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ON SOME FUNCTIONAL EQUATION OF A
PREHOMOGENEOUS SPACE OF SYMMETRIC MATRICES.

TamoTsU IKEDA  (KYOTO UNIVERSITY)

Introduction

We gave an expoéitory talk on the results of the paper of J. Sweet [5],(6]. Here
we will give another proof of his results.

§1.  Properties of Weil constants.

Let k be a local field with char.k # 2. We fix a non-trivial additive character
of k. When k non-archimedean, we denote by s the maximal order of k. Let w and
g be a prime element of 0 and the number of elements of the residue field of 0. We
put cx = [k* : (k*)?] = 4|2|71. Let (, ) be the Hilbert symbol of k.

We define a Weil constant a(a) by the equation

1 [ 1
/k ¢(z)¥(az?) dz = a(a)|2q] /k ¢(w)¢(_ﬁwz) dz,
¢ € S(k). Here,
) = [ ow)ba)ay

is the Fourier transform of ¢. Then |a(a)| = 1, a(—a) = a(a), and

a(l)a(ab) .
a(a)a(b) (a,8).

For a quadratic form Q over k, we denote by dg and €q the determinant and the
Minkowski-Hasse invariant of Q, respectively. When Q is equivalent to a diagonal
form diag(qs, . .. gm), €@ = I1;;(4:> ¢;5)- We put Ag = (—1)[%ldg. We think of dg
and Aq as elements of k*/(k*)%. we put ag(a) = [[~; a(g:a). It is easy to see
ag(1) = o(1)™  a(dg)eq-

Proposition 1. Fora € kX,

> a@ea) = 2

c€kX [(kX)2 o(a)

Proof. Tt is enough to show that

Z - ofz) =c,%.

zekx /(k*)?
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When k is archimedean, this is clear. Let k be a non-archimedean local field. We
may assume that 1 is of order 0. Let e be an integer such that |2| = ¢7°. Let A be
a complete representative of 0> /(0*)2. Then AU wA is a complete representative
of k% /(k*)2. Let ¢ be the characteristic function of 0. When € AU wA, the left
hand of the equation

[ owiatt)dt = a(a) el ¢ [ Syt

is equal to 1. If z runs over A and y runs over o — {0}, then —zy? runs over
U2 @2 0> twice. If we put t = —zy?, then dt = |2y|dy. Therefore

> afz) = |2|7% - 22|~} g / P(w?2et) dt.

€A r=0

Similarly,

3 a@) =l et 22 g [ (et

zEwA r=0
Observe that [0% : (0%)%] = 2|2|~! and
| (1—q%, if1>0,
/ Y(@t)dt = { —g~1,  ifl=—1,
o 0, if 1 < —1.
It follows that
Z a(z) = Z a(z) + Z a(z)
z€kX [(k*)2 z€A - zEwWA
=2¢°/* = 2|2|73.

Now we consider a relationship of the Weil constant and the Tate functional
equation. Let w be a unitary character of k*. For & € S(k), the functional
~equation is biven by :

fix ®(z)w™1(2)|z|'~* d*z [ix ®(z)w(z)|z|® d.x:c
k L0 =50 ) = g(s,w, )£ I(s,) ,0 <Re(s) <1

and both sides are meromorphically continued to whole s-plane. We put
L(1-s,w™1)

, L(s,w)

Note that even if ® is not a Schwartz function, the functional equation holds as

long as both sides converges in some vertical strip in {0 < Re(s) < 1}.

We put x¢(z) = (6, z) for 0 € k*.
Now we prove the following proposition.

g (s,w,¥) = e(s,w, )
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Proposition 1. For any character w of kX,

| Z %5’(3, wxe,¥) ! = 22|72 w(3)e'(2s,w?,9) e (s + Lw, ).

ok /(kx)?

Proof. We reproduce a proof of Rallis and Schiffmann [3] For ¢ € S(k), we define
a L'-function My € L}(k) by

M(P(m) — { §|m|%[90(\/5) + (p(—ﬁ)] z e (kx)2,

otherwise.

The for any bounded function f over k,

/ M,(y)f(y) dy = / o (v) 1 (s?) dy
k k

In particular,

/k M, (y)¢(zy) dy = / o(y)¥(zy?) dy

=a(@)2zl [ pu)w(- o) dy
—a(z)[22]~ 2/M ——%y)dy.
ILe., .
a(@)[22]# My(z) = Mp(—1-).

Since the right hand side is a Fourier transform of a L!-function, M, o()|z|? is
bounded when |z| — oco. It follows that

[ oo™ @t~ 4%
is absolutely convergent for Re(s) < 1. On the other hand
| Mo(@)o(@al** a5z = | #@t@)ai axe
is absolutely convergent for ®(s) > Z. Therfore we have a functional equation
/k ] M, (z)w™ (z)|z|5~* d*z =¢'(s + %,w,gb) /k ) M, (z)w(z)|z|*t? d*z
=€'(s + %,w,dj) /kx p(z)w?(x)|z|?* d¥z
=é’(s +é—,w, ¥)e' (25, w?, 'zb)_l

X /’;x ¢(§:)w2(m)lm|23 d*z



24

for < R(s) < 1. Note that

| ey @)laft = de
_1 — 1., _ .
=[2| 2/k>< a(m)M¢(—E)w (z)|z|~* d*z
=2 tu(—4) [ o) Mp(ae(@)ld| s
=|2|28"%w(—4)/ mm(m)w(:ﬂ)lmr dXz
=[2f** "2 (~ o r)w(z)|z|® d*z
— 2P duw(—1) @ [, Tl

BEk™ /(kx )?
Here,

Y o My (2)w(z)|a|* d*=

BEkX [(k*)2 B-(kx)?

=t Y axel® [ Mxele)il s

B.0€k> [(k*)?

N _
Here, by Proposition 1, >- ekX/(kX)2 a(B)xs(8) = ¢ Z‘é Xxe(—1). Therefore the
equation above is

ot Y Wy [ Bl

0€kX [(kx)?
1 ol — 5 - —s
=212z Z a—gag-xg(—l)e'(l—s,w 1x6, %) My(z)w ™ xo(z)|z| —* d*z
6k /(kX)? w
—o9—1[og|L o(l) -1 Al —2 11—2s X
ety Y W) [ o @l
, 0€k* /(kX)? ke

It follow that

Z Z—E%e'(s,wxe,d))_ =227 > w (5)e'(2s,0%,9) 7! ’(s+2,w ¥).

o€k [(k*)?

Corollary. )
a(l
oB)

Proof. Putw = xgin PropoSition 2 and consider the limit of the equation

a(l) €'(2s,1,1
)3 (1) €'(2s,1,9)

. v : ‘
0ck* [(kx)2 05(9) € (3’ XBo, '»b)

‘5(%7Xﬁ’¢) =

=227 /(s + 3, x5, ¥)



25

for s — 0.

§82. The space of symmetric matrices of rank n.

Let V = Sym,(k), G = GL,. V is a prehomogeneous vector space under the
action of an algebraic group G. The set of open orbits of V is denoted by © = Oy .
If k is non-archimedean, O is parametrised by the determinant and the Minkowski-
Hasse invariant.

For each n € O, we put d, = detn € kX /(k*)?, A, = (—1)[3ld,. We denote the
Minkowski-Hasse invariant of 7 by ,,.

For & € S(V), we put

B(x) = /V & (y)p(tr zy)dy.

Here the measure dz is the self dual measure for the Fourier transform, i.e.,

n(n 1)
do = (27 T2, das: [, ; dasj.

The purpose of this section is to prove some local functional equations for the
prehomogeneous vector space V.

Theorem 1. We put p =2, If® € S(V), n =2m + 1, then

/ B(X)w(det X) | det X|"~* dX =¢'(s —m, W) [[ €' (25 —2m — 1+ 2r,w?) !
1 %4

r=1
« 3 (-)
neO

X / &(X)w ™ (det X)| det X|~* dX.
Vi

n

If n =2m,

/ ®(X)w(det X)[det X|*™PdX =¢'(s — m + L,w) 1[I, &'(25 — 2m + 2r, w?)~1
v

% I2|—2m.~:+——-lm(2’;‘_1 w(:li_)m

Z ((ln e'(s + 3, wxa,)

X / Q(X)w‘l(detX)|detX|"dX.

n

Proof. From the prehomogenelty of V, there is a meromorphic function ¢, (w, )
such that

/@(X)w(detX)IdetXl “PdX = Zc,,(w s) /.@(X)w(detX)l,detXl_st.
neo Va
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We have to prove that if n = 2m + 1,

cn(w, s) =€'(s — m,w)! H £'(2s —2m — 1 4 2r,0?)7!

r=1

x [2~2me BEFE (Lym (—1)mE, ) (—1, —1) =

m+1
’f])

and that if n = 2m,

c,,.(w,' s)=¢'(s —m+ §,w)  [I'e, €'(2s — 2m + 2r,w?)~!
X |2|—-2ms+m!2—’;-12 ( )m Q(Aﬂ) I(s + 27wXA,,,’¢')

We proceed by induction on n. When n = 1, it is nothing but Tate’s local
functional equation for w = x¢: We will use this functional equation as the form

/ | ®(z)w(z)|z|® d*z
p(kx)?
=ct ). (6,B)€ (s, wxe ¥) / ®(z)w ! (z)|z|'~* d*z.
B,0€kx [(kx)2 | B(kx)?
Now we assume n > 1. We assume the functional equation is true for n. We

put V = Sym,(k), V' = Sym,, ., (k), p= ﬂzil, and p' = —"’—'2*£ We denote the set of
GL,, orbits of V' by O and the set of GL, 41 orbits of V' by O’.

We may assume ® (g y) = ¢1(T)p2(y)¢s(x) for some ¢; € S(V), ¢ €

S(k™), ¢3 € (k). Note that (Zy" y) = 12131 (T)a(29) (o).

/ &(T")w(det T')| det T'|*~* dT"
T eVv! :

=/ / / o ((T + yt:c v) y) w(z detT)|z det T|*~* dz dy dT
Tev Jyekr Jaek y  Z | |

- Z colw, s — 3) /TGV /y‘Ek" z€k QBI(T)¢(—$_1 YTy)¢a(y)¢s(x)

neo

' 1
X w™(det T)w(z)|z|*~" | det T|~**2 dz dy dT

_— 1
= eo(w,s— 1) / /
neo . TeV, Jyek" Jz€k

X ay(@)[2"a ™" det T| ™% 1 (T)Ba(y)3(2)
1 1 '
X '(,b(zcc YT ly)w™(det T)| det T|~** 2w(x)|z|*~* dz dy dT



=X T awspam [ [ [ pEa@ake)eeE)

n€EO pekX [(kX)?
X P(z YT y)w(det T)| det T| *w(z)|z|*~! dx dy dT

= Z Z C;lcn(w, s — %)an(p) (0: p/B) 6,(3:“))(9)_1

€O p,0,8€kx [(k*)?

<[ [ [ Mk Ty
TeV, Jyck™ Jzep(k*)? " :
x w™l(z det T)|z det T|~* dx dy dT

Therefore if we put n ® 8 = (17 ﬁ)’ then

CTIGBB(‘*’, 8) = CZlcn(w, s — %) Zp,o a,,(p) (6, pB) EI(S’WXG)—l

If n = 2m is even,

ckIZan ) (6, pB) €'(s,wxe) ™"

nioyen o(1)

=(=1,=1)=F= ((-1)™, d,) (A )encklz An, p) (8, pB) €' (s, wxs) ™

=(—1,-1) 2F2 ( (1), d) -2 (A, B) (s, wxa, )

oA,
= (-1, 1) o) xa,)"

—1)™, dyap) oA n)fn@ﬂﬁ(s yWXA,)”

It follows that

. m(m+1
cnop(w; 8) =cq(w, s — §)(=1,—1)=F7 ((—1)™, dnep) 35y enap €' (s, wxa, ) ™
=¢'(s —m,w)™! H e'(2s —2m — 1+ 2r,w?) !
r=1
—2ms m(2m+1 ma
x o 2o =R (L 2l (5, wa,)
mmtn) o(1) _
T D)™ dnos) s enon € (s,wxa,)
n

m
=¢'(s — m,w)! H €'(2s—2m — 1+ 2r, w?)~!
r=1
_2m5+ﬂ1'.2'1ﬂ

x |2] W)™ (=1, ~1) = (=1)™, dpes) enas

On the other hand, if n =2m + 1 is odd,

¢t Y an(p) (6, 08) €' (s,wxe) ™"

P0

27
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—‘< 1 _1>’""‘+1 <(—1)m’dn> a(g))enck:lzc«p) 177p> (9,P,3>€’(-9;WX9)—1

(-1, 1) =F2 (-1)™, dy) ((1))enck12 () {800,01(0,8) ¢ (5,0%0)™

=(-1, _1> (( )™, n)a( n)€n Cy ° Za(An9)<9>ﬂ)5l(3,wX9)—l

6

=(~1,-1)F ((-1)™,d >—a(An‘)enc;'§'Za(—ﬁ9><Ano,ﬁ>e'<s,wx_Anﬁe)-1

)

(1= S ()7, BT (BB ey 3 S o xsn)

= ((—1)m, dy) HUonsele, 6’(23,(.02)'"16'(3 + 1 wXa0es)

m

—[2|=2*F 2w (})(—1, —1)=FH

It follows that

o (0r 8) =enlw, 8 — 1)(=1, ~1)ZF2 ((“1)™ dy) e,

x [2] 72+ bow(}) 20n8e)e(25,w?) e (s + 3, WX, 06)
='(s—m—1,w) [, €'(2s — 2m — 24 2r,w?) 7!
v |2|—2m(8—%)+m;—+—ll_2s+%w(%)m+1 a(Ayep)

afl
X £(2s, wz)‘1 (4 3,wXA,0)
=€ (s —m — - w)_ H:-nzl 6'(23 —2m—2+42r w2)—1

- m+1!(2m+1!
X |2l 2(m+1)3+ p) . (4)m+1 g_(_AJ(%ElE (s + 2)wXA1,@ﬁ)'

Theorem 1 is thus proved.

Next we prove

Theorem 2.
Ifn=2m+41,

/ & (X )w(det X) exldetXls“de =¢'(s,wx(—1ym) " He (25 —2m — 2 4 2r,w?) !
v r=1
% |2l_2ma+m(2‘r;+3)w(z)m( 1 _1>m m(m+1)
% / B(X)w 1y (det X) | det X[~ dX
V B

If n = 2m,
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/ ®(X)w(det X) ex | det X|*~P dX
Vv

= H £'(2s —2m — 1 4+ 2r, wz)_l|2|_2ms+ﬂ2_7;ﬁw(%)m—7—y—”((;i)m

r=1

x> i / (X )w ™ x(o1ym+s (det X) ex | det X[ dX
n€0 (1) Ya

Proof.
In fact, when n is odd, this is equivalent to Theorem 1.
As in the proof of Theorem 1, one can see there is a function cp (€, s) such that

f &(X)w(det X) ex |det X[ dX =) ¢/ (w, 5) / Jw™!(det X) | det X|~* dX.
Vv .
neo®

We have to prove that if n = 2m,

m

cp(w,s) = H €'(2s—2m — 1+ 2r,0w?)!
r=1
X |2|—2ms+ﬂ2';—+1—) 1

A,)
(2) %ﬁen

We have already proved that if n = 2m + 1, then

m
cp(w, 8) =¢'(s,wx(—1ym )™ H €'(2s —2m — 2+ 2r,w?)7!
r=1

x 2 () (-1, —1) M (<1)m, dy).
As in the proof of Theorem 1, one can prove

Chep(w,8) = i D ch(wXpy s — §)q(p) (py dy) (6, pB) €' (2, wxo)
P9 :
If the rank of n is 2m + 1, then

cnep(w, s) ,
=it Y y(wxers — $)an(p) (p,dy) (6, 08) € (5,wx) !

pOERX [(kX)2

IG5 —2m- 2+ 2r,t) | P T (1, —1) (-1, dy)
r=1 .

X ci' Z e'(s — 3,wX(=1)mp) Lag(p) (b, dn) (6, pB) €' (5, wxe)
p.OERX [(kX )2
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b m!2m+3!
= H e'(2s —2m — 2 + 2r, w?) 72| 2met w(} )ma%s €n

r=1

xet Y @) (e (<)) (8,8 (s} wx-aymp) e (5,0X0)
p,0€kX [(k*)2 ' :

Here, - |

c_l ag) €n Z m(l’, ("'1)m0) <0,,3> E'(s — %,wx(_l)mp)—lsl(s’wxe)—l
o(An) p,0EkX [(kX)? _

o ol) a((=1)™6) , L )

= AT 2 amaenrep) O T B T s exe) ™

p,0€kX [(k*)?

_1.o(1) ¢ a((—1)"6) Vel(s — L wvo )—1e'(s. wye)~L
=Cg O_’(An) Ui Ge,;/(kx)z a(l)a(p) <0’ﬂ>€( R XGP) () XG)

=cp1202|2 Hw(})e (2 — 1,w?) 53kly €0 Toewn ey “sayr (6,8)
=212 25+ 2(L)e (25 — 1,&)&‘%}5 €n ZOGkX/(kx)z -c%%é ((-1)™0,B)
—cz271|2[ 220w (1)e! (25 — 1, w?)a(B,)a(B) & ((—1)™, B)

=[2| 2+ 2w (})e' (25 — 1,w?)a(AyB)a(l) €, {dn, )

|22+ (1)’ (25 — 1,02) 25280 ¢
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