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'RUBEL OREIz>\ T (BERGWEILER D% )
HAT#KE AR mh  (KaTsuva ISHIZAKID)

AT RIS B EEGEI K2R Y . C ECHERAEKE LETS, £
HRAERH L TOEEK [OMNBHERE Pz, f, f,...,. ™) L LT, Bphes

(1) P(va(z)vfl(z)?“"f(n)(z)) =0

EEXET, —BROREMML FERX 1) BFEER2EE2RFO2L LT, b0
FREDONED EDL HWHIRRE T2 Dh &5 8 (e.g., Ishizaki [7], Ishizaki
and Yanagihara [8]) iZER MO HTERANOMAEIZE W TTAKED T —< 72D TTH
(). Z ZTIXEDFHNLBEITERNFROEEDIGH & L T Bergweiler 23
HleZleT7 Ta—FO—2%BN LET, £, BHEROBEKEZH 2 B0 mN
72% DX Hayman [6], Laine [9], Nevanlinna [10], Rubel [12] 72 2SR T S\,

Definitions and Ruble’s Problems

Differentially algebraic. &H#X f4° DA (diﬁerentially algebraic) &1X, & B
FEEEBH 2T (1) OROWAIHEREWI T L TH D,

B¥2 DA TR\ & X hypertranscendental (or transcendentally transcendental)
EEVET, _

BB DA Th DD E 5 DEHET DRAERD Z L13 T B KRR
bOTHDH, T THE—2D DA TRWEHFERM L TEEET (Rubel [13]),
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B A BB {ne} 12K LAE =gy —ne & Uy Ap 2 ngp BRI TBERF
EITNEZOBEROBDEH LD Td(k) LEE, bLLFEELRNVE XX L

81

T 5, BEIK F(2) = 3o fan 2™, far € CiElimy o0 d(k)/k =1 DIREDFIZ

DA T2\,
B D& F 25 uniformly differentially algebraic (or coherent) & %, FD£T
DEY R DA TENEEZX DM FTRANELTRICbDEENDZ L TH S,
Z ZTHY EiF 5 Rubel OREREIE DA (2RI ST

Problem (27)!. Does there exist a transcendental entire function whose iter-

ates are uniformly differential algebraic

Z xS % Bergweiler [3] DA#EIE TNol T3, Ziw, SEAE L TOREE
& L CiX uniformly differential algebraic 726 DIXFFEELE T, B, f(2) = 2™,
m 2 2, BEIZOWTIRHEB D n I 20T fridfas e

29"g—2(¢)> +gg=0

729,

Poincaré function

B AT L. A= f'((),CeC L35 &x, BEHEBR (Schroder)

(2) - p(A2) = f(p(2)),

ZWi72T. o(0) = (R DBEEKe DZ &% fOIBIT 5 Poincaré function & &
WETS,

Rubel D& & Poincaré function 21T 2HEIX, KD 3 >OFEENDL
BEERoTEET,

Theorem A. ZEEHI f5 repelling 72 fized point (&R TIX. (121} 5 Poincaré
function BDIFEIET 5,

1ZDT7 7R 7 el CTESE T 5 Problem &5 13 Rubel [12], [13] IZHET 5
HDTTY,



Rubel DEREIZDOUVNT  (Bergweiler DfEFENN5)

Theorem B (Bergweiler [2]). BERVEERE fiX 2L EOEE n izx LT prime
period n @ repelling 72 perodic point % HEFRERF D,

LT, ZOFFERDH TIXEEEL 13 repelling fixed point. % ) &ﬁﬁ? LT
BEET,

Theorem C (Boshernitzan and Rubel [5]). BE¥ fD Poincaré ¥y 3 DA
Th b LDOUEFHEME fO Iteration DK {f*} 28 uniformly differentially
algebraic THD Z L TH D,

ULEDEBRESE 2T, ROEEEZTRTZ & TRubel OREOREE Y52 B
LR ¥,

Theorem 1. Poincaré function to transcendental entire functions are hyper-

transcendental.

Sketch of the proof

Theorem 1 DFEAD T A FTIERE < I T 22 TT, —DITEZEN (Schrdder
equation (2)) 7>& Poincaré function DEEE & U TOMNEEZFHMMET D2 L & Th
Y. b D —2it Poincaré function D7z 3 “B/hD” M HEXE (1) »HEL =
ETY, MEDOWEIC XL o TAERILER S ET, BEOFET G I Ritt 12
EDHDTYR, DPRVBEHETY, FHRHH%IL Steinmetz’s factorization Theorem
ERWDEZALRRD ET,

Poincaré function DEEH & L COAI % Fli% 5 2 5 Lemma 12 F i@ Y
T,

Lemma 2. Poincaré functions to transcendental entire function have infinite

order.

Ritt [11] DEBGTERADIR Y B2 BT 2 T DI iR Es e K (1) o
rank * EETILERD Y £7, f%%@ﬁ\ n €N, rj € Ny = NU{O}, 7j=1,
2, ..., n. Multindex 7 = (r1,79,...,7) KOWTiEn =10 & ELSMEr, #0

82
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L LTEEEY, Differentialmonomial% M,[f] THit L2
M. (f] = (2) = (/)" (f" () - (™ ()
% rank?’ r® differential monomial &\ 9 X HICEHELET, &biz, 22Tl
dir)=|rl=ri4+re+---+rn, wr)=ri+2ro+---+nr,

SN degreé d(r) & weight w(r) ZEELEY, 2-20 multiindices ¢ = (q1, g2, - - - , Gm),
= (T1,72,--,Tn)s GmTn # 0 COWTIEFE R ANET, m <n 25T g<rék
L.m=nDtXiIbs k€{1,2,...,n}i)§&')o’quk <rg,qgi=rjfork<j<m
BREVILHEE g<r& LET, Differentialpolynomial |

QUfU2) = aq(z, F(2)M,[fl(2), ~ar(z, f) Z0

q<r
Drank Zr& LET. TITTaylz, f) it z, fFOZEKXTT, Q(2) =0 TEHESN
BMASHBAD rank FRIL X Hic r& LET, | |
Steinmetz [15] DFEFIZ L H LN TNDE L DI :

Lemma 3. Let Fy, F, ..., F,, be meromorphic functions, at least one of which
is not identically 0. Further let hg, hy, ..., hy, be meromorphic functions, at
least one of which 1s not identically 0. Suppose g is a nonconstant entire function

such that, for a constant K > 0 and a sequence {r;}, r; — oo,
m
ZT(n, hi) £ KT'(rj,g) for each j.
i=0
If there holds
Fo(g)ho + Fi(g)h1 + - + Fin(9)hm = 0,
then there are polynomials Py, P, ..., Py, at least one of which is not identically
0, such that | |
Po(g)ho + Pi(g)ha + -+ - + Prn(9)hm = 0.

Further, there are polynomials Qg, Q1, ..., Qm, at least one of which is not

identically 0, such that

FoQo+FiQi+ -+ FnQum = 0.
2Mylfl=1 & LTBEET '
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AEADOH LT
Poncaré function ¢ 25 DA £9%, BIL, ¢ 3% Z)ﬁ"x’ﬁﬂ’]ﬁﬁﬁji 7=

(3) o P(z,cp(z),cp'(z),...,go(")) =0

AW ET 5, (8) & (2) ZEM SV T OF LVEBRREHERT 5, Z0L X,
ZOF L HFREAE—KRIC imﬂﬂwﬁﬁi¢@@ﬁebfﬂﬂmfaw&wm
220V, BER2LOR—DOTHEEN TV 55E1E Steinmetz DEEHZ VT,
EHIHLVWHRREERT S, rank DR/ RLDEINLDOFEXNLHEX
&, EKBIZIX Schwarzian DE

(4) {p, 2} = Alp(2))¢' (2)?

BEFTDH, ZZTA@) ks 0BHEK, (4) DREIERETHDZ LERLT,
Lemma 2 239 5 FEZHT, ,

BHOHE LFMEILNRY T 7 = AN TTDT, #Mid Bergweiler [3, pp 261-
266, Ritt [11] BB L TTF SV,

Other Problems on DA

=T, &mdua EEERSOL TV DAICHEYT MEZ DT TRE XY,
_@@ngﬁgﬁ“DA@E%%#ﬁbt&% WA C B EX EREDOFRC
EENTWET, BBROH B H IR LT E &,

Problem (51). What does Nevanlinna theory look like if we restrict it to DA

entire or meromorphic functions?

Problem (52). Does there exist a DA entire function of non-rational order,
say m or /27

Problem (53). How about the defects of a DA entire or meromorphic function?
Can 8(a, f) = 1/v/2 say, for such a function?

Problem (54). Suppose f is a DA meromorphic function. Can we write f =
g/h where g and h are DA entire functions?
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Problem (58). Suppose f and g are entire and DA and suppose that h = flg
is entire. Can we find a non-trivial entire and DA function k so that gk is

“stimpler” than fk?

Problem (59). Does there exist an entire function f such that f(22)/f(z) is
DA, but f(z) is not DA? |

EHEGREA, RO TRAOMR L RIRBOERNIZFRIZET I LD
Becker and Berigweiler [1], Bergweiler and Terglane [4] 72 & 23% W £9°, fi#DTE
£, (72 Pz L Cik Laine [9) 2 E 2SR T &,

Admissible Solutions

RRIZ, BE CHBEICRNBREETRAGR O OMBEERE R~ Thx ¥
¥, M FEA (1) 22—k Lz R

B) Q=S (@ FM(R) =D a2) o) (M) =0
i€l

ZZC, i = (ig,%1,-- - ,in) IX multi-index T I1X A R D multi-indices DEF v
ELET. ai(2), i € ITAERIREE CRBBEE T & <. 5 rank ® monomial
DEEIT 1 LRELTEXET, FER (5) 2T HENEK 25> TEh
2% admissible solution TH 2 &iX, T(r,a;) = S(r, f), i € IRV LD T & L EFE
L%9, 7. admissible solution {30V &2 & RS 2 01 T4, admissible
solutions DF f;, j=1,2,..., T, T(r, f;) = S(r, fj+1) ZEWITH OB H 50
LV BEIFRIRRN S D TY, T TIHEFIFRIEPNTNEZ L ERVET
25 (Clunie DEH : Sz >DOBEEEE g, h ITBE LT T(r,g) = S(r,h(g)) 2%
B L) Rubel DREIXZ ORBEDRKIZBFAICOVTHESAZHDTHY %
9, YHEY., 22025 admissible solution DFLEND TRV EFHRENE
¥, FROBIVILLTIZERAS LWL 22D TR (—RIZIT/NEDH D BR Y RARR,
R fRYE 72 81X, Steinmetz, V Rieth, 22 X2 X 2) ICER L THWET,

Problem 01. 523 (5) 2% admissible solution f&#F2 &4 5, fIZX LT small
2B a(2) 286(0, f — a) > 0 E7120,(0, f — a) > 0 Th 5 = L O+ 55tz
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a(z) # (5) DRETHH T L Th B, ZIT. Npga(r, 1/g) IEBE n+1 LD
gDFEREE T2 HDTO,(0,9) = liminf, o Nipy1(r,1/9)/T(r,9) TH B,

Nevanlinna O 7R ZEEIZ-2V T O small Z2EHIC OV TDHEIEIL Steinmetz [16]
KXo THRBIIMRINE LY, F2EXBEEHAFITVELIES - R
BonTWEYA, BOTEATHR SN ZEEZEOMICIIROBEA TR SN
3 |

Problem 02. 55 (5) 2% admissible solution f &> L4 5, fIzxt LT small
BRRRDEB aj(2) j=1,2, ..., KL T

q q
Zm<r,f_1a]>+ZN(n+l(raf_1a>§,2T(T7f)+s(r7f)
j=1 =1 :

J
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