ for some $a\in A$ . We
note that $\mathrm{O}\in Ker(f)$ . Thus we have

$y=f(a)=f(a+0)\in f(A+Ker(f))$ ,

and so
$f(A)\subseteq f(A+Ker(f))$ .

Conversely, let $y$ be any element of $f(A+Ker(f))$ . Then $f(a)=y$ for some
$a\in A+Ker(f)$ . Thus $a=b+c$ with $b\in A$ and $c\in Ker(f)$ . Then

$y=f(a)=f(b+c)=f(b)$ \dagger $f(C)=f(b)+0’=f(b)\in f(A)$ ,

and so
$f(A+Ker(f))\subseteq f(A)$ .

Therefore we obtain that

$f(A)=f(A+Ker(f))$ ,

which completes the proof. $\square$

Theorem 19 Let $f:Varrow V’$ be a linear mapping, and $W$ a subspace of $V$ .
Then for a nonempty subset $A$ of $V$ ,

$f(A)\subseteq f(W^{-}(A))\subseteq f(A+N)$ .

Proof. By Theorem 8(1), $A\subseteq W^{-}(A)$ , and so $f(A)\subseteq f(W^{-}(A))$ . To see
$f(W^{-}(A)\subseteq f(A+W)$ , let $y$ be any elelnent of $f(W^{-}(A))$ . Then $f(a)=y$
for some $a\in W^{-}(A)$ . Then there exists an element $x\in V$ such that $x\in$
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$(a+W)\cap A$ . Thus $x\in a+W$ and $x\in A$ . Then $x=a+b$ for some $b\in W$ ,
that is, $a=x-b$. Since $W$ is a spbspace of $V,$ $-b\in W$ . Then we have

$y=f(a)=f(x-b)\in f(A+W)$ ,

and so
$f(W^{-}(A))\subseteq f(A+W)$ ,

which completes the proof. $\square$

Theorem 20 Let $f$ : $Varrow V’$ be a linear mapping. Then for a nonempty
$\mathit{8}ub\mathit{8}et$ $A$ of $V$ ,

$f(A)=f(Ker(f)-(A))$ .

Proof. By Lemma 1 and Theorem 19 we have

$f(A)\subseteq f(Ic_{e}r(f)^{-}(A))\subseteq f(A+Ker(f))=f(A)$ .

Therefore we obtain that

$f(A)=f(Ke\gamma(f)^{-}(A))$ ,

which completes the proof.
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