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On Teichmiiller spaces of complex
dynamics by entire functions

Tatsunori Harada and Masahiko Taniguchi

Kyoto University

1 A Teichmiiller theory for entire func-
tions |

McMullen-Sullivan [10] D#EESIFR X TS Teichmiiller theory %
entire function DFFIZH TIIO T, MHFHETH D, HISN TV EER
PRIZEZBRT DD EBR5, —BEHIIOV A & ADENHEHR
ARHTEER 959 IZHHDTENE RSNz,
~ LUF. f 1 transcendental entire function &9 %o The deformation
space Def(C, f) i& f @ invariant Beltrami differentials ($7%bH

fu(z) (= MFE)FR)/ f(2) = wz)

ZWI2Y p ) DZEM M(C, f) @ the open unit ball M;(C, f) &FA—#T
x5

P> T, L ITROGBERIROND . (—D f I LTIEE
ICBEOBERILNETH S 5,) | |

Theorem 1 Suppose that the set sing(f~!) of all sz'nguldr values is a
countable set, then

Teich(C, f) = My(J, f) x Teich(F*¥, f) x Teich(F#*, f)

HBBDH L, 3T HE T Teichmiiller theory 127 ULER5Th
%o 5B 1 HDIIA, BT Teich(FIY, f) bEMLBEET b0, itoT, &
LR DI Teich(F4e, f) TH Y| 72 ZIXTOFRRTHR L2 £ X
LEIELNTH 5,



fi&id. wandering domains & Baker domains A% 2 &4 31HD
BERELTEZZTIETHEHS, EREIF SRR B 5, 1
BCNOORBIERTI 212 RABO 2 ESBELEETHA ), (O
FINIZIEFEAEER (no wandering domains theorems %° no Baker domains
theorems) DFEFE7ZAS, Teichmiiller theory DILIFHH lié{jﬁ’\ﬂ)ﬁ'—iﬁ‘
EINWIRVWOTH5,)

ET M(J, f) ROWTH—RRIZRE T IR BAPE VB LD T,
TTIITDIFE (HLVITERATTHE) RT3 EENER LR 5,
Z A% No invariant line fields theorems T&H 5,

UF T, Teichmiiller spaces DA FRRITTH: & DBEE THh R 55, —
ARENZ 1A 5 D OMDBEEHD B FF ATV,
& T, BRI NWDT BT b0 TH 5,

Proposition 2 If the discrete part Teich(F%*/ f) is of finite dimension,

then there are no eventually singular-value free, simply connected wander-
ing domains.

Z DA, multiply connected wandering domains AV & 13 JU{co}
A% connected THAHZ L EFMETH Y ([8] ZHR). the Juliaset FDH D
AHER T IUIHEIZ multiply connected wandering domains A¥EV EHAS
bbb, 72 X3 TR &,

7- f € B 725 Baker domains I3Fz% Vv, 512, fe C Thhh
i¥, wandering domains bF/zk\V, feSDEED wandering domains
B3Rz VAS, ZOFEFRICIE Teichmiiller spaces DERRRTHZ

Bergweiler’s Conjecture Every f € B has no wandering domains.

bHAHA B IZBEI T wandering domains Z2#/-%wn2 Lidd
bo e —e* b, TA% example TH 5 ([1])o ‘

RIZ Baker domains 132 THER TH S, 72, R simple closed
curve %2 5 f I3 univalent TH b, S HIZ, Stallard i, FFHERBES
2RO MAEEEERVTE X T ([11).

& T Teichmiiller spaces DRITDFHAIIN & L TITRD b DHMERKT
»5o0

Proposition 3

dim Rep(f) < #sing(f™") +2,
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or equivalently : ,
dim Teich(C, f) < #sing(f™")

—7% McMullen-Sullivan theory 22513, D XDHERZH 5,

Theorem 4 For f € BN C, suppose that the number Nac of foliated
equivalent class of acyclic (i.e. non-periodic and non-preperiodic) singular
values in the Fatou set is finite. Then

dim Teich(C, f) = Na¢ + dim M(J, f).
For f € §,
dim Teich(C, f) = Nac + dim M(J, f) — Np,
where Np is the number of cycles of parabolic periodic points.

¥#1Z Teich(C, f) DPHBRKITO & 13 NILF Theroem O, & hFELW
FEMTASTE B, (Structural instability & LT NILF theorem % &, )

Remark Julia set 2 invariant line fields 2V E X ergodicity &
R B b Tidie v, [9] 25HE X, .

—J% . Teich(F%, f) DBEBRRTHEDATH ., £ DERMELNS
ThhAIo (754 VEDBEIZIX, V) —< VHE®D Teichmiiller theory &
DREL ERL, £ ) BRIAT COFERITHEN THoZ L %
i X, ) Teich(F%, f) DERRITHEIIFFIZ NWDT ~D—2D@ET
H5bo

Theorem 5 Suppose that f € EL and thatsing(f~Y)NF is finite. Then
f has no wandering domains if and only if dim Teich(F%*, f) is finite.
Moreover, in this case, |

dim Teich(F%*, f) = Nac — Np
2 Examples

Example 1 Consider the 1-dimensional exponential family

{fr(z) = Xe* | X € C*}.
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Conjecture Those belonging to the class C are dense in the expohentia,l‘ :
family.

ZOFEHIBY L TIE, ZDERDETDITTIZH L no invariant line fields
(on the Julia sets) A% Y 3D, | | :

F-F UKD, ZHA x e REDRIZIVLTHEL S, &
BHIZ Azte? ORELRIEIX. logarithmic lifts 25 NA NS, BITHMEL
BAOFEIPYEE 25, EHIT, [4], 5], 6], [12] FER&o

Example 2 Consider the sine famﬂy
{fap(2) = sin(az +b)}.

Theorem 6 For an f in the sine family, suppose that f € C and two
singular values have different foliated equivalence classes, then

Teich(C, f) = Teich(F**, f).
In particular, there are no invariant line fields on J.
w12, logarithmic lifts Zffo7-8% 2 252 TH {,

Example 3 Wandering domains may contribute nothing to Teich(C, f).
Baker’s example

f(z)=2z—¢€" +1+4+2m

gives such one. And Bergweiler’s
f(2) =2 —1log2+2z — ¢
in [2] gives another. |

~ Example 4 Baker domains also may contribute nothing to Teich(C, f).
An example is

f(z)=z+¢€.
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