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#A{EIZB89 % Bergweiler-Eremenko DEE & FDEAIZDOLNT

SPRK - T gt (Kazuya Tohge)

1 [XL&HIZ
1995 £, W. Bergweiler & A. Eremenko (333 [BE] | JJ"\II T

Theorem 1 If f is a meromorphic function of finite order, then every indirect singularity
of f~! is a limit of critical points.

EOZZAHMEZ: (RANTFIEE D stronger version & 72> TW\W3)

Theorem 1° Let f be a meromorphic function of finite order. Then every indirect sin-
gularity of f~ over a € C:= CU{co} is a limit of critical points z, such that f(zx) # a.

R L7, TORE, BEEIIXT S Denjoy-Carleman-Ahlfors DEB R HEAEEIC
TRRLIZE B EXDREG L

Corollary 3 1 If a meromorphic function of finite order p has only ﬁmtely many critical
values, then it has at most 2p asymptotic values.

2Tk, BREE C _EoOBEAEREE f O jﬁ (ZBTB5ELEE, Z D Bergweiler-
Eremenko DML Iteration Theory & V% HAMFERDIGH & S 5 B TRAE,
L2>L722556, Bergweiler-Eremenko DFa3C [BE] D5EREDE S5, BWZ DR ITH
RS EXRNILEIIUDIZBE B L EFET,

|\'|o

2 #fE | |

£% (f! ® Riemann T&R—HR L) € LDOHEDHHE (Ordinary points, Critical
points, (Transcendental) Singularities] %179, 1 a € CZEY, D(r,a) ITHDL a THERE
r > 0 O spherical disk &9°%, 4 r > 0 2\ T preimage f~!(D(r,a)) DV& DDRSY
Ur) %&.

. r < Tro= U(’I‘l) C U(Tz) -

PGIZINTWD L 518, B U :r — U(r) I3 its germ at 0 TERIZREIND,)
ZDLEZODFREMENELD ¢

"Theorems, Corollaries, Lemmas % L T equations {21} b 7= & 5% [BE] DEHII—EKT 3,

'Z D note £FZBEL T, FHIEGRVIRY FEMKE OESRBUIERFE C THD,
bbb, f: (- (EBRORNRLT D,
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a) N U(r) = {2}, z€ C& a= f(2):

N {aEC and  f(2)#0  or

z, ‘an ordinary point .
yP a=o00 and 2z, asimple poleof f

z, a critical point over a aeC and f(2)=0 or
(a, a critical value ) a=o00 and 2, a multiple pole of f

b) NrseU(r) =0
Our choice: r — U(r) defines a transcendental singularity of f~1.
(Z Z TIZBIZ a singularity U overa £\\) Z 21235, )
BAES U(r) C C IZ a neighborhood of the singularity U & FES :
[#] 2. — a singularity U < Ve >0, Jko s.b. 2, € U(e) for k > ky.
(3] (#EfEE transcendental singularity & DBE{F)

o U, a singularily over a = a, an asymptotic value

(i.e. 3 a curvel’ C € tending to co s.t. lim, e, zcr f(2) = a).

® a, an asymptotic value = 3 at least a singularity U over a.

I E§ I (a direct /indirect singularity) A singularity U over a is called
e direct < 3r > 0 such that f(2) # a forVz € U(r). |
(Cf. f(2) = exp(2) and a = 0,00 = 3 a logarithmic singularity over a)
o indirect & not direct, i.e. f takes the value a in U(r) ( inﬁnitely often) fof Vr > 0.

(Cf. f(z) =sinz/z and a = 0 = a is a limit point of critical values)

|& |l (order of meromorphic functions) HXEFH Ctﬁﬁﬂ@fiﬁﬁt f izt
LTCid. ZDAEK (order) p(f) 1

p(f) = hmsup 1 ( log To(r, /) (=20)

TEEEND, T T, Ty(r, f) 1% the Ahlfors-Shimizu characteristic

t

To(r ) =

| S e
S@, f) = //{zkt T z)P sdvdy (2= z+3)

RS,
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[(¥&] (Singularities IZBA9 2BMDER)
o “Direct”|ZDO\T :

(H) Heins’ Theorem [He, Theorem 5]
The set of direct singularities of a function inverse to a meromorphic function
s always countable. :

(A) Denjoy-Carleman-Ahlfors’ Theorem [N p-303], [Tsu FEBR XVIII. 26]

’ For a meromorphic function of finite order p, its inverse function has at most

max{2p, 1} direct singularities.

(D) BL [N, p.307],[Tsu, EEE XVIIL.27]

An entire function of finite order p has at most 2p finite asymptotic values.

o “Indirect”{Z-DO\NT :

(E) 3 meromorphic functions of any given order p > 0 such that every point in C is

an asymptotic value ([E]), so the number of indirect singularities is infinite in
this case.

(V) 3 a meromorphic function with no critical points such that the set of asymptotic
 values has the power of the continuum (as a Cantor set on the unit circle)(/V]),
and so has the set of indirect singularities.

Z DX 51T indirect singularities {2 DWW TIE—RRIZIIFAERIZ '6 ﬁlofb\fiﬁiof_iﬂt
fﬁ'fFT“U) Bergweiler-Eremenko (Z X % Theorem 1 DFEBIX, FxIZZ < DISHZEAFES
W HkRETH -7,
b‘i FHAEE f : C— CO critical values & asymptotic values KON 6 DELE
@ (finite) limit points 23K THEAR % smg(f HTtRTZLIZTD, Zobx, FlziE B,
Theorem 7] &M LT ’ ’

Theorem A Let f be a meromorphic function, and let C = {Uy, Ui, ..., Up_1} be a
periodic cycle of components of the Fatou set F(f) of f. o

o IfC is a cycle of immediate attractive basins or Leau domains, then U; N sing(f~*) # 0
for some j € {0, 1, ..., p—1}. More precisely, there exists j € {0,1, ..., p — 1}
such that U; N sing(f~1) # @ contains a point which is not preperiodic or such that U;

~ contains a periodic critical point ( mn which case C is a cycle of Supemttmctive basins ).

e If C is a cycle of Siegel dzsks or Herman rings, then OU; C O+(smg( )) for
allj € {0, 1, ..,p—1}. ‘
ZD—J T, F. Iversen [I], [N] 2L DROFERD HWHIE L 7 4417 DEMNRY HH
RCHZTL B
Theorem B  If a transcendental meromorphic function takes some value a € Cfinitely
many times, then a is an asymptotic value.
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3 MR

EE] Z o<k A RO A" 13, FNFNEE b @ the nth power KR the nth
iterate %7 ([BE|),

3.1 Leau domains & DREMN S

BESNEEOE c e C\{0} Iz &% g(2) = z — f(z)/c %% %. Theorem A
? Leau domains (ZF87 5 ERZEA T 5 Z & T, Bergweiler-Eremenko [BE] I3k D& R
ZaRLTc: ' ’ '

Theorem 3 Let f be a meromorphic function of finite order. If f has infinitely many
maultiple zeros, then f' assumes every finite non-zero value infinitely often.

AR EELY g bEE meromorphlc 23> order finite ’CE?)ZD 5% f OFEED
multiple zero & LT,
gy =¢ 2 J) =1

BV LD, Lo T a Leau domain U, ¢ € 0U BFEEL T, U NTRIT—EEIZ ¢ —
{ (n — co) BT, DEVMBRIEEA ¢ \ITHRERS domain U B%ST 3,
"Theorem A XY U IZi% g @ critical ¥ /=i asymptotic value 372K L bV EOEEN
TW%, - T, REDD sing(f~1) IZEFEN D MOEEOKRTNIARTIIH Y B, —
77T, Corollary 3 &V g i3~ HFRME LD asymptotic values ZHHER, LLETg O
critical points, ¥l f’ ® c-points DNEFMEFIET B = )_: PRIz, B

[£8E] Theorem 3 (ZITMEIRIE % b2 (FHIEEETD) KHIRH B = L% [BE| T
BAREH TN B,

3.2 Attractive basins & DOBEMN S

B3 f(2)—a, a € €, @D Newton function N(z) = z—{f(z)—a}/f'(2) {Z%t L C Theorem A
O attractive basins IZBHT 2 FREZBEATHZ & T, ROERBFEND ([To)) :

Theorem C If f 15 meromorphic of finite order and f" has only finitely many zeros,
then all but finitely many roots of f (2) — a are simple for every complex number a.

Z DRIz, Corollary 3 % & ¥ ¥&HIZFHili L 72k & V5

Corollary 2 If f is a meromorphic function of finite order p and E is the set of its
critical values, then the number of asymptotic values of f is at most 2p + card E', where
E' stands for the derived set of E.
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SEEA @ EE N(z) 3@ TH 5 LRE L Th—tEidkbhian, W,

) -a} ()
NG& =Ty

THDHH, N(z) DEEREHET

f(Q) =a or f'(¢) =0 (and f'(¢) # 0);
f'(¢) = 0 and f7(¢) = 0 but f({) # a

DREN, FERD & ZAREDD, N(z) D critical points SEDES IR~ ﬁﬁﬁ%’&%l‘?b\
T f(z) @ simple a-points EEPETES S IZ—BELTWNDB LHD 5,

T, f(z) ®m ED a-point { I m=1FiIm>2 DENEIUKIEL T, N(2)
O super-attracting ¥ 713 attracting fixed point (2725, Theorem A XV ZDHFHITOW
ThH, & CITITEWICHERER D N(2) O singular value 23555 LTS, FHZ, m=1T
HIUE ¢ LB ED critical value 2> critical point TH D, T LV f(z) D multiple
a-points ¢ 13X f'(¢) =0 & RBPFEERE, 33T N(2) D asymptotic values IZXIET 5
L2372 Corollary 2 2HZFD X 5 RRITEAARETH S, EBE. L TREZEBY N(2)
0) critical points £(EDEEIX, £H S, N(z) @ super-attracting fixed points DRI

CHBESZIEZ LD THY, o TED N(2) ILLBBEATHD E 13EHERE
ﬁﬁfaﬂ/‘o INTERIIELN, A

¢, a critical point of N(z2) & {

[EE] Z iz d. Theorem 1 ¥ EHISHATAZLITEY. f7 ODBAL [ &L OO
AR BT B A OBIRIE RERDS Langley [L2] IZL > THEZX BN TV D,

[ ’:] Theorem C {Z2OWTiL, ERKDAE % > BN E % Z DRBIZET 5
RN LTV uy,

3.3 Zalcman-Pang OFEEBZALT

' Picard DEBE KA R FINCHERT 23R AL, EofmmlilBi 28DV L >TH D,
#l xiX, Hayman {Z X 2RDFER ([Hal, Corollary to Theorem 3.5] IZFDHFERLF RS

Lemma 3 Let f be a transcendental meromorphic function. If f has only finitely many
zeros, then f©, £> 1, assumes every finite non-zero value infinitely often.

Bl  AFREE f(2) = 1/(e* +1) IX=2D finite Picard exceptional values 0, 1 Z b2,
FO—HT, f1(2) = —/ (e + 1) 1AME— 0 HZOBIMECHEL . £ fO (0> 9) 13T
RTCOEZEREE 2, |

Picard DEFSMEL LT 0 & co ZRHAENAIRE 22 2 FEMEEIT, FHEEDS 0 &
oo %D Picard 0)[5,%5’14@0: Yo, WiZ, HAEE LB L > 2 129V T meromorphic
function f & f© BT Picard DERIME 0 %H’Tﬁ f X% EFRE LR, €D
R p(f) 13F BET%ZD f = Rexp(P), ZZIZ R rational, P polynomial ([FHP], [L1]),
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Lemma 3 DILHEIZEIT 5 Hayman OFHEIL, [BE] IZAWTEIZ—REA 2T TR X
i ' ' ‘

Theorem 2 If f is a transcendental meromorphic function and m > £ are positive
integers then (f™)© assumes every finite non-zero value infinitely often.

Z X Theorem 3 DIEHE LTEHEZ BN H D TH B A, infinite order DIFIZ-DOVNT
IXIESKIZESY 5 L. Zalcman [Z1, Z2] K U' X. Pang [P1, P2] IZ X AR DFERZEH LT
AEA NG ¢
Lemma 4 - Let F' be a non normal family of meromorphic functions in the unit disk D,
and —1 < k < 1. Then there exist sequences f, € F, z, € D and a, > 0 such that
|zn| <7 <1, ap — 0 and

9n(0) = a5F falza + anl) — 9(0),

where g is a non-constant meromorphic function in the plarie of order at most 2, normal
type, and the convergence is uniform on compacta in Cwith respect to the spherical metric.

- EFBA: Step 1. & f A" finite order b0 & X,

B b= (f™)ED 2E 2D, Lemma 3 LY f BNEAZERMEFRFSBA T 2RI
£\ EDEE h I multiple zeros % FEFRERF DD T, Theorem 3 ZHATHZ L TID
HEOMRITRDD,

Step 2. &#X f 23 infinite order ZH D & &,
DL EFHERVPIELL 2 BB, fO #3 Picard OBRSME 1 R0 & 5 lehi k&R A
DEEREE [ PFETDERELTHD, ELTk=4/m, (-1 <k<1) BLW
() = 2 @), 1A<lel<2, (n=1,2,-.) |
REETD, £F. WEEE F = {f.} 13 {z:1/4 < |z| < 2} Tnormal TixH Y 272\,
FEBE. & L normal family TH o7z & §HUE Marty’s Theorem & V., Z3L5 D spherical
derivatives ,
(=)' (2)|

by = Un) ()]
8 = T ReR

=12 -
23 locally bounded : ,
| M > fol(z) >2079m fhons) > fH2"2), 1/2<|2| < 1.
B | |
1 2
= - # ) = 2 —
SO, ) = 2 ], (Filet @) dady = 06%), 1 oo,

DEVIT To(r, f) = 0(r?) (r — o0) DD EDLE f OMEIL 2 LIF &R0 REH,

STH, FHKEREH n 1OVTH (™) O(2) = (F7)O(@272) £ 1 (1/4 < |2] < 1) T
5, BAMMR Dy % annulus {z:1/4 < |z| <2} NIZ& D, Dy Tl F 3 normal TR\ &
T3, ZNHIZONWT Lemma 4 #EALELE, (™P(2)#£1, 2€C L7225 order <2

® a non-constant meromorphic function g B3FET D Z &1Z725, ZiLid Step 1 DEE
FETH, B o | :
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4 HE 7

Z OFTIEMKE OFF T %A T [BE] 12k~ BfLT: Theorems, Corollaries MFEE] 2341 L
72\, Theorem 1 DFEBIIEHEENICE T L LT, FTENITHE Lemmas ZRLTE
o (EDT AT TIE A. Weitsman [Wei] (Z&EIREZFF> ([BE]) ,)

Lemma 1 Letp > 3 be an integer and g be a transcendental meromorphic function
of order less than p — 3. Then there exist an integer ng = ng(g) and a sequence R, €
(2Pm=2) 2P™) n > ny, such that the total length of the level curves |g(z)| = R, in K, = { 2 :
|z| < 2"} is at most 2P%/2,

S8R : TEBK R % g(0) # o0 7 g(0) = 00 IS LT R > [g(0)| +1 2* R> 0 ThHBH LD
BN, EBD 0 €0, 2n) IZRLT

n (2 » 5~ Re® ) < N(2 2 g—Rei") < Tp(2™*2, g) + max{log R, 0} + ¢,
MY D, T2 cid g COHMKEFTIER THD, F— @Z:%—Q TS5 7= D DfEHEE
B n(r,-), N(r,-) DEFE ([Hal]) 26BBHITREIND, KIZ Ahlfors-Shimizu DT the
first fundamental theorem ([Hal, Theorem 1.4, p.12]) ZWAT 25 Z & THE_DOREX 25
5, ST, p(g) <p—-3ITEELT

(2) - (R) := L O S S I
Pn o 27rA " g — Ret®

< To(2"*2, g) + max{logR, 0} + ¢ < 2P~3(+2)

23 B, =2 C the length-area principle ([Ha3, Theorem 2.1, p.29]) Z@MH3 5, D7
. FAMMR K, RIZH B level curves |g(z)| = R O total length % £,(R) THL. £
Bn =27 a, =272 LB, BEIRERIT ’

6 £,(R)? dR

< 2marea(K,) = 2m* 2%

Qn an(R) .
ThHD, T, IR, € (an, Ba) 5.t
Ca(Ra)? € = Ropa(Ra) 2722 < 97 n >y,

n — Qp
CNVRT R EFHECH o, B

Lemma 2 Let p >.3 be an integer and f be a meromorphic function of order less
than p — 3. Given € > 0 there exists C > 0 such that for every component B of the set
E={z:|f'(2)| < C7Y2z|~%} we have

(3) diam f(B) < «.

Here diam S denotes the (Euclidean) diameter of a set S C C.
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fEBA: EEg=1/f XL T Lemma 1 2 @HT 5, 20L& f & g OFEIT—FKL
TW5 ([Whi]), HEZRSIE Lemma 1 TRAK ng ZEIZKEL UL,

0o 2np/2 4 272"

| | 5
@ & TrR <P
Fhii

‘ oo 2n+1 €
o | PO A

NS A ATASR %%ﬁ n>ng IHOWTEAV, = {z:]2] < 2" |9(z)| > R.} &%, O
fzV LEL  V=UL, Vo ZDLE OV idlevel curves |g(z)] = R, D K, PIZHD
arcs DV Dh &, ZD LT Ry < |9(2)] < Ruyr SV 2K 5 2230 |z| = 2" DWW
<O7§>T1‘§Eié?}’b'(b\5o ZZTLemmal & (4) &EEHANT

0o np/2 T on
©) [ et s S T

€
n=ng 2
255, AA |z| =2 EIZ g @ poles IIfFE LRV ERE L TH—iEixkibnizn,
TDLEEERC>1%, £ E={z:9(2)| > C|2|**} »

e EN{z:|z| =2™}=0;
o AR {z:|2| < 2™} WNIZH D E D component B DIFFUZ-INTH (3) (XA Y 2D
LOSHEERFOL S ICRATEL . KIC
En{z:|z22®} cV

ThBIL BT, EBE 2€E, |2 > 2% LT, 271 < 2] < 2" 25 n > np Bib
BHo ZDL X |g(2)] > Clz|*? > |2|* > 2201 > R, THY, zeV,CV L7235,
4V @ components D5 HT, E D acomponent B C {z: |z| > 2™} Z&EA TS
bD%E D &T5, EEDK 21, 5 € BIZOWT, ZNOLERESRY L 2525, bL
LcDZ2bify:=L &L, L¢g D THIFILLTFOLSIZ acurvey 8E5: a,bedD
[ZDOVWTHERT [a, b] C L 2 (a,b) CC\D THDET5, . a b b %D IDDa
bounded arc % (a, b) CTEEMZ 5, ZOFHEE% L\ D OFBRDTONTITV, HER
HIT—HZEVE ST 2, & 2 &%HS asimple curve y ’MEHNB, ZD v D D NI
HEIRFIETXTL OB THY, £1I22 1 < |2l 2" RIZH D H DD union % T,
TETE, 2T, IZH LTI |g(2)| > R THD, 2T, (5) & (6) b

) =Sl < [lo@ e < S+ 3 [ 1o e

oo 2n+1

+n;m .

275, T TTXTD components B {22V T (3) BV M-I ERENZ, B

<

<E€

N ™
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4.1 Theorem 1 55 Theorem 1° ~

WEZBZLTWDHEHE f 123 LT, ROMWEZEFFD an indirect singularity U over a 2%
FELELES ¢ Ir>0st. Vi=U(r)\ f(a) contains no critical points. BEH (§2
(A)) Denjoy-Carleman-Ahlfors’ Theorem % /&BHIZE X, A := D(r,a) \ {a} EIZiX direct
singularities {3fFFE L TWRWERET %, ZDL &, B |

(1) fiV-SA

i¥ an asymptotic value o’ € A ZFFD, FEBE, & L% 5 TRI>7 & FHUE (7) X covering
Thd, LU THRER A OEABI Z 20T, V OFHIT Z X trivial TH B, Bi
FEOFA. V B degenerate annulus TH Y a iZ U(r) D asymptotic value Tixd v 15
IRODTAREHE, BREOFETIL (7) M., Zlk f : U(r) - A b 7= universal covering
Thd, ZNHbb U DS an indirect singularity over a THD Z & ~DFFEHEL B,

ST, 29 LTHEDRIEXINT- asymptotic value o’ € A \ZOWT, FHITKHIET 3
(indirect) singularity U’ {33065 U'(r') Cc V &8>, Z ZIZ Theorem 1 OFEZEHTH
i critical points 2;, € U(r) T f(z) # a 2T HLODEFENREND, B

4.2 Corollaries MEEBA
Rz 2 B ROBEREED

Corollary 1 If f is a meromorphic function of finite order and a is an asymptotic value

of f, then a is a limit of critical values ar # a or all singularities of f~' over a are
logarithmic.

AEBA: ¥ a singularity U over a % indirect 72 H1E, Theorem 1’ {Z& Y ay —a £725
X 572 critical values ax # a DMFET D, EAF U I direct singularity &3 %, Theorem 1’
DFEADEET TIZHEPD TIWZ &id, B8 f: V - A= D(r,a) \ {a} IX covering T
HoT, V OEARBEN Z 72513 U i logarithmic singularity over a & 725 DIZxt LT,
Z3 trivial THIUL f : U(r) — A 23 universal covering &£ 725 Z L ThHotz, HBHEIX
BEZVHRVOT, ZOHAIKDS, R

2&IZ Corollary 2 (§3.2) ZHD D2, (M. Corollary 3 (§1) ITFEAFRETH 5,)

Corollary 2 DFEBA: & L an asymptotic value a € €% a ¢ E' Zifif=8iE, Corollary 1
(Z& Y 3 logarithmic singularity over a PMRFESND, £T f @D order p 2% 1/2 LA E
(& 2p > 1) 7251, Denjoy-Carleman-Ahlfors’ Theorem (A) {Z & ¥ direct singularities 4
EOEERE 2 62320 LT THD Z L33 > Tz, —H, p < 1/2 D & X1Z1E logarithmic
singularity IXfFFE L1872\, & L 3 logarithmic singularity over a € €, BB f: U(r) —
D(r,a)\ {a} 7 universal covering & 72>/ L35 &, U(r) XA R BEEERTH 5,
fHEDTDIZ a =00 & LTENWTHHEDRY, ZD&X,
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| : R < |f(2)| < o for z€ U(r);
.t.
AE>0 s { If(z)l = R for z€dU(r)
Thd, THH.
log(|f(2)|/R) for ze€ Ul(r)
u(z) =
0 for C\ U(r)
TIED bIEEK u(2) 1% €T subharmonic T %, £ LT u X oU(r) LTIHAFTHS
2> 5178972 Wiman'’s theorem %, BV & Theorem 1 OFEIZIS\WTEHEE 2R 2 R
3" the subharmonic version of the Denjoy-Carleman-Ahlfors theorem ([Ha2, Theorem 8.9,
p.562]) Z W >T. subharmonic function u(z) @ order:

logsup-,[u()| (|
log =P

R1/2 P ETHD T LWREND, ZOFBCLYAHSETTS, B

p(u) := limsup
T—00

4.3 Theorem 1 OEEBA

AFHIIEERIZ L B, (ROET B DI, a 2% an asymptotic value, U 13X an indirect singularity
over a T, B Ry > 0 1%t LT U(Ry) IF4MAI72 5 critical points BEFE T, F£72 0 & U(Ro)
ThdZ e, Bilida=0 & LTH—ETIRDNR, Z0OLERD L )72 objects £
IR TE S ¢

e {a,}, a sequence of asymptotic values s.t. Ry/2 > |a1| > |ag| > -+ ;

e {G.}, a sequence of disjoint simply connected domains C U(ro/2) s.t. f is univalent
in G, D, = f(G,) is a disk, 0 & D,, ;

o {I'.}, é,sequence of asymptotic curves, I'y, - Gn,s.t. f(T'p)isa straight line segment,

im, o0, zer, f(2) = an.

%%\ Vk <n lZXLT ag, G, 'y 75§EEL:*§52T‘% & LT:

i) Ru>0%Ry<l|aaa| (n=1DLETIER <Ry/2) T, URa)NGr =10
(Vk < n) LRBERIZESR (ZUT0¢€ Dy = f(Gr) IZEB), RiZa=0&,L7EDT
F(za) = 0 2B 8 2, € U(Ry) D3 ND, Diha. (EDD f(2) #0 THY, f1 OVE
2 branch ¢ T

ew) = zn + > cmw™, cm#0

m=1

L7 % b ONTEIET B, =0 series DIGCLES r, LEL L.

(7 0<rn <R,
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CDVREND, bL 1> R, THT2DIT, A= p({w: |w| < R }) 1E f ({w: |w] < Rn})
? U(R,) &IBRA 2z, ZETe component & LT A=U(R,) THBD, f N U(R,) T
univalent TH 5 Z LIHMEIZFET 5,
Z Z T ¢ @ singular points DN D% a, 1= rpe®r £TB L |ap| =70 < Ry < |an_1] <
< Ry/2 TH5,
i) FAR .
Tn s Tn
Dn::{w:'w—?e" <§}
¥Ex5 &, ¢ 1D, \ {a.} £ holomorphic TH Y, £/ 0¢ D, ThH5,
ZIZTGni=p(Dy,) EEL &, G, 13 CRDBLEREER T, BRI L >OMHTEIRE v
Y 2 OTSHERRE I E TOWTND, £LT G, CU(R,) THDD D, GuNGr =10
(Vk <n) ThH5, ~

i) BRY

Ly = {w:teis" : —g—rn <t< rn} c D,
&%if\ Fn:(p(Ln) Cl:ﬁ<o

PLED {a,}, {Go}, {T} DHERIETH B, Lk, EORIC L TFENEDND D E N
T3, |

BANZ, f(2) = n, z € Ty IZHNT ZPEROBE X (ZB89 2 7
' CLAIM: For all n with at most 4p + 2 exceptions,

(10) lim inf |f(z) — an| |2t = 0.

z—o00, z€T"

(p>31%p(f) <p-—3 &= 38HK,)
A3, the Ahlfors distortion theorem (cf. [Tsu, FE¥E XVIII. 24])) ZFEAFE [ : G, — D,
WCEAT S L TEMIND, TSRV REEL

CLAIM: For everyn, 3 a sequence z, ; € I', 2, ; — o0, s.1.

(12) 1F'(zag)| < lomgl ™21

RIS

1 . L
£ = Zm1n{|ai—aj| : 1§z<g§2p}

5L e<Ry/8 THD, ZNDL X Lemma 2 MHID e IZXETHERK C > 0 2155,
R 20" = znjn) &

(13) || > C & |f(za*) —anl<e, 1<n<2p,
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ERD & DB,
(14) Fe®) = fa) > 26,  1<n<k<2p,
(15) Fe) + e < 3R, 1<n<2

ThB, Er (12) & (13) b
a G < Cat T, 1<n<2p

#BD. £E {z:1'(2)] < C7Yz|"?} @ components T, z,* ZBLHDE B, &TH
i¥. Lemma 2 &Y |
(17) diam f(B,) < e, 1<n<2p

ThH Y. (15) 1L D F(B.) C {w: |w| < 3Ro/4} ThB, LHL U(Ro) H U(Ro)NBy 5 za*
w9 f7({w: |w] < Ro}) D component THDHA 6,
(18) B, CU(Ro), 1<n<2p

LB, ZTOXIZLT, (14) & (17) 225 {B,} 1AW disjoint TH D LD,
ST, B
u(z) == —log|f'(2)| — 2p log|z| — logC

#E2 5, Ziut U(Ry) T subharmonic TH Y., {B,} I3EE {z € U(Ro) : u(z) >0} D
components [Z—& L, £ 2z € 0B, IZx L TiX u(z) = 0 ZWi7=¥, Z ZIZ Corollary 2
DFEFADBIZIR 7~ the subharmonic version of Denjoy-Carleman-Ahlfors theorem %@ fH
52L& T

p < p(w) < p(f) = p(f) <p-3
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