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Microlocal Structure of the Regular

Prehomogeneous Vector Space Associated with

SL(5) x GL(4). II.
By Tamaki Yano and Ikuzo Ozeki

The microlocal structure of the triplet (SL(5) x GL(4),
Az Al, V(10)®V(4)) is investigated in {0 1] and [0 2]. The
triplet is a reduced 1rreduc1b1e prehomogeneous vector space

(abbreviated as PV in the sequel) , having 63 orbits. The

b-function b(s) of this ?V is df degree 40. The second author made

a conjecture that

b(s)

(s+1)%((543) (5+9) (54 (s+ D1 (s (5452 (s+15) (415012
{(s+€)(s+d)?

1 1
M= 1(5"2+ ) (5*2

.|.

k,2 (s 1.k,4
5 1 '8

In this article, we will show that the b-functions

of the orbits SS,S , S7’7 and SlZ,lO are given by
1k2 4, 1%k 5, 1k
bg g(s) = (s+1) "k 1(5* 7) "k 1(8*3+5) M2, (s+3+5)
T 2 1k 5 , 1 Kk.2
b, 7(s) k 1(S+2+4) M= 1(5*2+ ) Mo (s+3eE) T
) 1.k, 2 1.k, 2
Pyg,10(8) = (s+1)? M= 1(S+2 1) M- 1(s+2 3

and prove the 0Ozeki's conjecturé.
Both b6,8(s)’ b7’7(s) and b12,10(5) coinside with micro-local
b functions on corresponding holonomic varieties of those orbits.
In § 1, we prepare machinary from the microlocal calculus (see

[SKKO]) and the locally prehomogeneous spaces (see [Y 3]).
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Applying the latter, we get a duality

deg b

by(-s-2) = (-1) A

b, (s),
for each good holonomic variety A of our PV.

In § 2, we calculate b6'8(s)rusing thebmachinéfy in § 1.

~In § 3, we calculate b7’7(s) and explain the backgroud of the
conjectufe. |
| In § 4, we collecf the data of transvefse 1ocaliiation,
which wili‘be needed in §§ 2-3.

The authors express our hearty gratitude té Prof; Tatsuo Kimura -
for his cénstant éncouragement. We are grateful to Prof. Akihiko

Gyoja for his enlightening discussions, which is the origin of this

work.



8§ 1. Preliminaries

Let (G,p,V) be an irreducible regular PV, and let f be its
fundamental relative invariants. Let S be an orbit of (G,p,V).

We denote by AS (or T;V) the closure of the conormal bundle of S,

and call it the holonomic variety.

We refer the reader [SKKO] for detailed discussion of

micro-local calculus. We quote the following Theorem.

Theorem 1.1 ([Theorem 7.5 in SKKO]). Let A0 and Al be good
holonomic varieties whose intersection is of codimension one with

the intersection exponent (m:n). Assume that 4 = gfa is a simple

holonomic system with support A0 U A1 . Assume that m, > m, where
« ) .
vordAif = -mjo pi/z . Then we have
Mo~y
_ n 1 o _ o m + 2k n+l
bAéS)/bAiS) =M o [ n+1(ordAlf ordAOf Mg=s * 2(mn) )

where [a]b = a(a+1)[..(a+b—1).

Let (%,U) be a locally prehomogeneous space that is
weighted homogeneous and logarithmically free (abbrev. WH LGF

LPH). We refer the reader [Y 3] for the micro-local calculﬁs of

LPH.

Set N(s) = 9[s] / $(s), 4(s) = {P(s) € 2[s] ; pP£%= 0},
Ny =2 7 #(a) , F(le) = {Q € 2 ; Q=P(a), P(s) € #(s)},
H(s) = N(s) / N(s+1)

We define

b(S)= the minimal polynomial of s in %omg(ﬂ(s),ﬁslu)p PE€S,

where 2SIU is the sheaf of delta functions supported on S.

95
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Let S be an orbit at 0 € U. Set

g(s) = { S' ; S' is a local orbit with S c §' },

b<AS> = lv.C.m- (bAS') ’
S'€g(S) :
S':good , S'=S
b<s> = l.c.m. (bs, )
S'€g(S)
S'=#8
b, = codim S
(S) ﬂk=1 l.c.m.( b(S')),'
S'€€(S),codim S'=k .
S':good , S'#S
D& _ codim S
(S) LAY l.c.m.( b(s’)) .

S'€¥¢(S),codim S'=k
S':not good , S'=#S

The following theorem is proved in [Y 3].

Theorem 1.2. Let (9,U) be a WH LGF LPH with finite orbits.
Then, the following properties hold.

(1) Let S be a good orbit. Then bA | b
S

(2) For all good holonomic variety A , we have

S

deg b

(1.1) by(-s-2) = (-1) A

bA(s).

(3) Let S be an orbit. Then,
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(1.2) b | 1L.c.m. ( b<As> , b(s)b?g) )

If 'S is gdod, we have also )

p1E&

(1.3) b | l.eem. (by . b, . bYE )
| S

S

If ¢(S) consists of good orbits, we have

(1.4) by = l.c.m. (b

(4) b | by » o Deg) | bg

Theorem 1.3. {Prop. Y3] Let S be a good orbit of LGF LPH.

Then, if (s + 1) | b(S) , we have

mg - codimS € 2 7 .

Theorem 1.4. Let S be an orbit of PV (SL(S)xGL(4),A2®A V).

19
(1) [Thm 3.4 in O 2] If AS is G-prehomogeneous, then S is

good.
(2)[0 1, Prop in Y 3] ord , f% = -m. (@ + =) , m.>0.
AS . S 2 8
Our main.concern is the orbits appearing in the following
Figure 1. Each orbit SikJ (if k=0, k is omitted) corresponds to
k

a vertex encircling i j - See [0 1] for details. Orbits 55 21

and 86 14 o are not good. All the others are good orbits.
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§ 2. B-functions
In this section, we will determine micro-local b-functions and
b-functions qf orbits appearing in the following holonomy diagram
. : 1 2
(Figure 1, extracted from [0 1]) except 85,21 and 86,14
which are not good.

Theorem 2.1. Let S be an good’brbit'appearing in Figure 1.
'The micro-local b-function is given by the following Table 1.
_ m s
Here, if bA = n1=1(s + ai), we exhibit { oy }i . The underlined

factor o denotes the fact that b(S) =T (s + )
, «:underlined

m orbit o

i
0 0 40 ¢
1 1 30 1
2 2 24 11
3 221 1 5/6 7/6
6 3 15 11 5/6 7/6 3/4 5/4
4 318 11 5/617/6
4 420 11 5/6 7/6
5 5 16 111 5/6 7/6
8 4 14 11 5/6 7/6 3/4 5/4 3/4 5/4
o 512 111 5/617/6 3/4 5/4 3/4 5/4
10 .4 11 11 5/6 17/6 3/4 5/4 7/10 9/10 11/10 13/10
10 6 14 11 5/6 7/6 5/6 7/6 3/4 5/4 3/4 5/4
15 5 9 1115/67/6 3/45/4 3/4 5/4 7/10 9/10 11/10 13/10

2/3 4/3

16 6 8 11115/6 7/6 3/45/4 3/4 5/4 7/10 9/10 11/10 13/10
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2/3 4/3
11 8 11 1115/6 7/6 5/6 7/86 3/4 5/4 3/4 5/4
12 12 10 11115/6 7/86 5/6 7/6 3/4 5/4 3/4 5/4
20 7T 7 11115/86 7/6 5/6 7/6 3/4 5/4 3/4 5/4

7/10 9/10 11/10 13/10 2/3 4/3 2/3 4/3

Table 1.
The proof is given simultaneously in the proof of the following:

Theorem 2.2. Let S be a good orbit appearing in Fig.1.
(1) If S = 86,14 , we have
b, = Db , where b is given by Table 1.
S AS AS

(2) b = (s+1) b

6,14 A

6,14
We prove theorems for S # S7 7 in this section. The proof for

S7 7 Will be given in § 3.
Proof. We proceed in 6 steps.

Step 1. S =S S S

0,40 * °1,30’ °2,24’
bA is known by Thm 1.1.

S S

2,21° S3,18' S4,20’ 5,16°

Owing to Thm 1.2 (1.4), we have bA=bS
Step 2. S = 83,15, S4,11

The transverse localization along S is the discriminant
d4(1.0,x2,x3,x4) (resp. d5(1,0,x2,x3,x4,x5)). We determine_
b(S) by the method explained in [YS].

= 3 + 2
b(3,15)_ (S + 4)(5 4)

_ 3 7 _+2k
D4;11)° k=0(s * 10 )-

By Thm 1.2 (1.4) and (4), we get bS . Since bS satisfies deg bS =
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mg . we have bs = bA .
Step 3. S = S4.14' SS,12 ,
First, set S = S4 14 - Using the transverse localization in 8§

4, we know that

by 14y = (s +1)(s+ %)(s+ %)-
Now set b' = (s+ 1)Z(s+ 2)(s+ s+ H%(s+ 2

Owing to Thm 1.2 (1) and (1.2), we get

bp | By g4 | (s+1)D?
Therefore, by Thm 1.2 (2) and the fact that deg bAaS, we get bA=
b'. By Thm 1.2 (1.4), we have ,b4,14 = bA .
Next, set S = 85,12 : Since bAS,lZ/ bA4’14 = (s+1l) , we
get bA . By Thm 1.2 (1.4) , b5 12 = bA

5,12 ’ 5,12

Step 4. S = 55,9

We can show directly that the possible « such that

(s + a)lb(s). and o £ 1 is , counting multiplicity, o = % , 1

Set b' = (s+1)2(s+5/6) (5+7/6) (s+3/4)%(s+5/4)%(s+7/10) (s+9/10)
(s+11/10) (s+13/10) (s+2/3) (s+4/3).

Then, using Thm 1.2 (1.2) and (4), we see that b' | bg |
| b, we have

(s+1)b' . Since deg b' = 14, deg b g

= 15 and b

A A

S
Thus we get b

bA = bs = (s+1)Db’

and by Thm 1.2 (1.4) bS =D

A A
Step 5. S = SS 8
By Thm 1.1, b, = (s+l)b, . By Thm 1.2 (1.4), we get bg
6,8 5,9
= b, .
Step 6. S =Sg 14+ 511 » 812,10
Since bA /bA = (s+ %)(s+ %) , bA /bA =(s+1l),
8,11 5,12 8,11 "6,14
and bA / bA =(s+1),

12,10 8,11
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we get b, b, and b

8,11 6,14 12,10

Since the transverse 1ocalization'along S12 10 is isomorphic

A

to a regular irreducible PV (SL(3)XGL(2),2A8A ,V) (cf.[0 21). we

have b.. .. =b
12,10 Mo 10

We do not know whether A5 21 c W or not. But, we can

calculate that (s+5/6)(s+7/86).

P(5,21)!
Applying Thm 1.2 (1.3) and (4) on 38'14 , we get

bS =(s+1)bA . Especially, we also proved that A5 21 © W and
6,14 6,14 ’ :
b(5'21)=(s+5/6)(s+7/6).
Then, by Thm 1.2 (1) and (1.3) proves b = b
8,11 A
. 8,11
Hence the result.
Q.E.D.

Remark 2.3. From the orbits 81,30, 82'21, 83’15, 84,11, 55,9
, we get factors s + %~+ % » k= 2,3,4,5,86 respectively. The
first four orbits give discriminants dk(l,o,xz,..,xk) whereas the

last is not.

Remark 2.4. The b-function of (SL(3)xGL(2),2A,8A,,V) is
anounced in [KM]. However, théy used the 3-Lagrangeans formula,
whose proof has not yet published. The above proof does not appeal
to the 3-Lagrangeans formula, and hence gives another proof of the

b-function of that PV.

§ 3. B—functions of 57’7

7.7 intersects with 86,8' SS,Q , 84’11 and

85’12 at one place on A7'7 and with Sé,14,2 at another place.

The orbit S
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The former intersection is so complicated and we cannot apply
standard method of micro-local calculus. As for the latter,

56,14,2 is not a simyle‘holonomic Yariety.

Assume that A6 14.2 c W. Using the structure of the isotropy
subalgebra at a point of 56 14.2 ° we can -see that
(3.1) b(6l14.2) | b'(s)

where  b'(s)=(s+1)(s+2/3)(s+4/3)(s+5/6)(s+7/6).

We can also see , using the data in 4.5 and applying Thm 1.3,

(3.2) = 1.

be7,7)
Consider K = b5 9(s).«(s) . Then, using the result in §2,
we see that codim Supp(4’') 2 6 near a generic point of S7 7
Since b(6 8)=(s+1), codim Supp( b'(s)4') = 7. Then, by (3.2),

b | b'b Since bA | b7,7 and deg b, =20, we get

7,7 T,7

bA ’éb7’7=b b . Note that we also proved A6,14,2_C W .

5,9

Hehce; we proved Thm 2.1 and Thm 2.2 for S7 7 -

Corollary 3.1. (1) A A c W.

5,21 ’ "6,14,2
(s) and b

(_S_Z)=,ib5'21

(2) Suppose (-s-2)=xb

b, 21 6,14,2 6,14,2(8)"
Then,
by gy = (s+1)2(s+3/4) (545/4)((5+5/6) (s+7/6)}%
bg 14 g =(s+1)3%8(5+2/8) (5+4/3) ((5+3/4) (s+5/4) (s+5/6) (5+7/6)),
where a=0 or 1 |
Proof. (1) has already proved. Using Thm 1.2 (1.3),
by 5q = (s+1)%(5+3/4) (5+5/4) {(5+5/8) (s+7/6)} ™"
where b = 0 or 1. Suppose b=0. Then, if we set

bt = (s+1)3((5+3/4) (s+5/4)}2(s+5/6) (s+7/8) .
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we see that codim Supp(b’'#(s)) = 6 at a generic point of S6 14°
Since b(6.14)=1’ we have b6,14lb ,» which is a contradiction
6,14,2 1S

because deg b'=9 < 1l1=deg b6 14 ° The proof for b
similar. ’ Q.E.D.

Quite generally, when (G,p,V) is a reduced irreducible regular
PV other than ours, for any good Lagrangean A and its dual Av, we

have

dim V _
Eeg_f -1) = + b(S)/bA(S)

(3.3) bAv(—s-
This global duality is proved in [Y 3] using Kashiwara's lemma.
Then, combining with Thm 1.2 (2), we have

(3.4) b(s) = (b, (s)}?
7,7

Therefore, the following Ozeki's conjecture is proved.

(3.5) b(s) = (s+1)3{(s+3/4)(s+5/4)}? {(s+5/6) (s+7/8)}%

{"k30(5+7zgk)}2{(s+2/3)(s+4/3)}4

There is another approach to prove (3.55. We quote the recent
results of Professors K.Kawanaka and A.Gyoja.
Proposition 3.2. (S.Kawanaka) |

(1) (s+1)® divides b(s) but (s+1)° does not.

(2) (s+%) or (s+g) dose not divide b(s).

Proposition 3.3. (A.Gyoja)

' exp _ o 40 _ — _ 40 .
Set b (t) = n1=1 (t exp(2n/-1 ai), for b(s)—Ui=l(s+ai).

(1) b®*P(t) is a product of cyclotémic polynomials.



104

(2) If we denote by fn the n-th cyclotomic polynomial,

exp 8,.8,.4,4.2_.4,. .2 2 .2
DETN(E) | f f Tt f e T T o) 0T 0T 4T 15T 18T 20T 24T 30"

Suppose that we get an estimate of the following form.

' a, a, 'a6
(3.6) b(s) | (s+1) ~{(s+3/4)(s+5/4)} {(s+5/6) (s+7/8)}
‘ a a
(m 2o (s+T1a5) OU(se2/3) (svarm)y 2,
where ai,....a10 are non-negative 1ntegefs.

Then, Prop.3.3 (1)(2) and (3.6) prove (3.5) , because (3.6)
leads
» a
: exp 1
(3.7) b (t) | £,7 £57 £, fg 15 ,
and counting degree's , We must have a1=8, a3=4, a4=4, a6=4, alo=2.
Using a result in [Y 3] and Prop.3.3 (1) we can show that the

factor of bexp(t) derived from good orbits is at most
13 .2 .2 .2 ‘ ‘
1 T3ty fg fyp

Therefore, we must study non good orbits.

f

The related topics will be discussed in the forthcoming

article.

Note: We get an estimate (3.6) with al=20, a3=4, a,=5, a6=6,

a10=2

§ 4. Transverse localizations
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In this section, we list up transverse localizations needed in

§ 2. For that of S the reader should refer [Y 1] or [0 2].

4,11

In the following paragraphs, Yo denotes a point of the orbit,

p(x) a transverse direction and L(x) denotes the coefficients of

a basis of # of the transverse localization (#,H) along S at A

o(fa): the principél symbol of % on TIV }H ,
o}

Vi2,10 * @ point of 312,10 ) V12,10=236 - 137 + 128 + 459

4.1. Sg ¢
Vo = 256 - 346 + 157 - 148 + 238 - 129
basis of T; v o 247, 359, 459, 259 + 349 - 458,

0
457 - 249 , 239 + 149 - %(348+258—456+3<357>).

. . 2 _ 4 4 - i : - -
p(x) = 3x2<239>+x3<249> 3x4<259>+3x5<359>+8x6<459> x0<247>
'8
2x2 0 3x3 v4x4 5x5
4 2 40 2 .16
8kg Xz Xp(4x,- 3X5)  “3XoXgT 3XpXg  16Xg - TgXoX,
L(x)= ' v _ 4 -
4x4 0 5x0x5 x2x3 36x6 3x2x4 2x2x5
_ _ 2 -
5x5 ~x5 6x6 3x2x4 2x2x5 0
1 4 2 4 8 -1
6% 0 T 3%2%5  5%a” 3%3%s5*3%2%e T §%4%s
0 2x0 0 0 —x3
\
6xg 3
- X X,X +lx’x
9707275 97374
2x2- 2x x +8x.x
974 3735 37276
1
| 9%4%5
2 2 ' 2.
27(—5x0x5+12x4x6+4x2x6
1 2
* 3 XXy ~XgXgXg)
0 y,
YX., X X, X, X X, = ‘Lx)%0s,.9,.9,,9.,9..9,.)
0-’ -0’ 11’ 720’ 73-1' 740 . 2’73745 6"°07 "
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X. X0 X1 X20 3.1 Xy
X(log f) 30 2 o - ix, 0 2x,+ 5542
aivi®x 20 2 0 - %xz 0 lgx4+ E%xg
Trg ad X 10 0 o 0 0 2y,
[Xg..Xyy] = 4%y . [X.0uXp ] = 3%y
[X1,:%50] = -4x0X5 4 3%oX; X3X. 0
[X11:X3.1] = -8%yg *§%9%g0 = 3XaXqy +5%gKg . +4(x,m 355X g0
[X11:X40) = 5%5X50 3%4Xy; +3%5%oXg.
[(Xp0-%3-11 = - §%X3 4 +3xs%y. +23%:X o,
[X90:%40] = 5%4Xz0 §%sX1y +3%gXo.
(Xg_1X40) = - 3%4Xg +%szzo 9%2%s%. ¢
Set Xé = xox3_1 + %xax.o Then we have
(X,..X3] = 3%y ,
[X11:X90] = -4xXg - ExpXyy
Xp;.X30 = X, {-8Kyq + 5%X,0) - 3%aX1y *3%0%%g. -
[Xzo?xé] = - Sx,%g +:gsxoxsxo- '
[X3.X40] = - §xX5 + 5%0%5%X50 -
o(fa) - gaa-l E;lSa-lO /EE / Jax

Dgé is an eigenfunction belonging to an eigenvalue -1.



4.2. S

5,9

v, = 256 - 346 + 157 - 247 - 148 + 238 - 129

0

basis of T V :
Yo

159 + 249 - 457 - 2<358>, 239 + 149 -
4

359, 459, 259 + 349 - 458,

= _ 2 -
= 3x2<239>+x3<249> 3%, 3Xg 8

The localization is given by setting x0=1 in 4.1.

p(x)

%(348+258-456+3<357>).

4y <259>+5x_<359>+8x..<459>

’2x2v 3xq 4x, 5xg 6xg 3
3xg 4%~ 3%5 4%x5" 3XgXg 16xg+3x5- 1oxox, - Sxpxo+dxgx,
OO ax, X5 XgpXg 36Xg- 3%%,  "2xpxg 5%4 3%g¥s*5%,%g
5x5 6x6— %xzx 2x2x5> - %xax5 - %x4x5
6Xg - 3%pX5 5%~ 3Xg¥X5*3XpXg - §%4%5  5(-5X5+12x,Xg+4xX5Xg
. *FR KR RRg)
“(Xgh X1 Xy X, X = L% 8y, 85, 9, 8., 8,
X, X, X, Xg X,
X(log T) 30 0 - gxz Xg  2X,¢+ zgxg
div(x)x 20 0 - %xé %XB Lgx4+ ngg
_Trg ad X 10 0 0 %xs %x4
where f = detL(x)
[X.X, ] = kX ., k=0,1,..,4,
[X,.X,] = -4X, o
[X,,X.] = -3X fix X, - Ixox, +ix X,
1'%3 4 3%%y ~ 3%3%; *3X4%,
[X,.X,) = sxsXy = 3%,X; *3xsX,.
(X, Xg] = - 3x X, +3xgXp.
[X..X,] = 2% X, - Sx.x, +8x x
284 5%4%2 ~ 3%5%1 *3%eXp>
(X3.X,] = - §x,Xg +5x X,
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-150-10

5 vJag / Jdx

2 4
b(3’15) (s+1)(s+3)(s+3).
4.3, 84‘14.
VO = v12,10 + 146 + 257
basis of T; V : 347 + 248, 348, 358, 356 + 158
0
p(x) = xo(<347>+<248>)+ x2<848>+ x4<358>4x3(<356>+<158>).
0 3X0 : g x2 R
2x2_ 4x2 6x°x3 4xox4
L(X) = o . . 2 »
. 4x4( 2x4 4x2x3 6x0x3
3x3 0 | x4 0
t ot t
(Xo. » x,o [} 12 1 X21) - L(x) (DO » Dz » D4 ’ D3 ) ’
X. X X0 Xy
X(log f) 12 12 0 0
aiv{¥x 9 9 0 0
Tro ad X 3 3 0 0
where f = det L(x)
[Xo. X121 = Xyp » [Xg.0Xp) = 2Ky,
[X'O'le] = X21 » [X.ooxlzl = 2X12l
[X12:X51] = 2xpx5 (X5, - X ).
: o 2 2
The f(x) is the discriminant d3(x0 v X9 5 X, , X3 ) of the
binary cubic form xg u3 + x2u2v + x4uv2 + xg v3
_ 2.2 _,.23 . 3.2 2 2 _ 4 4
f(x) = 12¢( XoXy 4xox4 4x2x3 +18x0x2x3x4 27x0x3 )
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a(£%) = (5y8)” 4% 73 JaE / Jax .
We can see directly that
big,1qy = (s+ D(s+ (s 2.

Here, eigenvectors §, D.D.S, (Dng - 24D2D4)6 belong

0”3
to eigenvalues - 3/4, -1, -5/4 , respectively.
4.4. S3’15 |
Under the situation in S4 14 ° set Xy = 1 . Then, we get a
localization along 83'15
2x2 3x3 4x4
- 1
L(x) = 3x3 X4 2x2x3
2
4x4 2x2x3 6x3 + 2x2x4
t ot t
X X X,
X(log ) 12 0 4x2
div(X)X 9 0 4x2
Trg ad X 3 0 0o
_ _ .3 2.2 2 _ 4 _ 3.2
where f = det L(x) = 2( 4x4 XXy, * 8x2x3x4, 27x3 4x2x3)

[Xg X ) = KXy o [X.X,] = xgX,

o(£%) = £,7%% /2 g, jx

_ 2
f(x) = d3(1,x2.x4,x3) is the disgriminant of type D3. hence
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isomorphic to that of type A3 . This polynomial was treated in
[YS I,86], and we proved the following. '

3 5, -
b(3,15) = (s+ Z)(S+ z).

7

b §'2(3,15)

3,15 = (s+1)(s+ 2) (s+

4.5. S7,7

The transverse localization is determined by J.Sekiguchi and
the second author.

Vo = 356 + 137 + 128 + 458 + 149 + 239

Basis of T; V : 246, 247, 257, 157-259, 256-12T7+457,
0 .

- 236-248+347-146, 2<456>-2<126>-14T7+237-249.

p(x)=xzo<157>+x <237>+x22<247>+x31<257>+x 1<347>+x

11

o 21 12

0 2X90 O X91*X20%01 X317 *20%11
x01 0 x11/2 0 —3x12
L(x) = ' 5 -
O *11 X110 3Xp1%9%g0%01 9Xpg 2X99
S5 _ 4
Xg1 2Xy)  9Xg1” 3XgpXyy 2Xg, 5X19%90
1
X313  3X3; 3 X30%2; 3%49%20 0
2X19 X3 Xgg “2X)9%01 2% 9%
2X99 2Xg9  "2Xg1Xy17Xj9X9p T3X19%94 3%) 9%91*X11%92
L “2X11%91 - T3Xp1X32
- \
X31*%90%11 2X90%21
_ 1 _ _1.2
2X19” 2%11%01 2X99™ 2%117 2Xp1%91
~2Xna— ;x X gx X +TX, X
22~ 2%01%21 2%X31%01*7X12%50

<457>+X, ,<246>.
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2X1 9X90*X11X51*5% 31X 4X90%22%5%11X3;
1.2 — 1 2
2%21 T 2Xy9X9, 2%31%21 5% 5X5
X12%11 0
Xy X +2x ox. +ix o x X 2% X - L x. x
1172272712%2172%12%20%01  2%12%317 T2%12%20%11 )
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t (1) (2) Lt t
(X0 » Koo » Xyg » Xop » X117 Kpy e Xpp)="L(x) "Dy, .,D,,).
V (1) (2)
Xo Xo. X0 Xop X570 X9 X5
X(log ) 12 16 0 —2x01 2x11 4xll -2x21
(x) _ 7 1

div X 8 11 0 4xOl 2x11 2x11. 2x21
B .y i, s
Trg ad X 4 5 0 o0 2x01 0 lel 2x21

where f = det L(x). We omit the commutation relations.

o -8x - 12  -12a -8 __
a(f7) = &,, Eo1 vJdg / /dxA
~ o
Using X-O v X, s X10 and o(f"), we get

b(7'7)=1.

Using L(x); we see that rank L(x) = 1 if and only if

x=(c¢,0,..,0) or (0,¢c,0,..,0) , c¢=0 , which correspond to S

6,14,2

and 86,8

5,21
vo = V12.10 + 346 + 148 + 247

*
basis of Tv vV :

156, 256+157, 356+158-257,357+258, 358
0

p(x)= x0<156>- %x1<256>— x2(<356>+<158>) + x3(<357>+<258>)+

4x4<358>
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(0 4x X 0 0 3
0 1 1 v
Xy 3x1 2x2 4x0 Exlgz - 330 Xq |
L(x) = 2x2 ,2x2 3x3 3x1 L x2 - 4x0x4— 2x1x3 '
3x3 x3 4x4» 2x2 Exzx3 - 3x1x4
\ 4x4 0 0 x3 .0 7 )
t, (1) (2) _t t :
(X7 X570 Xy 30 X 1 0 Xyp) = LDy, ...D,).
(1) (2)
Xo X0 Xq X531 Xy
X(log f) 12 12 o0 0 4x,
aivi® x 10 10 0 0 3x,
B
Trg ad X 2 2 0 0 X,
(1) _ (2) -
- (1) (2)
(X1 » Xogp) = X757 - X550 |
Ll (1), 8 L(2) 1 _ |
[X3_1 » Xgp 1 = g%5X°57 + 4%3X°57 = $%.K; 4 X, X_ . .
- 3, (1) 1 ,(2) _ 1
[X_11 » Xpp 1 = qxgX75" + 3%XgX' 0 XoX1-1 " 2%oX 19

b(5'21) I (S+5/6)(5+7/6)

4.7. 85,12

V, = + 146 + 256 + 157

0 V12,10

basis of T; V : 346+148-357-258, 247, 347+248, 348, 358
0

p(x)= x20<247> + x01(<346>+<148>) + xll(<347>+<248>) +x02<348>
-X_; ,<358>. |
! 3\
( 2320 0 0 0 2%,
2
0 Xo1  SXy1 Xo27%01 X_12
LG = | Xy Xpy 3xppXgy X20%-12 X02 :
0 . 2Xgy 8Xp1Xy1*2XpoX 15 3XiX g, 3Ry X_j,
[ ¥-12 2Xq, 2X02 Xy X4 O y
t, (1) (2) ' _t t
(X o s X 0 )Xlo ’ Xol ] X"ll) = L(X) (Dzolc--)D_lz) K
(1) (2)
xts) x(2 X X X

10 01 -11
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X(}og f) 2 8 0 —2x01 0
. (x) —y
div X 2 6 ) 0 xOl 0
B
Tr@ ad X 0 2 0 x01 0
(1) 4 _ (2) _
_ (1)_ o(2) N
(X100 Xopl = %3 (X757= X257) + x X, X20%-11
_ (1) _ (2) _
(X100 X_q1] = 3%51X°57- %1 X°57 - X0
T _ (1)
[Xp1» X111 = x_ 1%
ey _ p - @ -1, - 8¢ - 6 ¢ ~—
G(£%) = g7 £l JE / S
bi5,12) = 1
4.7T- Sg. 14,0 ' Sg,14.2
S6,14,0
linear part of the transverse localization
/ 1 \
[ 2Xg2p 2Xg99 2Kg5, O °o 0
X131 X131 X331 "2Xge, O 0
Lx) = | 113 113 g 0 72Xy, 0
2x200 0 0 0 0 x222
0 4Xg40 gx X131 XO 0
L 0 0 004 0 913 o
t, (1) (2) (3) _t., t '
(X7 X07» X570 Xyg9 » X339 » Kggg )="L7(x) (Dgggr -+ Doyl -
(1) (2) (3) .
X' x(2 x‘3
X(log ) 8 12 12
aivi®¥x ¢ 10 10
Trg ad X 2 2 2
o -40-3 -3a - 5 _
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S6,14,2 | |
Linear part of the transverse localization
¢ : 3\
2x20 -0 0 0 0 0
0 2x02 0 0 0 0
L' (x) = 3x3_.2 —2x3_2 X50 0 0 0 '
“2X_pq 3X_yg 0 X059 0 0
. *o1 0 =3%50 ° X02
\ 10 0 02 0 20 0 J
t, (1) (2) ' _ ot t _
(X757 Xg"» X 390 Xp_ 30 X590 Xpp) = L7(x)7(D Dio)

20"
(1) (2) :
X X

X(log f) 6 6
av®x 4 4
B ada x 2 2

g
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