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Introduction

In [Vo2], Voiculescu introduced the free entropy of a probability distribution as
the minus sign of logarithmic energy from potential theory, and it extension to non-
commutative multi-randon variables was developed in [Vo3] in purely noncommuta-
tive setting. The hee entropy theory is one of the highlights in recent breakthrough
of Voiculescu’s free probability theory. In [BG], Ben Arous and Guionnet obtained
large deviation theorem for the empirical distribution of selfadjoint Gaussian random
matrices and justified the notion of free entropy from the viewpoint of large devia-
tion principle (LDP). But it should be mentioned that the idea from LDP already
appeared in [Vo2, 3] in rather essential manner. So-called Voiculescu’s heuristics in
[Vo2] is a kind of LDP though of course it is not rigorous. The definition of multiple
free entropy in [Vo3] was given in the framework of LDP, and the equality (up to an
additive constant) of two definitions in [Vo2, 3] for single variable case is considered
as a result of LDP.

In this lecture, we want to make clear the intrinsic relationship among the fol-
lowing three themes (see the picture at the end of Sec. 2).

(i) Maximization problems for hee entropy functionals.

(ii) Wigner type limit theorem for the mean spectral density of random matrices.

(iii) LDP for the empirical eigenvalue distribution of random matrices.

In Sec. 1, we present many examples of free entropy $\mathrm{m}\mathrm{a}\mathrm{x}\mathrm{i}\dot{\mathrm{m}}\mathrm{z}\mathrm{a}\mathrm{t}\mathrm{i}_{0}\mathrm{n}$ problems.
Important distributions in free probability theory as well as in classical theory appear
as maximizers. In Sec. 2, we describe the basic framework of our LDP for random
matrices. In Sec. 3, we show the LDP for the empirical eigenvalue distribution of
selfadjoint Gaussian random matrices (which model a semicircular element in free
probability theory). Although it was proved in [BG], our proof is more transparent
in a bit more general setting. In Sec. 4, we show the similar LDP for non-selfadjoint
Gaussian random matrices (which model a circular element). Finally in Sec. 5, we
give a rather general LDP for unitary random matrices.

A&nowledgements. The author is grateful to D. Petz for a stimulating joint work.
This lecture is mostly based on the joint work with him. He thanks M. Izumi for
useful comments from several aspects.
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1. Maximizing free entropy

For a probability measure $\mu$ on $\mathrm{R}$ (or C), the free entropy $\Sigma(\mu)$ of $\mu$ is defined
as the double integral

$\Sigma(\mu)=\int\int\log|x-y|d\mu(x)d\mu(y)$ ,

whenever the integral is meaningful. When $\mu$ is compactly supported, this integral
always exists although it can $\mathrm{b}\mathrm{e}-\infty$ (for example if $\mu$ has an atom). On the other
hand, the so-called loga$r\dot{\eta}thmiC$ energy of a signed measure $\nu$ is

$I( \nu)=\int\int\log\frac{1}{|x-y|}d\nu(X)d\nu(y)$ ,

which plays an important role in potential theory [La]. Note [La] that if $\nu$ is com-
pactly supported and $\nu(1)=0$ , then $I(\nu)\geq 0$ and $I(\nu)=0$ if and only of $\nu=0$ . The
free entropy functional $\Sigma(\mu)=-I(\mu)$ is weakly upper semicontinuous and strictly
concave on the set of probability measures supported on any given compact subset
of $\mathrm{R}$ (or C).

It seems remarkable that many probability distributions familiar in free probabil-
ity theory [VDN] (also [HP2]) are realized as a maximizer of a free entropy functional.
To deal with maximization problems for free entropy (under constraints), the follow-
ing theorem from the theory of weighted potentials is quite useful. It was proved in
[MS1, 2] by the adpatation of the classical Rostman method.

Let $S$ be a closed subset in IR (or C). Let $\mathcal{M}(S)$ denote the set of all probability
measures whose support $\mathrm{s}\mathrm{u}\mathrm{p}\mathrm{p}(\mu)$ is included in $S$ . Moreover, let $w:Sarrow[0, \infty)$ be a
weight function, which. is assumed for simplicity to satisfy the following conditions:

(i) $w$ is continuous on $S$ .

(ii) $S_{0}=\{x\in S:w(x)>0\}$ has positive (inner logarithmic) capacity, i.e. $I(\mu)<$

$+\infty$ for some probability measure $\mu$ such that $\mathrm{s}\mathrm{u}\mathrm{p}\mathrm{p}(\mu)\subset S_{0}$ .

(iii) $|x|w(x)arrow 0$ as $x\in S,$ $|x|arrow\infty$ , when $S$ is unbounded.

Let $Q(x)=-\log w(X)$ and define the weighted energy functional

$I_{Q}( \mu)=I(\mu)+2\int Q(x)d\mu(X)$ on $\mathcal{M}(S)$ .

Note that $I_{Q}(\mu)>-\infty$ is well defined thanks to the above assumptions.

Theorem 1.1. With the above assumptions, there exists a unique $\mu_{0}\in \mathcal{M}(S)$ such
that

$I_{Q}( \mu_{0})=\inf\{I_{Q}(\mu) : \mu\in \mathcal{M}(S)\}$ .
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Then $I_{Q}(\mu_{0})$ is finite, $\mu_{0}ha\mathit{8}$ finite logarithmic energy, and $\mathrm{s}\mathrm{u}\mathrm{p}\mathrm{p}(\mu_{0})$ is compact.
$f\mathrm{b}\Gamma the7more$ , the minimizer $\mu_{0}$ is characte$7^{\cdot}ized$ as $\mu_{0}\in \mathcal{M}(S)$ with compact support
such that for some real number $B$ the following hold:

$\int\log|x-y|d\mu \mathrm{o}(y)=Q(x)-B$ if $x\in \mathrm{s}\mathrm{u}\mathrm{p}\mathrm{p}(\mu_{0})$ ,

$\int\log|x-y|d\mu 0(y)\leq Q(x)-B$ if $x\in S\backslash \mathrm{s}\mathrm{u}\mathrm{p}\mathrm{p}(\mu_{0})$ .

In this case, $B=I_{Q}( \mu 0)-\int Qd\mu_{0}$ .

In the following we list several examples of maximization problems, which can be
solved by applying the above theorem. The details on (1)$-(3)$ were given in [HP1].

(1) When $S$ is a compact set (having positive capacity), a unique minimizer
$\mu_{S}$ for $I(\mu)$ (or maximizer of $\Sigma(\mu)$ ) on $\mathcal{M}(S)$ is sometimes called the equilib$7\dot{\tau}um$

measure on $S$ . For instance, the arcsine law

$h(x)= \frac{1}{\pi\sqrt{1-x^{2}}}\chi_{()}-1,1(X)$

is the equilibrium measure on [-1, 1], because

$\int_{-1}^{1}h(y)\log|x-y|dy=-\log 2$ $(-1\leq x\leq 1)$ .

Also this yields $\Sigma(h)=-\log 2$ .

(2) For $p,$ $r>0$ the Ullman $dist7^{\cdot}ibution$ has the probability density

$v_{r}^{(p)}(_{X)}= \{_{0}^{\frac{p}{\pi r^{p}}\int^{f}}|x\mathrm{I}\frac{t^{p-1}}{\sqrt{t^{2}-x^{2}}}dt$

$\mathrm{i}\mathrm{f}-r\leq x.\leq r\mathrm{o}\mathrm{t}\mathrm{h}\mathrm{e}\mathrm{r}\mathrm{W}\mathrm{i}\mathrm{s}\mathrm{e}$

’

Note that

$\int_{-r}^{r}|x|^{p}v_{r}(p)(X)dX=\alpha_{p}r^{p}$ where $\alpha_{p}=\frac{\Gamma(^{R}\frac{+1}{2})}{2\sqrt{\pi}\Gamma(_{2^{+1}}^{R})}$ .

According to [To, pp. 12-13],

$\int_{-r}^{\Gamma}v_{r}^{(p)}(y)\log|_{X}-y|dy=\frac{|x|^{p}}{2p\alpha_{p}r^{p}}+\log\frac{r}{2}-\frac{1}{p}$ $(|x|\leq r)$ ,

$\int_{-r}^{r}v(y)\log|x\mathrm{f}(p)-y|dy<\frac{|x|^{p}}{2p\alpha_{p}r^{p}}+\log\frac{r}{2}-\frac{1}{p}$ $(|x|>r)$ .

Hence $v_{r}^{(p)}$ is a unique maximizer of the functional

30



$\Sigma\sim(\mu)-\frac{1}{p\alpha_{p}r^{p}}\int|x|^{p}d\mu(x)$ on $\mathcal{M}(\mathrm{R})$ .

This is equivalently formulated in the way that $v_{r}^{(p)}$ is a maximizer of $\Sigma(\mu)$ on $\{\mu\in$

$\mathcal{M}(\mathrm{R})$ : $\int|x|^{p}d\mu(x)\leq\alpha_{p}r^{\mathrm{p}}\}$ . Also $\Sigma(v_{r}(p))=\log\frac{r}{2}-\frac{1}{2p}$ . In particular, $v_{r}^{(2)}$ is the
semicircle law $w_{r}= \frac{2}{\pi r^{2}}\sqrt{r^{2}-x^{2}}\chi_{1^{-\Gamma}\Gamma 1^{d}},x$ with mean $0$ and variance $r^{2}/4$ , so that
$w_{r}$ maximizes $\Sigma(\mu)$ among $\{\mu\in \mathcal{M}(\mathrm{R}) : \int x^{2}d\mu(X)\leq r^{2}/4\}$ and $\Sigma(w_{r})=\log\frac{r}{2}-\frac{1}{4}$ .

In [BIPZ], in connection to the planar approximation to field theory, Br\’ezin et
al. considered the distribution

$u(x)= \frac{1}{\pi}(\frac{1}{2}+4ga^{2}+2g_{X}2)\sqrt{4a^{2}-x^{2}}\chi[-2a,2a](x)$ ,

where $a^{2}+12ga^{4}=1$ . This is a convex combination $a^{2}w_{2a}+12ga^{4}v^{()}24a$ and is a
maximizer of the functional

$\Sigma(\mu)-\int(\frac{1}{2}x^{2}+gX^{4})d\mu(X)$ on $\mathcal{M}(\mathrm{R})$ .

(3) For $p,$ $r>0$ define the probability density $u_{r}^{(p)}$ by $u_{r}^{(p)}(X)=v_{\sqrt{2r}}^{(2p)}(\sqrt{x})/\sqrt{x}$

on $\mathrm{R}^{+}$ , that is,

$u_{r}^{(p)}(_{X)}=\{_{0}^{\frac{p}{\pi r^{\mathrm{p}}}\int_{x/}^{\gamma}\frac{t^{p-1}}{\sqrt{2tx-x^{2}}}}2dt$

$\mathrm{o}\mathrm{t}\mathrm{h}\mathrm{e}\mathrm{r}\mathrm{w}\mathrm{i}\mathrm{i}\mathrm{f}0\leq x\leq 2\mathrm{S}\mathrm{e}.r$

,

Then $u_{r}^{(p)}$ is a maximizer of the functional

$\Sigma(\mu)-\frac{1}{p\tilde{\alpha}_{p}r^{p}}\int x^{p}d\mu(x)$ on $\mathcal{M}(\mathrm{R}^{+})$ ,

or equivalently, $u_{r}^{(p)}$ maximizes $\Sigma(\mu)$ among $\{\mu\in \mathcal{M}(\mathrm{R}^{+}) : \int x^{p}d\mu(X)\leq\tilde{\alpha}_{p}r^{p}\}$ ,
where

$\tilde{\alpha}_{p}=\frac{2^{p-1}\Gamma(p+\frac{1}{2})}{\sqrt{\pi}\Gamma(p+1)}$ .

Although this can be shown by using Theorem 1.1, a more efficient way is to trans-
form the above (2) via the bijective correspondence $T$ : $\mathcal{M}_{s}(\mathrm{R})arrow \mathcal{M}(\mathrm{R}^{+})$ by
$T\mu=\mu\circ\sigma-1$ where $\mathcal{M}_{s}(\mathrm{R})$ denotes the set of symmetric probability measures on
$\mathrm{R}$ and $\sigma(x)=x^{2}$ , because $\int|x|^{2p}d\mu(X)=\int x^{\mathrm{p}}d(\tau\mu)(X)$ and $2\Sigma(\mu)=\Sigma(T\mu)$ . We
have $\Sigma(u_{r}^{(p}))=\log\frac{r}{2}-\frac{1}{2p}$ . In particular, the distribution

$u_{2}^{(1)}(X)= \frac{\sqrt{4-x^{2}}}{2\pi x}\chi 10,4](X)$

appears as the limit distribution of the free Poisson limit theorem [VDN, p. 34].
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(4) For $a>0$ the Marchenko-Pastur distribution is given as

$\mu_{a}=$ $\mathrm{i}\mathrm{f}a<\mathrm{i}\mathrm{f}a\geq 11.$

’

where $\chi$ is the characteristic function of the interval $[(1-\sqrt{a})^{2}, (1+\sqrt{a})^{2}]$ . By using
the Cauchy tranform and the Hilbert transform of $\mu_{a}$ it is not difficult to see that

$\int\log|x-y|d\mu a(y)=\frac{1}{2}(x-(a-1)\log_{X})+C$ if $x\in \mathrm{s}\mathrm{u}\mathrm{p}\mathrm{p}(\mu_{a})$ ,

$\int\log|x-y|d\mu a(y)<\frac{1}{2}(x-(a-1)\log_{X})+C$ if $x\in \mathrm{R}^{+}\backslash \mathrm{s}\mathrm{u}\mathrm{p}\mathrm{p}(\mu_{a})$ ,

where constant $C$ is given by

$C= \int_{1-}^{(\sqrt{a})^{2}}(\sqrt{a}1+)^{2}\frac{\sqrt{4a-(x-1-a)2}}{2\pi x}\log|x-1-a|dX$

$- \frac{1}{2}(1+a-(a-1,)\log(1+a))$ .

We compute

$\int_{(1-\sqrt{a}}(1+\sqrt{a})^{2})^{2}\frac{\sqrt{4a-(x-1-a)2}}{2\pi x}\log|_{X}-1-a|dX$

$= \log 2\sqrt{a}+\frac{\sqrt{a}}{\pi}\int_{-}1\frac{\sqrt{1-x^{2}}}{x+\frac{1+a}{2\sqrt{a}}}1\log|_{X}|dX$

$= \log 2\sqrt{a}+\frac{1+a}{\pi}\int 01\frac{\sqrt{1-x^{2}}}{\frac{(1+a)^{2}}{4a}-x^{2}}\log_{X}d_{X}$

$= \log 2\sqrt{a}+\frac{1+a}{\pi}(\frac{\pi}{2}\frac{b-1}{b}\log\frac{2b-1}{2b}-\frac{\pi}{2b}\log 2)$

thanks to an integral formula obtained in [Lar], where

$b= \frac{(1+a)^{2}}{4a}+\sqrt{\frac{(1+a)^{4}}{(4a)^{2}}-\frac{(1+a)^{2}}{4a}}=\frac{(1+a)^{2}+|1-a^{2}|}{4a}$ .

Therefore, $C$ can be exactly calculated as

$C=$ $\mathrm{i}\mathrm{f}a<\mathrm{i}\mathrm{f}a\geq 11.$

’
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When $a\geq 1$ , the weight function $w(x)=x^{(a-1)}/2e^{-}x/2$ on $\mathrm{R}^{+}$ satisfies conditions
$(\mathrm{i})-(\mathrm{i}\mathrm{i}\mathrm{i})$ stated above Theorem 1.1. Hence we can apply Theorem 1.1, so that $\mu_{a}$ is a
maximizer of the functional

$\Sigma(\mu)+(a-1)\int\log_{Xd\mu(}X)-\int xd\mu(x)$ on $\mathcal{M}(\mathrm{R}^{+})$ .

Also,

$\Sigma(\mu_{a})=\frac{a}{2}-\frac{a-1}{2}\int\log xd\mu a(x)+c$

$= \frac{a+1}{4}\log a-\frac{a-1}{2}\log 2-\frac{1}{2}$

$- \frac{\sqrt{a}(a-1)}{2\pi}\int_{-1}^{1}\frac{\sqrt{1-x^{2}}}{x+\frac{1+a}{2\sqrt{a}}}\log(X+\frac{1+a}{2\sqrt{a}})dx$ ,

though we do not know the exact value of $\Sigma(\mu_{a})$ . In particular when $a=1,$ $\mu_{1}$ is $u_{2}^{(1)}$

in the above (3) (the case of hee Poisson). When $0<a<1,$ $\mu_{a}$ has an atom at $0$ and
of course $\Sigma(\mu_{a})=-\infty$ . Since $w(x)$ has a singularity at $x=0$, one cannot directly
apply Theorem 1.1. Indeed, the above fimctional has indefinite value $(-\infty)-(-\infty)$ .
Nevertheless, a certain justification can be made for $\mu_{a}$ to be a maximizer, while we
omit the details.

(5) The quarter-circular distribution $\tilde{w}_{r}=arrow_{\pi r}\sqrt{r^{2}-x^{2}}4x[0,r1dX$ is also interest-
ing. Rom the Hilbert transform of $\tilde{w}_{r}$ it may be possible to find a function $Q(x)$ on
$\mathrm{R}^{+}$ such that $\tilde{w}_{r}$ is a maxinizer of the functional $\Sigma(\mu)-\int Q(X)d\mu(X)$ on $\mathcal{M}(\mathrm{R}^{+})$ .
In fact, we have the principal value integral for $0<x<1$

$\int_{0}^{1}\frac{\sqrt{1-y^{2}}}{x-y}dy=\frac{\pi}{2}x+1+\sqrt{1-x^{2}}\log(\frac{1-\sqrt{1-x^{2}}}{x})$ .

But it is not so simple for further calculation. It seems more convenient (and probably
more natural) to consider another type of entropy functional. For $\mu\in \mathcal{M}_{s}(\mathrm{R})$ let
$\tilde{\mu}$ be the restriction of $2\mu$ on $\mathrm{R}^{+}$ . Let $Q$ be a symmetric continuous function on $\mathrm{R}$

such that $x\exp(-Q(X))arrow \mathrm{O}$ as $xarrow+\infty$ . Then for every $\mu\in \mathcal{M}_{s}(\mathrm{R})$ ,

$\frac{1}{2}\int\int\log|_{X}2-y^{2}|d\tilde{\mu}(X)d\tilde{\mu}(y)-\int Q(x)d\tilde{\mu}(_{X)}=\Sigma(\mu)-\int Q(x)d\mu(X)$ .

Hence $\mu_{0}$ is a maximizer of $\Sigma(\mu)-\int Q(X)d\mu(X)$ on $\mathcal{M}(\mathrm{R})$ if and only if $\tilde{\mu}_{0}$ is a
maximizer of

$\frac{1}{2}\iint\log|x^{2}-y^{2}|d\mu(x)d\mu(y)-\int Q(x)d\mu(x)$ on $\mathcal{M}(\mathrm{R}^{+})$ .

So the above (2) $\mathrm{i}\mathrm{m}\mathrm{p}\dot{\mathrm{l}}\mathrm{i}\mathrm{e}\mathrm{s}$ that $\tilde{v}_{r}^{(p)}=2v_{r}^{(p)}(x)x[0,\Gamma 1^{d}x$ is a maximizer of

$\frac{1}{2}\iint\log|x-2y|2d\mu(x)d\mu(y)-\frac{1}{p\alpha_{\mathrm{p}}r^{p}}\int x^{p}d\mu(x)$ on $\mathcal{M}(\mathrm{R}^{+})$ .
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In particular, we have the quarter-circular distribution $\tilde{w}_{r}$ as a maximizer of
$\frac{1}{2}\iint\log|x^{2}-y^{2}|d\mu(x)d\mu(y)-_{f}2\mathrm{z}\int x^{2}d\mu(X)$ on $\mathcal{M}(\mathrm{R}^{+})$ . By the way, it seems that
the exact value of $\Sigma(\tilde{w}_{r})$ is not known.

(6) For $R>0$ and $p>0$ define the distribution $\lambda_{R}^{(p)}$ supported on the disk
$\{\zeta\in\oplus:|\zeta|\leq R\}$ by

$\lambda_{R}^{(p)}=\frac{p}{2\pi R^{p}}d\theta\cdot r^{p1}-x10,R1(r)dr$ $(\zeta=re^{\mathrm{i}\theta})$ .

In particular when $p=2,$ $\lambda_{R}^{(2)}$ is the uniform distribut.ion on $\{\zeta\in \mathbb{C} : |\zeta|\leq R\}$ . It is
not difficult to compute

$\int\log|\zeta-\eta|d\lambda_{R}^{(p})(\eta)=\frac{|\zeta|^{p}}{pR^{p}}+\log R-\frac{1}{p}$ $(|\zeta|\leq R)$ ,

$\int\log|\zeta-\eta|d\lambda^{(p})(\eta)=\log|\zeta|<\frac{|\zeta|^{p}}{pR^{p}}+\log R-R\frac{1}{p}$ $(|\zeta|>R)$ .

Hence $\lambda_{R}^{(p)}$ is a maximizer of the functional

$\Sigma(\mu)-\frac{2}{pR^{p}}\int|\zeta|^{p}d\mu(\zeta)$ on $\mathcal{M}(\mathbb{C})$ ,

and it maximizes $\Sigma(\mu)$ among $\{\mu\in \mathcal{M}(\mathbb{C}) : \int|\zeta|^{p}d\mu(\zeta)\leq R^{p}/2\}$ . Also $\Sigma(\lambda_{R}^{(p)})=$

$\log R-\frac{1}{2p}$ .

(7) Consider probability measures on the unit $\mathrm{d}\mathrm{i}_{\mathrm{S}\mathrm{k}\overline{1\mathrm{D}}}=\{\zeta\in \mathbb{C} : |\zeta|\leq 1\}$ . For
$\alpha\in \mathbb{C},$ $|\alpha|<1$ , we have the Poisson kernel measure

$p_{\alpha}= \frac{1-|\alpha|^{2}}{|\zeta-\alpha|^{2}}d\zeta$ $(\zeta=e^{\mathrm{i}\theta}, d\zeta=d\theta/2\pi)$

supported on the unit circle T. Since

$\int\log|\zeta-\eta|dp\alpha(\eta)=\log|\zeta\overline{\alpha}-1|$ $(\zeta\in\overline{\mathrm{D}})$ ,

we see that $p_{\alpha}$ is a maximizer of the functinal

$\Sigma(\mu)-\int\log|\zeta\overline{\alpha}-1|2d\mu(\zeta)$ on $\mathcal{M}(\overline{\mathrm{D}})$ .

Moreover, $p_{\alpha}$ maximizes $\Sigma(\mu)$ among { $\mu\in \mathcal{M}(\overline{\mathrm{D}})$ : $\int\log|\zeta\overline{\alpha}-1|d\mu(\zeta)=\log(1-$

$|\alpha|^{2})\}$ and $\Sigma(p_{\alpha})=\log(1-|\alpha|^{2})$ . In particular, as is well known, the Lebesgue (or
Haar) probability measure on $\mathrm{T}$ is the equilibrium measure on $\overline{\mathrm{D}}.(\mathrm{o}\mathrm{r}\mathrm{T})$ .

(8) In [GW], Gross and Witten showed that the following distribution on $\mathrm{T}$ arises
as the limit eigenvalue $\mathrm{d}\mathrm{i}\mathrm{s}\mathrm{t}\mathrm{r}\mathrm{i}\mathrm{b}\mathrm{u}\mathrm{t}\mathrm{i}\mathrm{o}\mathrm{n}\mathrm{i}\mathrm{n}$

’

some lattice gauge $\mathrm{t}’ \mathrm{h}\mathrm{e}\mathrm{o}\mathrm{r}\mathrm{y}$:
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$\rho_{\lambda}=$ $\mathrm{i}\mathrm{f}0<\lambda<2\mathrm{i}\mathrm{f}2\leq\lambda\leq\infty$

.

’

This means that the phase transition exists (for the limit) at $\lambda=2$ . The result in
[GW] can be reformulated as follows: $\rho_{\lambda}$ is a unique maximizer of the functional

$\Sigma(\mu)+\frac{2}{\lambda}\int{\rm Re}\zeta d\mu(()$ on $\mathcal{M}(\mathbb{T})$ .

Furthermore, when 2 $\leq\lambda\leq\infty,$
$\rho_{\lambda}$ maximizes $\Sigma(\mu)$ among { $\mu\in \mathcal{M}(’\mathrm{F})$ :

$\int{\rm Re}\zeta d\mu(\zeta)$ (or $\int\zeta d\mu(\zeta)$ ) $=1/\lambda\}$ and $\Sigma(\rho_{\lambda})=-1/\lambda^{2}$ . When $0<\lambda<2,$ $\rho_{\lambda}$

maximizes $\Sigma(\mu)$ among { $\mu\in \mathcal{M}(^{r_{\Gamma)}}$ : $\int{\rm Re}\zeta d\mu(\zeta)$ (or $\int\zeta d\mu(\zeta))=1-\lambda/4$} and
$\Sigma(\rho_{\lambda})=\frac{1}{2}\log\frac{\lambda}{2}-\frac{1}{4}$. Since the argument in [GW] does not seem easy to check, we
include a more accessible proof below.

When $\lambda\geq 2$ the computation is straightforward. For $\zeta=e^{\mathrm{i}t}$ ,

$\int\log|\zeta-\eta|d\rho_{\lambda}(\eta)=\frac{1}{2\pi}\int_{0}^{2\pi}(1+\frac{2}{\lambda}\cos(\theta+t))\log|1-e|\mathrm{i}\theta d\theta$

$= \frac{1}{2\pi\lambda}\int_{0}^{2\pi}\cos(\theta+t)\log 2(1-\cos\theta)d\theta$

$= \frac{\cos t}{2\pi\lambda}\int_{0}^{2\pi}\cos\theta\log(1-\cos\theta)d\theta$

$= \frac{\cos t}{\pi\lambda}\int_{-1}^{1}\frac{t}{\sqrt{1-t^{2}}}\log(1-t)dt$

$=- \frac{\cos t}{\pi\lambda}\int_{-1}^{1}\sqrt{\frac{1+t}{1-t}}dt=-\frac{1}{\lambda}\cos t$ .

This implies the first assertion by Theorem 1.1. Moreover,

$\Sigma(\rho_{\lambda})=-\frac{1}{2\pi\lambda}\int_{0}^{2\pi}\cos t(1+\frac{2}{\lambda}\cos t)dt=-\frac{1}{\lambda^{2}}$ .

If $\mu\in \mathcal{M}(’\Gamma)$ satisfies $\int{\rm Re}\zeta d\mu(\zeta)=1/\lambda$ , then

$0 \leq I(\mu-\rho\lambda)=-\Sigma(\mu)-\Sigma(\rho_{\lambda})+2\int\int\log|\zeta-\eta|d\rho\lambda(\eta)d\mu(\zeta)$

$=- \Sigma(\mu)+\frac{1}{\lambda^{2}}-\frac{2}{\lambda}\int{\rm Re}\zeta d\mu(\zeta)=-\Sigma(\mu)-\frac{1}{\lambda^{2}}$ ,

so that $\Sigma(\mu)\leq-1/\lambda^{2}$ and equality occurs if and only if $\mu=\rho_{\lambda}$ .

When $\lambda<2$ the computation is much involved. We use the technique of the
“Hilbert transform” on the circle. Put $\alpha=\sqrt{\lambda}/2$ and $\beta=2\sin^{-1}\alpha$. Define for

$\zeta=e^{\mathrm{i}t}$
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$F(t)= \int\log|\zeta-\eta|d\rho\lambda(\eta)$

$= \frac{2}{\pi\lambda}\int_{-\beta}^{\beta}\cos\frac{\theta}{2}\sqrt{\frac{\lambda}{2}-\sin^{2}\frac{\theta}{2}}\log|1-e^{\mathrm{i}}-t)|(\theta d\theta$

$= \frac{2}{\pi\lambda}\int_{-\beta}^{\beta}\cos\frac{\theta}{2}\sqrt{\frac{\lambda}{2}-\sin^{2_{\frac{\theta}{2}}}}\log 2|\sin\frac{\theta-t}{2}|d\theta$.

When $|t|<\alpha$ , the differential of $F(t)$ in the sense of distributions in $(-\alpha, \alpha)$ is given
as

$F’(t)= \frac{1}{\pi\lambda}\int_{-\beta}^{\beta}\cos\frac{\theta}{2}\sqrt{\frac{\lambda}{2}-\sin^{2_{\frac{\theta}{2}}}}\cot\frac{\theta-t}{2}d\theta$ .

(This and the integrals below mean the principal value integral.) We proceed to
compute

$F’(t)= \frac{2}{\pi\lambda}\int_{-\alpha}^{\alpha}\sqrt{\alpha^{2}-x^{2}}\frac{\sqrt{1-x^{2}}\cos\frac{t}{2}+X\sin\frac{t}{2}}{x\cos\frac{t}{2}-\sqrt{1-x^{2}}\sin\frac{t}{2}}dX$

$= \frac{1}{\pi\lambda}\int_{-\alpha}^{\alpha}\sqrt{\alpha^{2}-x^{2}}\frac{\sin t+4x\sqrt{1-x^{2}}}{x^{2}-\sin^{2_{\frac{t}{2}}}}dX$

$= \frac{\sin t}{\pi\lambda}\int_{-\alpha}^{\alpha}\frac{\sqrt{\alpha^{2}-x^{2}}}{x^{2}-\sin^{2_{\frac{t}{2}}}}d_{X}$ .

Since the above principal value integral is equal to $-\pi$ (see [Me, p. 74]), we have
$F’(t)=- \frac{1}{\lambda}\sin t$ and hence

$F(t)=- \frac{1}{\lambda}\cos t+\mathrm{C}\mathrm{o}\mathrm{n}\mathrm{s}\mathrm{t}$ $(|t|<\alpha)$ .

Since

$F( \mathrm{O})=\frac{2}{\pi\lambda}\int_{-\beta}^{\beta}\cos\frac{\theta}{2}\sqrt{\frac{\lambda}{2}-\sin^{2_{\frac{\theta}{2}}}}\log 2|\sin\frac{\theta}{2}|d\theta$

$= \frac{8}{\pi\lambda}\int_{0}^{\alpha}\sqrt{\alpha^{2}-x^{2}}\log 2XdX$

$= \frac{4}{\pi}\int_{0}^{1}\sqrt{1-x^{2}}\log 2\alpha XdX=\frac{1}{2}\log\frac{\lambda}{2}-\frac{1}{2}$ ,

we have

$F(t)=- \frac{1}{\lambda}\cos t+\frac{1}{2}\log\frac{\lambda}{2}+\frac{1}{\lambda}-\frac{1}{2}$ $(|t|<\alpha)$ .

On the other hand, when $|t|>\alpha,$ $F(t)$ is differentiable in usual sense and

$F’(t)= \frac{\sin t}{2\pi\alpha^{2}}\int_{-\alpha}^{\alpha}\frac{\sqrt{\alpha^{2}-x^{2}}}{x^{2}-\sin^{2_{\frac{t}{2}}}}d_{X}$

$< \frac{\sin t}{2\pi\alpha^{2}}\int_{-\alpha}^{\alpha}\frac{\sqrt{\alpha^{2}-x^{2}}}{x^{2}-\alpha^{2}}dx=-\frac{1}{\lambda}\sin t$ .
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Hence

$F(t) \leq-\frac{1}{\lambda}\cos t+\mathrm{c}\mathrm{o}\mathrm{n}\mathrm{s}\mathrm{t}$ $(|t|>\alpha)$ .

Since $F(t)$ is continuous at $t=\pm\alpha$ , we obtain

$\int\log|\zeta-\eta|d\rho_{\lambda(}\eta)=-\frac{1}{\lambda}{\rm Re}\zeta+\frac{1}{2}\log\frac{\lambda}{2}+\frac{1}{\lambda}-\frac{1}{2}$ if $\zeta\in \mathrm{s}\mathrm{u}\mathrm{p}\mathrm{P}(\rho\lambda)$ ,

$\int\log|\zeta-\eta|d\rho\lambda(\eta)<-\frac{1}{\lambda}{\rm Re}\zeta+\frac{1}{2}\log\frac{\lambda}{2}+\frac{1}{\lambda}-\frac{1}{2}$ if $\zeta\in \mathrm{T}\backslash \mathrm{s}\mathrm{u}\mathrm{p}\mathrm{P}(\rho\lambda)$.

This implies the first assertion. Moreover,

$\Sigma(\rho_{\lambda})=-\frac{2}{\pi\lambda^{2}}\int_{-^{\rho}}^{\beta}\cos t\cos\frac{t}{2}\sqrt{\frac{\lambda}{2}-\sin^{2}\frac{t}{2}}dt+\frac{1}{2}\log\frac{\lambda}{2}+\frac{1}{\lambda}-\frac{1}{2}$

$=- \frac{8}{\pi\lambda^{2}}\int_{0}^{\alpha}(1-2x^{2})\sqrt{\alpha^{2}-x^{2}}dX+\frac{1}{2}\log\frac{\lambda}{2}+\frac{1}{\lambda}-\frac{1}{2}$

$= \frac{1}{2}\log\frac{\lambda}{2}-\frac{1}{4}$ .

If $\mu\in \mathcal{M}(\mathrm{T})$ satisfies $\int{\rm Re}\zeta d\mu(\zeta)=1-\lambda/4$ , then

$0 \leq I(\mu-\rho\lambda)=-\Sigma(\mu)-\Sigma(\rho_{\lambda})+2\int\int\log|\zeta-\eta|d\rho\lambda(\eta)d\mu(\zeta)$

$\leq-\Sigma(\mu)-\frac{1}{2}\log\frac{\lambda}{2}+\frac{1}{4}+2(-\frac{1}{\lambda}(1-\frac{\lambda}{4})+\frac{1}{2}\log\frac{\lambda}{2}+\frac{1}{\lambda}-\frac{1}{2})$

$=- \Sigma(\mu)+\frac{1}{2}\log\frac{\lambda}{2}-\frac{1}{4}$ ,

so that $\Sigma(\mu)\leq\frac{1}{2}\log\frac{\lambda}{2}-\frac{1}{4}$ and equality occurs if and only if $\mu=\rho_{\lambda}$ .

2. Introductory survey of large deviation principle

This section is a very brief introduction to the large deviation principle (LDP) for
the convenience of the reader. The interested reader may consult [DZ] or [DS]. Let
$X$ be a topological space and $B$ the Borel a-field on $X$ . Let $\{P_{\epsilon}\}_{\epsilon>0}$ be a family of
probability measures on (X, $B$). The LDP of $\{P_{\epsilon}\}$ characterizes the limiting behavior
of $P_{\epsilon}$ as $\epsilonarrow 0$ in terms of a rate function. Roughly speaking, the LDP may be
considered as a refinement of limit theorems such as law of large numbers and central
limit theorem.

The precise defintion of the LDP is given as follows.

Definition 2.1. (1) A lower semicontinuous function $I$ : $Xarrow[0, \infty]$ is called a rate
function. A rate function $I$ is said to be good if $\{x : I(x)\leq\alpha\}$ is compact for any
$\alpha\in[0, \infty)$ .
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(2) $\{P_{\epsilon}\}$ is said to $\mathrm{s}\mathrm{a}\mathrm{t}\mathrm{i}_{\mathrm{S}}6^{r}$ the $LDP$ with a rate function $I$ if

$- \inf\{I(x) : x\in\Gamma^{\mathrm{O}}\}\leq\lim_{\epsilonarrow}\inf_{0}\epsilon\log P_{\mathrm{g}}(\Gamma)$

$\leq\lim_{\epsilonarrow}\sup_{0}\epsilon\log P_{\xi}(\tau)\leq-\inf\{I(x) : x\in\overline{\Gamma}\}$

for all $\Gamma\in B$ , where $\Gamma^{\mathrm{o}}$ and $\overline{\Gamma}$ denote the interior and closure of $\Gamma$ . This is equivalent
to the following two conditions:

(i) For every open set $G\subset X$ ,

$\lim_{\epsilonarrow}\inf_{0}\epsilon\log P\epsilon(G)\geq-\inf\{I(x) : x\in G\}$ .
(ii) For every closed set $F\subset X$ ,

$\lim_{\epsilonarrow}\sup_{0}\epsilon\log P_{\epsilon}(F)\leq-\inf\{I(x) : x\in F\}$ .

(3) $\{P_{\epsilon}\}$ is said to $\mathrm{s}\mathrm{a}\mathrm{t}\mathrm{i}\mathrm{s}6^{r}$ the weak $LDP$ with a rate function $I$ if the above (i)
holds and the upper bound in (ii) holds for every compact set $F\subset X$ .

(4) $\{P_{\epsilon}\}$ is said to be $exp_{one}ntiall.y$ tight if for every $\delta>0$ there exists a compact
set $K_{\delta}\subset X$ such that

$\lim_{\epsilonarrow}\sup_{0}\epsilon\log P\epsilon(K_{\delta}^{c})<-1/\delta$ .

This condition is trivial if $X$ itself is comapct.

Note that if $I$ is a good rate function and the above (ii) holds, then there exists
at least one point $x\in X$ such that $I(x)=0$ .

The following properties are useful to show the LDP.

Proposition 2.2. Assume that $\{P_{\epsilon}\}i\mathit{8}$ exponentially tight. Then:

(1) If the above (i) holds, then the rate function I is good.

(2) If $\{P_{\epsilon}\}$ satisfies the weak $LDP$ with a rate function $I$ , then it satisfies the $LDP$.

(3) $\{P_{\epsilon}\}$ satisfies the weak $LDP$ with a rate function I if
$\inf_{G}\{\lim_{\epsilonarrow}\sup_{0}\epsilon\log P_{\epsilon}(G)\}\leq-I(x)\leq\inf_{G}\{\lim_{\epsilonarrow 0}\inf\epsilon\log P_{\epsilon}(G)\}$

for every $x\in X$ , where $G$ runs over a neighborhood $ba\mathit{8}e$ of $x$ .

In many cases, we treat a sequence $\{P_{n}\}$ of probability measures on (X, $B$). For
$0<a_{n}arrow 0$ , we say that $\{P_{n}\}$ satisfies the LDP in the scale $a_{n}$ with a rate function
$I$ if
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$\lim_{-}\inf_{\infty narrow,-}a_{n}\log Pn(G)\geq-\inf\{I(x.):x\in G\}$

for every open $G\subset X$ and

$\lim_{narrow}\sup_{\infty}a_{n}\log P_{n}(F)\leq-\inf\{I(x) : x\in F\}$

for every closed $F\subset X$ . Usually $a_{n}=n^{-1}$ or $a_{n}=n^{-2}$ is used.

In the rest of this section let us explain the general scheme of the LDP for random
matrices which we will discuss in subsequent sections. A random matrix is a matrix
whose elements are random variables on a probability space. Given a probability
space $(\Omega,\mathrm{P})$ , set $\mathcal{L}=\bigcap_{1\leq p<\infty^{L}}p(\Omega, \mathrm{P})$ , the algebra of complex-valued random
variables on $\Omega$ with finite moments. The expectation $E(f)= \int fd\mathrm{P}$ is a state on $\mathcal{L}$ .
The set of all $n\cross n$ random matrices $X=[X_{ij}]_{i}^{n},j=1$ such that $x_{ij}\in \mathcal{L}$ for all $i,$ $j$ is
denoted by $M_{n}(\mathcal{L})=\mathcal{L}\otimes M_{n}(\oplus)$ , which is $\mathrm{a}^{*}$-algebra with a tracial state

$\tau_{n}(x)=\frac{1}{n}\sum_{i=1}^{n}E(x_{ii})$ .

Then $(M_{n}(\mathcal{L}), \tau n)$ is a noncommutative probability space suitable in random matrix
theory.

For each $n\in \mathbb{N}$ let a random matrix $X(n)$ be given. If $X(n)$ is Hermitian or
real symmetric, then we have the induced probabihty measure $\nu_{n}$ on $M_{n}(\mathbb{C})^{sa}$ , the
$n\cross n$ Hermitian matrices, or $M_{n}(\mathrm{R})^{sa}$ , the $n\cross n$ real symmetric matrices. Assume
that $\nu_{n}$ is invariant under transformations by $\mathcal{U}(n)$ or $\mathcal{O}(n)$ . Then $\nu_{n}$ induces the
measure $\overline{\nu}_{n}$ on $\mathrm{R}^{n}$ (the space of eigenvalues). Define a mapping $\Lambda_{n}$ ffom $M_{n}(\oplus)Sa$

or $M_{n}(\mathrm{R})^{sa}$ into $\mathcal{M}(\mathrm{R})$ by

$\Lambda_{n}(A)=\frac{1}{n}\sum_{i=1}\delta n\lambda:(A)$ ,

where $\lambda_{1}(A),$
$\ldots$ , $\lambda_{n}(A)$ are the eigenvalues of $A$ and $\delta_{\lambda}$ is the Dirac measure at $\lambda$ .

Now we have the probability meausres $P_{n}$ on $\mathcal{M}(\mathrm{R})$ such that

$P_{n}(\Gamma)=\nu(n\Lambda_{n}-1\tau)=\nu_{n}(\{A$ : $\frac{1}{n}\sum_{i=1}\delta\lambda n:(A)\in\Gamma\})$

$=\overline{\nu}_{n}(\{t\in \mathrm{R}^{n}$ : $\frac{1}{n}\sum\delta_{t}:i=1n\in\Gamma\})$

for every Borel set $\Gamma$ of $\mathcal{M}(\mathrm{R})$ . Here $\mathcal{M}(\mathrm{R})$ is endowed with the weak topology
$\sigma(\mathcal{M}(\mathrm{R}), C_{b}(\mathrm{R})),$ $C_{b}(\mathrm{R})$ being the space of bounded continuous functions on R.
Note that $\mathcal{M}(\mathrm{R})$ becomes a Polish space by the L\’evy metric for e.xample. We call
$P_{n}$ the empirical eigenvalue $dist\dot{\mathcal{H}}buti_{on}$ of $X(n)$ .

In Sec. 1 we may consider many distributions as a maximizer of a free entropy
functional. It is known via Wigner type limit theorem that some of them arise as the
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limit distribution $\mu_{0}$ of a certain random matrix model $X(n)$ . Then we may discuss
the LDP for $\{P_{n}\}$ defined as above from $X(n)$ . This is the so-called leve1-2 large
deviation theorem [E1]. Here it should be natural to expect that a rate function $I$ is
the minus sign of the free entropy functional (up to an additive constant) and so $\mu_{0}$

is a unique minimizer of $I$ with $I(\mu 0)=0$ . In this case, the LDP for $\{P_{n}\}$ implies
that the eigenvalue distribution of $X(n)$ converges exponentially $\mathrm{f}\mathrm{a}s\mathrm{t}$ to the limit
distribution $\mu_{0}$ . Namely, for any neighborhood $G$ of $\mu_{0}$ ,

$\lim_{narrow}\sup_{\infty}\frac{1}{n^{2}}\log Pn(Gc)=\lim_{narrow}\sup_{\infty}\frac{1}{n^{2}}\log\nu_{n}(\{A:\frac{1}{n}\sum_{i=1}^{n}\delta\lambda:(A)\in G^{c}\})<0$ .

In particular, $\{P_{n}\}$ converges weakly to the point mass at $\mu_{0}$ .

Our general strateg.y in the LDP problem associated with random matrices is
described as follows.

3. LDP for selfadjoint Gaussian random matrices

In their paper [BG], Ben Arous and Guionnet proved a large deviation theorem
for the empirical eigenvalue distribution of selfadjoint Gaussian random matrices.
But their proof in [BG] is rather complicated, so that we will give a more tranparent
proof (in a bit more general setting) though essentially similar.

For $n\in \mathrm{N}$ let X$(n)=[x_{ij}]i,j=n1$ be an $n\cross n$ random matrix such that

(i) $X(n)$ is selfadjoint, i.e. $x_{ij}=\overline{x_{ji}}$ for $1\leq i\leq j\leq n$ ,

(ii) $\{{\rm Re} x_{ij} : 1\leq i\leq j\leq n\}\cup\{{\rm Im} x_{ij} : 1\leq i<j\leq n\}$ is an independent $\mathrm{f}\mathrm{a}\mathrm{m}\grave{\mathrm{l}}\mathrm{y}$ of
Gaussian random variables,
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(iii) $E(x_{ij})=0$ for $1\leq i\leq j\leq n,$ $E(x_{ii}^{2})=1/n$ for $1\leq i\leq n$ , and $E(({\rm Re} x_{i}j)^{2})=$

$E(({\rm Im} x_{i}j)^{2})=1/2n$ for $1\leq i<j\leq n$ .

Then $X(n)$ is called a standard selfadjoint Gaussian $n\cross n$ random matrix. The
probability measure $\nu_{n}$ on $M_{n}(\mathbb{C})^{sa}$ induced by $X(n)$ is invariant under $\mathcal{U}(n)-$

transformations so that it induces the measure $\overline{\nu}_{n}$ on $\mathrm{R}^{n}$ . Moreover, the $\mathrm{S}\mathrm{O}-\mathrm{c}\mathrm{a}\mathrm{u}_{\mathrm{e}\mathrm{d}}$

Wigner theorem says that the mean spectral density of $X(n)$ tends to the semicircle
law $w_{2}$ as $narrow\infty$ in distribution. More precisely,

$\tau_{n}(x(n)^{k})arrow\int x^{k}dw_{2}(x)=\{\frac{1}{0k/2+1}$
$\mathrm{i}\mathrm{f}k\mathrm{i}S\mathrm{O}\mathrm{i}\mathrm{f}k\mathrm{i}S\mathrm{e}_{\mathrm{d}}\mathrm{v}\mathrm{e}_{\mathrm{d}}\mathrm{n}$

as $narrow\infty$ for all $k\in \mathbb{N}$ . (In fact, the Wigner theorem holds true in a much milder
assumption, [VDN], [HP2].) In this way, $X(n)$ becomes a standard random matrix
model for $w_{2}$ . A more refined limit theorem was given by Voiculescu in [Vol], which
includes the assertion about asymptotic freeness.

Since the Hilbert-Schmidt norm of $A=[a_{ij}]\in M_{n}(0)^{sa}$ is

$||A||_{Hs}= \{_{i=1}\sum^{n}a^{2}ii+2\sum_{i<j}({\rm Re} aij))2+2\sum_{i<j}({\rm Im} aij)2\mathrm{I}^{1/2}$ ,

the map $\Phi(A)=((a_{ii})_{1\leq i}\leq n’(\sqrt{2}{\rm Re} a_{ij})_{i}<j, (\sqrt{2}{\rm Im} a_{ij})_{ij}<)$ is an isometry from
$M_{n}(\mathbb{C})^{sa}$ with $||\cdot||_{HS}$ onto $\mathrm{R}^{n^{2}}$ with the Euclidean norm. So we have the “Lebesgue”
measure $\lambda_{n}$ on $M_{n}(\mathbb{C})Sa$ transformed from the Lebesgue measure on $\mathrm{R}^{n^{2}}$ via $\Phi$ . This
$\lambda_{n}$ is of course invariant under unitary transformations. It is known that the induced
measure $\overline{\lambda}_{n}$ on $\mathrm{R}^{n}$ has the following joint density with $\mathrm{r}.\mathrm{e}\mathrm{s}_{\mathrm{P}^{\mathrm{e}\mathrm{c}\mathrm{t}}}$ to the Lebesuge mea-
sure $dt_{1}\cdots dt_{n}$ :

$\frac{1}{Z_{n}},\prod_{i<j}(t_{i}-t_{j})^{2}$ with $Z_{n}’=(2 \pi)^{-n}(n-1)/2\prod_{j=1}j!n$ .

The above probability $\nu_{n}$ on $M_{n}(\mathbb{C})\mathit{8}a$ from the standard Gaussian random matrix
$X(n)$ is written as

$\nu_{n}=\frac{1}{Z_{n}’’}\exp(-\frac{n}{2}\mathrm{q}\mathrm{k}A2)d\lambda_{n}(A)$ ,

so that the joint probability density of $\overline{\nu}_{n}$ with respect to $dt_{1}\cdots dt_{n}$ is

$\frac{1}{Z_{n}}\exp(-\frac{n}{2}\sum_{i=1}^{n}t_{i}^{2})i<\prod(t_{i}-tj)^{2}j$

where $Z_{n}=Z_{nn}^{\prime z\prime\prime}$ is a normalization constant.
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A real symmetric standard Gaussian $n\cross n$ random matrix is defined in a similar
way. In this case, when $\nu_{n}$ is the induced measure on $M_{n}(\mathrm{R})^{sa},\overline{\nu}_{n}$ has the joint
density

$\frac{1}{\tilde{Z}_{n}}\exp(-\frac{n}{2}\sum_{i=1}^{n}t2\mathrm{I}i\prod_{i<j}|t_{i}-tj|$ .

See [Me] for more about joint probability density of Gaussian random matrix eigen-
values.

Rom now on we will treat a more general probability on $M_{n}(\mathbb{C})Sa$ . Let $Q(x)$ be
a real continuous $\mathrm{f}\mathrm{u}\mathrm{n}\mathrm{c}\mathrm{t}\mathrm{i}_{\mathrm{o}\mathrm{n}}$

. on $\mathrm{R}$ such that for any $\epsilon>0$

$\lim_{|x|arrow\infty}|x|\exp(-\epsilon Q(X))=0$ . (3.1)

This is satisfied if for instance $Q(x)= \frac{1}{2}|x|^{p}$ where $p>0$ . For each $n\in$ IN let $\nu_{n}$

be a $\mathcal{U}(n)$-invariant probability measure on $M_{n}(\oplus)^{sa}$ and assume that the induced
measure $\overline{\nu}_{n}$ on $\mathrm{R}^{n}$ has the joint probability density

$\frac{1}{Z_{n}}\exp(-n\sum_{i=1}^{n}Q(t_{i}))_{i}\prod_{<j}|t_{i}-t_{j}|^{2\beta}$ ,

where $\beta>0$ is fixed (independent of $n$) and $C_{n}$ is a normalization constant, i.e.

$Z_{n}= \int\cdots\int\exp(-n\sum_{i=1}^{n}Q(ti)\mathrm{I}<\prod_{ij}|t_{i}-t_{j}|^{2}\beta dt_{1}\cdots dt_{n}$ .

The finiteness of this integral is guaranteed by assumption (3.1). Let $P_{n}$ be the
empirical eigenvalue distribution on $\mathcal{M}(\mathrm{R})$ corresponding to $\nu_{n}$ defined in Sec. 2, so
that

$P_{n}(\Gamma)=\overline{\nu}_{n}(\{t\in \mathrm{R}^{n}$ : $\frac{1}{n}\sum_{i=1}n\delta t:\in\Gamma\})$

for every Borel set $\Gamma$ of $\mathcal{M}(\mathrm{R})$ .

Then the LDP proved by Ben Arous and Guionnet can be extended as follows:

Theorem 3.1. The finite limit $B= \lim_{narrow\infty^{n^{-2}\mathrm{l}}}\mathrm{o}\mathrm{g}Z_{n}$ exists and $\{P_{n}\}$ satisfies the
$LDP$ in the scale $n^{-2}$ with good rate function

$I( \mu)=-\beta\Sigma(\mu)+\int Q(x)d\mu(X)+B$ . (3.2)

$R\iota rthe\Gamma more$, there enists a unique $\mu_{0}\in \mathcal{M}(\mathrm{R})$ such that $I(\mu_{0})=0$ .
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For instance, when $p>0$ and $Q(x)= \frac{1}{2}|x|^{p}$ , it follows from (2) in Sec. 1 that the
limit distribution $\mu_{0}$ is the Ullman distribution $v_{r}^{(p)}$ with $r=(2\beta/p\alpha_{p})^{1/p}$ . Since

$B= \beta\Sigma(v^{(p)}r)-\frac{1}{2}\int|x|^{p}v_{r}((p)X)dX$

$= \beta(\log\frac{r}{2}-\frac{1}{2p})-\frac{\alpha_{p}r^{p}}{2}$

$= \frac{\beta}{p}\log\frac{2\beta}{p\alpha_{p}}-\beta\log 2-\frac{3\beta}{2p}$ ,

the following asymptotic limit is a by-product of the theorem:

$\lim_{narrow\infty}\frac{1}{n^{2}}\log Z_{n}=\frac{\beta}{p}\log\frac{2\beta}{p\alpha_{p}}-\beta\log 2-\frac{3\beta}{2p}$ .

In particular when $p=2$ , rate function (3.2) is

$I( \mu)=-\beta\Sigma(\mu)+\frac{1}{2}\int x^{2}d\mu(x)+\frac{\beta}{2}\log\beta-\frac{3\beta}{4}$

and $\mu_{0}=w_{2\sqrt{\beta}}$ . This is the case shown in [BG], and in this case, Selberg’s integral
formula (see [Me]) gives

$Z_{n}=(2 \pi)^{n/2}n^{-}\frac{1}{2}(\beta n(n-1)+n)\prod_{=j1}^{n}\frac{\Gamma(1+j\beta)}{\Gamma(1+\beta)}$

and the asymptotic limit

$\lim_{narrow\infty}\frac{1}{n^{2}}\log zn=\frac{\beta}{2}\log\beta-\frac{3}{4}\beta$

is directly obtained by the Stirling formula.

To prove the theorem, set

$\phi(x,y)=-\beta\log|X-y|+\frac{1}{2}(Q(_{X})+Q(y))$ ,

$\phi_{\alpha}(x, y)=\min\{\phi(X, y), \alpha\}$ for $\alpha>0$ .
Since

$\phi(x,y)\geq-\beta\{\log(|X|\exp(-Q(X)/2\beta))+\log(|y|\exp(-Q(y)/2\beta))\}$

whenever $|x|,$ $|y|\geq 2$ , it follows that $\phi_{\alpha}(x, y)$ is bounded and continuous, so that

$\mu\in \mathcal{M}(\mathrm{R})rightarrow\int\int\phi_{\alpha}(x, y)d\mu(x)d\mu(y)$

is continuous in weak topology. Hence
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$- \beta\Sigma(\mu)+\int Q(x)d\mu(X)$

$= \int\int\phi(x,y)d\mu(x)d\mu(y)=\sup\int\alpha>0\int\phi_{\alpha}(x, y)d\mu(x)d\mu(y)$

is lower semicontinuous in weak topology on $\mathcal{M}(\mathrm{R})$ . For simplicity write

$\mu_{t}=\frac{1}{n}\sum_{i=1}^{n}\delta_{t}$ : for $t=$ $(t_{1}, \ldots , t_{n})\in \mathrm{R}^{n}$ .

The method in proving Lemmas 3.2 and 3.3 is essentially the same as Ben Arous
and Guionnet’s.

Lemma 3.2.

$1 \dot{\mathrm{m}}\sup_{narrow\infty}\frac{1}{n^{2}}\log Z_{n}\leq-\inf_{(\mu\in \mathcal{M}\mathrm{R})}\iint\phi(x, y)d\mu(X)d\mu(y)$ . (3.3)

Proof. We get

$z_{n}= \int\cdots\int\exp(-\sum_{=i1}Q(tni\rangle)$

$\cross\exp\{-\sum_{i<j}(Q(t_{i})+Q(tj))\}i<\prod j|t_{i}-t_{j}|^{2}\beta dt_{1}\cdots dt_{n}$

$= \int\cdots\int\exp(-\sum^{n}Q(ti)i=1)\exp\{-2\sum_{<ij}\phi(t_{i}, t_{j})\}dt_{1}\cdots dt_{n}$

$\leq\int\cdots\int\exp(-\sum_{i=1}^{n}Q(ti))$

$\cross\exp\{-n^{2}\iint_{\{x\neq y\}}\phi(X,y)d\mu_{t}(X)d\mu t(y)\}dt1\ldots dt_{n}$

$\leq\exp\{-n^{2}\inf\iint_{\{x}\mu\neq y\}d\phi(x,y)\mu(X)d\mu(y)\}$

$\cross\int\cdots\int\exp(-\sum_{i=1}^{n}Q(ti))dt1\ldots dt_{n}$

$=( \int e-Q(x)dx)n\exp\{-n^{2}\inf_{\mu}\iint\phi(x,y)d\mu(x)d\mu(y)\}$ ,

implying (3.3). $\square$

Lemma 3.3. For evew $\mu\in \mathcal{M}(\mathrm{R})$ ,
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$\inf_{G}\{\lim\sup_{\infty narrow}\frac{1}{n^{2}}\log Pn(G)\}$

$\leq-\iint\phi(x, y)d\mu(x)d\mu(y)-\lim_{arrow n}\inf_{\infty}\frac{1}{n^{2}}\log Z_{n}$ ,
(3.4)

where $G$ runs over a neighborhood base of $\mu$ .

Proof. For any neighborhodd $G$ of $\mu\in \mathcal{M}(\mathrm{R})$ put
$\overline{G}=\{t\in \mathrm{R}^{n} : \mu_{t}\in c\}$ .

As in the proof of Lemma 3.2 we get
$P_{n}(G)=\overline{\mu}_{n}(\overline{G})$

$= \frac{1}{Z_{n}}\int\cdots\int_{\overline{G}}\exp(-\sum_{=i1}Q(ti)\mathrm{I}n\exp\{-2\sum_{<ij}\phi(t_{i}, t_{j})\}dt_{1}\cdots dtn$

$\leq\frac{1}{Z_{n}}\int\cdots\int_{\overline{G}}\exp(-\sum_{i=1}^{n}Q(ti))$

$\cross\exp\{-n^{2}\int\int\phi_{\alpha}(x,y)d\mu t(x)d\mu t(y)+n\alpha\}dt_{1}\cdots dtn$

$= \frac{1}{Z_{n}}(\int e^{-}dQ(x)x)n\mathrm{e}\mathrm{x}\mathrm{p}\mathrm{t}-n\dot{\mathrm{m}}\mathrm{f}2\int\mu’\epsilon c\int\phi_{\alpha}(X,y)d\mu’(x)d\mu’(y)+n\alpha\}$.

Therefore

$\lim_{narrow}\sup_{\infty}\frac{1}{n^{2}}\log Pn(c)$

$\leq-,\inf_{G\mu\in}\int\int\phi_{\alpha}(_{X}, y)d\mu’(X)d\mu’(y)-\lim_{narrow}\inf\infty\frac{1}{n^{2}}\log Z_{n}$ .

Thanks to weak continuity of $\mu’rightarrow\iint\phi_{\alpha}(x,y)d\mu(’)Xd\mu(’)y$ we get

$\inf_{G}\{\lim_{narrow}\sup\frac{1}{n^{2}}\infty\log P(nG)\}\leq-\int\int\phi_{\alpha}(_{X}, y)d\mu(X)d\mu(y)-\lim_{narrow}\inf\frac{1}{n^{2}}\infty\log Z_{n}$ .

Letting $\alphaarrow+\infty$ yields inequality (3.4). $\square$

Lemma 3.4. For every $\mu\in \mathcal{M}(\mathrm{R})$ ,

$\lim_{narrow}\inf\frac{1}{n^{2}}\log Zn\geq-\infty\iint\phi(x, y)d\mu(x)d\mu(y)$ (3.5)

and

$\inf_{G}\{\lim_{n}\dot{\mathrm{m}}\mathrm{f}\frac{1}{n^{2}}\log Pn(G)\}arrow\infty$

(3.6)
$\geq-\int\int\phi(x, y)d\mu(x)d\mu(y)-1\dot{\mathrm{m}}\sup_{arrow n\infty}\frac{1}{n^{2}}\log Z_{n}$ ,
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where $G$ runs over a neighborhood base of $\mu$ .

Proof. It is clear that

$\mu\in \mathcal{M}(\mathrm{R})\mapsto\inf\{\lim_{narrow}\inf_{\infty}\frac{1}{n^{2}}\log P_{n}(c)$ : $G$ a neighborhood of $\mu\}$

is upper semicontinuous. Since $\phi(x, y)$ is bounded below, if $\iint\phi(x, y)d\mu(x)d\mu(y)<$

$+\infty$ and $\mu_{k}=\mu([-k, k])-1x1^{-k},k]\mu$ , then

$\iint\phi(x, y)d\mu(X)d\mu(y)=\lim_{karrow\infty}\iint\phi(x, y)d\mu_{k}(X)d\mu k(y)$ .

So we may assume that $\mu$ has a compact support. For $\epsilon>0$ let $\varphi_{\epsilon}$ be a nonnega-
tive $C^{\infty}$-function supported in $[-\epsilon, \epsilon]$ such that $\int\varphi_{\epsilon}(x)dX=1$ , and $\varphi_{\epsilon}*\mu$ be the
convolution of $\mu$ with $\varphi_{\epsilon}$ . Thanks to concavity and upper semicontinuity of $\Sigma(\mu)$

restricted on probability measures with uniformly bounded supports, it is easy to
see that

$\Sigma(\varphi_{\epsilon^{*}}\mu)\geq\Sigma(\mu)$ .

Also

$\lim_{\epsilonarrow+0}\int Q(x)d(\varphi_{\epsilon}*\mu)(x)=\int Q(x)d\mu(X)$ .

Hence we may assume that $\mu$ has a continuous density with compact support. More-
over, let $\lambda$ be the uniform distribution on an interval $[a, b]$ including $\mathrm{s}\mathrm{u}\mathrm{p}\mathrm{p}(\mu)$ . Then
it suffices to show the required inequalities for each $(1-\delta)\mu+\delta\lambda(0<\delta<1)$ . After
all, we may assume that $\mu$ has a continuous density $f>0$ on $\mathrm{s}\mathrm{u}\mathrm{p}\mathrm{p}(\mu)=[a, b]$ so that
$\delta\leq f(x)\leq\delta^{-1}(a\leq x\leq b)$ for some $\delta>0$ .

The following proof is a modifica
$(n)\mathrm{t}\mathrm{i}\mathrm{o}\mathrm{n}$

of that of [Vo3, Proposition 4.5]. For each
$n\in 1\mathrm{N}$ let $a=b_{0}^{(n)}<a_{1}^{(n)}<b_{1}^{(n)}<a_{2}$ $<\cdots<a_{n}^{(n)}<b_{n}^{(n)}=b$ be such that

$\int_{a}^{a_{\mathrm{j}}^{(n)}}f(x)dX=\frac{j-\frac{1}{2}}{n}$ , $\int_{a}^{b_{j}^{(n)}}f(x)dx=\frac{j}{n}$ $(1\leq j\leq n)$ .

Then it immediately follows that

$\frac{\delta}{2n}\leq b^{(n)}-jaj(n)\leq\frac{1}{2n\delta}$ $(1\leq j\leq n)$ .

Define

$\Delta_{n}=$ $\{(t_{1}, \ldots , t_{n})\in \mathrm{R}^{n} : a_{j}^{(n)}\leq t_{j}\leq b_{j}^{(n)}, 1\leq j\leq n\}$ .

For any neighborhood $G$ of $\mu$ , it is clear that

$\Delta_{n}\subset\overline{G}=\{t\in \mathrm{R}nc : \mu t\in\}$
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for all $n$ large enough. Therefore for large $n$ we have

$P_{n}(G)=\overline{\mu}_{n}(\overline{c})\geq\overline{\mu}n(\Delta_{n})$

$= \frac{1}{Z_{n}}\int\cdots\int_{\Delta_{n}}\exp(-n\sum_{i=1}^{n}Q(ti))<\prod_{ij}|t_{i}-tj|2\beta dt_{1}\cdots dtn$

$\geq\frac{1}{Z_{n}}\exp(-n\sum_{1i=}\xi_{i}^{(}n)n\mathrm{I}i<jb_{i}^{(n)}\square (a-j)(n)2\beta\int\ldots\int_{\Delta}ndt_{1}\cdots dt_{n}$

$\geq\frac{1}{Z_{n}}(\frac{\delta}{2n})^{n}\exp(-n\sum_{i=1}^{n}\xi^{(n}i))\prod_{<j}(a_{j}^{(}-n)ii)b(n)2\beta$ ,

where $\xi_{i}^{(n)}=\max\{Q(x) : a_{i}^{(n)}\leq x\leq b_{i}^{(n)}\}$ . Now let $h:[0,1]arrow[a, b]$ be the inverse
function of $t \mapsto\int_{a}^{t}f(x)dX$ . Since $a_{j}^{(n)}=h((j- \frac{1}{2})/n)$ and $b_{j}^{(n)}=h(j/n)$ , we get

$\lim_{narrow\infty}\frac{1}{n}\sum i=1n\xi i=(n)\int_{0}^{1}Q(h(t))dt=\int_{a}^{b}Q(X)f(X)dt=\int Q(x)d\mu(X)$

and

$\lim_{narrow\infty}\frac{2}{n^{2}}\sum\log(bn-ji)()(n)=a2\int\int_{0\leq}s<t\leq 1)\log(h(t)-h(S)dsdti<j$

$= \int_{0}^{1}\int_{0}^{1}\log|h(_{S)}-h(t)|dsdt$

$= \int\int f(x)f(y)\log|x-y|dXdy=\Sigma(\mu)$ .

Therefore

$0 \geq\lim_{narrow}\sup_{\infty}\frac{1}{n^{2}}\log Pn(G)\geq-\iint\phi(x, y)d\mu(x)d\mu(y)-\lim_{arrow n}\inf_{\infty}\frac{1}{n^{2}}\log Z_{n}$

and

$\lim_{narrow}\inf\frac{1}{n^{2}}\log P_{n}\infty(G)\geq-\int\int\phi(x, y)d\mu(_{X)d\mu}(y)-\lim_{narrow}\sup_{\infty}\frac{1}{n^{2}}\log Z_{n}$ ,

as desired. $\square$

Lemma 3.5. The finite limit $B= \lim_{narrow\infty}\log Zn$ exists.

Proof. By (3.3) and (3.5) we have

$\lim_{narrow}\sup_{\infty}\frac{1}{n^{2}}\log Z_{n}\leq-\inf_{\mu}\iint\phi(x, y)d\mu(X)d\mu(y)\leq\lim_{narrow}\inf\frac{1}{n^{2}}\log z_{n}\infty$ .
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This gives the result because Theorem 1.1 says that $\murightarrow\iint\phi(x, y)d\mu(x)d\mu(y\coprod)$

attain$\mathrm{s}$ the minimum.

Lemma 3.6. $\{P_{n}\}i\mathit{8}$ exponentially tight.

Proof. For any $\alpha>0$ set

$K_{\alpha}=\{\mu\in \mathcal{M}(\mathrm{R})$ : $\int Q(x)d\mu(x)\leq\alpha\}$ .

Since $Q(x)arrow+\infty$ as $|x|arrow+\infty$ by assumption (3.1), it is easy to see that

$\sup_{\mu\in K_{\alpha}}(\{_{X:||\geq\})}Xrarrow 0$ as $rarrow+\infty$

and hence $K_{\alpha}$ is compact in weak topology (for example, consider the L\’evy metric
on $\mathcal{M}(\mathrm{R}))$ . We get

$P_{n}(K^{c})=\overline{\nu}(\{t\in \mathrm{R}^{n}$ : $\frac{1}{n}\sum Q(t_{i})>\alpha\}i=1n)$

$= \frac{1}{Z_{n}}\int\cdots\int_{\{.Q}\frac{1}{n}\sum^{\mathfrak{n}}.=1\}(t:)>\alpha\exp(-n\sum_{i=1}^{n}Q(t_{i}))_{i}<\prod j|t_{i}-t_{j}|2\beta dt1\ldots dt_{n}$

$\leq\frac{1}{Z_{n}}\exp(-\frac{n^{2}\alpha}{2})\int\cdots\int\exp(-\frac{n}{2}\sum_{1i=}Q(ti)\mathrm{I}ni<\prod_{j}|t_{i}-t_{j}|^{2\beta}dt_{1}\cdots dt_{n}$ .

When $Q(x)$ is replaced by $Q(x)/2$ , the finite limit

$B_{2}= \lim_{narrow\infty}\frac{1}{n^{2}}\log\int\cdots\int\exp(-\frac{n}{2}\sum_{i=1}Q(ti)\mathrm{I}n\prod_{i<j}|t_{i}-t_{j}|2\beta dt_{1}\cdots dt_{n}$

exists as well as (3.6). Hence the above estimate gives

$\lim_{narrow}\sup_{\infty}\frac{1}{n^{2}}\log Pn(Kc)\leq-B+B2-\frac{\alpha}{2}$ .

Since $\alpha>0$ is arbitrary, we have the conclusion. $\square$

End of proof of Theorem 3.1. By (3.6) and Lemma 3.5,

$I( \mu)=\iint\phi(x,y)d\mu(X)d\mu(y)+B\geq 0$

for all $\mu\in \mathcal{M}(\mathrm{R})$ . Hence $I$ satisfies all conditions as a rate function. Now (3.4),
(3.6), and Lemma 3.6 show thanks to Proposition 2.2 that $\{P_{n}\}$ satisfies the LDP
with good rate function $I$ . So there exists $\mu_{0}\in \mathcal{M}(\mathrm{R})$ such that $I(\mu_{0})=..0$ .

$\mathrm{B}\mathrm{u}\mathrm{t}\square$

Theorem 1.1 says that $\mu_{0}$ is a unique minimizer of $I$ on $\mathcal{M}(\mathrm{R})$ .
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4. LDP for non-selfadjoint Gaussian random matrices

For $n\in \mathrm{N}$ let $X(n)=[x_{ij}]i,j=n1$ be an $n\cross n$ random matrix such that

(i) $\{{\rm Re} x_{ij} : 1 \leq i,j\leq n\}\cup\{{\rm Im} x_{ij} : 1 \leq i,j\leq n\}$ is an independent family of
Gaussian random variables,

(ii) $E(x_{ij})=0$ and $E(({\rm Re} x_{i}j)^{2})=E(({\rm Im} x_{i}j)^{2})=1/2n$ for $1\leq i,j\leq n$ .

Then $X(n)$ is called a standard non-selfadjoint Gaussian $n\cross n$ random matrix. It
is known [$\mathrm{V}\mathrm{o}\mathrm{l}$ , Theorem 3.3] that $X(n)$ converges in distribution as $narrow\infty$ to a
circular element. More precisely, let $(\mathcal{M}, \tau)$ be a noncommutative probability space
consisting of a von Neumann algebara $\mathcal{M}$ and a faithful normal tracial state $\tau$ . An
element $X\in \mathcal{M}$ is called a circular element if $\{(X+X^{*})/\sqrt{2}, (X-X^{*})/\sqrt{2}\mathrm{i}\}$ is a
free pair of selfadjoint elements with the semicircle distribution $w_{2}$ (see [VDN] for
freeness). Then the above statement means that

$\lim_{narrow\infty}\tau n(P(X(n),X(n)^{*})=\tau(P(x,x^{*}))$

for every polynomial $P$ of two non-commuting indeterminates. In this way, $X(n)$

becomes a standard model of a circular element in free probability theory. Moreover,
the limit distribution of $X(n)^{*}x(n)$ is the Marchenko-Pastur distribution $\mu_{1}$ in (4)
of Sec. 1, and that of $|X(n)|=(X(n)^{*}X(n))^{1/}2$ is the quarter-circular distribution
$\frac{1}{\pi}\sqrt{4-x^{2}}\chi_{1^{0}},4](X)dx$.

The Hilbert-Schmidt norm of $A=[a_{ij}]\in \mathcal{M}_{n}(\mathbb{C})$ is

$||A||_{H}s= \{\sum_{i,j=1}^{n}({\rm Re} aij)^{2}+\sum_{i,j=1}^{n}({\rm Im} Aij)2\}^{1/}2$ ,

and $M_{n}(\oplus)$ is isometric to $\mathrm{R}^{2n^{2}}$ . So the “Lebesgue” measure $\lambda_{n}$ on $M_{n}(\oplus)$ is given
by

$d \lambda_{n}(A)=\prod_{i,j=1}^{n}d({\rm Re} a_{i}j)d({\rm Im} a_{ij})$ ,

and the probability measure $\nu_{n}$ on $M_{n}(\mathbb{C})$ induced by $X(n)$ is written as

$\nu_{n}=\frac{1}{Z_{n}},$ $\exp(-n\mathrm{R}A^{*}A)d\lambda_{n}(A)$ .

Then $\nu_{n}$ induces the probability measure $\overline{\nu}_{n}$ on $\mathbb{C}^{n}$ (the space of eigenvalues). Ac-
cording to [Me, 15.1, A32, A35], the joint probability density of $\overline{\nu}_{n}$ is

$\frac{1}{Z_{n}}\exp(-n\sum_{i=1}^{n}|\zeta i|^{2})_{i}\prod_{<j}|\zeta i-\zeta_{j}|2$
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with respect to $d\zeta_{1}$ $‘*\cdot d\zeta_{n}$ ( $d\zeta_{i}$ is the Lebesgue measure on the plane), while this
derivation is a bit more difficult than the selfadjoint case in Sec. 3. Here

$z_{n}= \pi n-n(n-1)/2+n\prod_{j=}nj!n1$

and

$\lim_{narrow\infty}\frac{1}{n^{2}}\log Zn=-\frac{3}{4}$ .

Although the Gaussian random matrix $X(n)$ given above is far from normal and
cannot be diagonalized, one can consider its empirical eigenvalue distribution. A bit
more generally, for each $n\in \mathbb{N}$ let $\nu_{n}$ be a probability measure on $M_{n}(\mathbb{C})$ invariant
under unitary transformations, and assume that the induced measure $\overline{\nu}_{n}$ on $\mathbb{C}^{n}$ has
the joint probability density

$\frac{1}{Z_{n}}\exp(-n\sum_{i=1}^{n}|\zeta i|^{2})i-\prod_{<j}|\zeta i\zeta j|2\beta$ ,

where $\beta>0$ is fixed. Define $\Lambda_{n}$ : $M_{n}(\oplus)arrow \mathcal{M}(\mathbb{C})$ by

$\Lambda_{n}(A)=\frac{1}{n}\sum_{i=1}\delta n\lambda:(A)$ ,

where $\lambda_{i}(A)$ are the eigenvalues of $A$ . The empirical eigenvalue distribution $P_{n}$ on
$\mathcal{M}(\mathbb{C})$ corresponding to $\nu_{n}$ is given by

$P_{n}(\Gamma)=\nu n(\Lambda_{n}-1\tau)=\overline{\nu}_{n}(\{(\zeta_{1}, \ldots, \zeta_{n})\in\oplus^{n}$ : $\frac{1}{n}\sum_{i=1}^{n}\delta_{\zeta}i\in\Gamma\})$

for every Borel set $\Gamma$ of $\mathcal{M}(\mathbb{C})$ .

Then we have the large deviation theorem for $\{P_{n}\}$ as follows.

Theorem 4.1. With the above $a\mathit{8}sumptions$,

$\lim_{narrow\infty}\frac{1}{n^{2}}\log Z_{n}=\frac{\beta}{2}\log\beta-\frac{3\beta}{4}$ ,

and $\{P_{n}\}$ satisfies the $LDP$ in the scale $n^{-2}$ with good rate function

$I( \mu)=-\beta\Sigma(\mu)+\int|\zeta|^{2}d\mu(\zeta)+\frac{\beta}{2}\log\beta-\frac{3\beta}{4}$ on $\mathcal{M}(\mathbb{C})$ .

Furthermore, the uniform $distr\cdot ibution$ on the $di\mathit{8}k\{\zeta\in\oplus : |\zeta|\leq\sqrt{\beta}\}$ is a unique
minimizer of $I$ .
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$\phi(\zeta, \eta)=-\beta\log|\zeta-\eta|+\frac{1}{2}(|\zeta|^{2}+|\eta|^{2})$ for $\zeta,$ $\eta\in \mathbb{C}$ .

Then $\phi(\zeta, \eta)$ is bounded below and

$- \beta\Sigma(\mu)+\int|\zeta|^{2}d\mu(\zeta)=\iint\phi(\zeta, \eta)d\mu(\zeta)d\mu(\eta)$ for $\mu\in \mathcal{M}(\mathbb{C})$ .

The following lemma can be proved in the same way as Lemmas 3.2 nad 3.3.

Lemma 4.2.

$\lim_{narrow}\sup_{\infty}\frac{1}{n^{2}}\log z_{n}\leq-\inf_{\in\mu\lambda 4(\mathrm{c})}\int\int\phi(\zeta, \eta)d\mu(\zeta)d\mu(\eta)$

and for every $\mu\in \mathcal{M}(\mathbb{C})$ ,

$\inf_{G}\{\lim_{narrow}\sup\frac{1}{n^{2}}\log Pn(c)\}\infty$

$\leq-\iint\phi(\zeta, \eta)d\mu(\zeta)d\mu(\eta)-\lim_{arrow n}\inf\frac{1}{n^{2}}\infty\log Zn$ ,

where $G$ runs over a neighborhood base of $\mu$ .

Lemma 4.3. For every $\mu\in \mathcal{M}(\mathbb{C})$ ,

$\lim_{narrow}\inf\frac{1}{n^{2}}\log z_{n}\infty\geq-\iint\phi(\zeta,\eta)d\mu(\zeta)d\mu(\eta)$

and

$\inf_{G}\{\lim_{narrow}\inf\frac{1}{n^{2}}\log Pn(c)\}\infty$

$\geq-\int\int\phi(\zeta, \eta)d\mu(\zeta)d\mu(\eta)-\lim_{arrow n}\sup_{\infty}\frac{1}{n^{2}}\log Zn$ ,

where $G$ runs over a neighborhood base of $\mu$ .

Proof. First, a suitable smoothing process can be performed as in the proof of
Lemma 3.4. So we may assume that $\mathrm{s}\mathrm{u}\mathrm{p}\mathrm{p}(\mu)=[a, b]\cross[c, d]$ and $\mu$ has a continuous
density $f$ on $[a, b]\cross[c, d]$ satisfying $\delta\leq f\leq\delta^{-1}$ for some $\delta>0$ . For each $n\in \mathbb{N}$ let
$m=[\sqrt{n}]$ . Let $a=x_{0}<x_{1}<\cdots<x_{m}=b$ be such that

$\mu([X_{i1,i}-X]\cross[c, d])=\frac{1}{m}$ $(1\leq i\leq m)$ .

Noting $m^{2}\leq n\leq m(m+2)$ we can choose $c=y_{i},0<y_{i,1}<\cdots<y_{i,l}:=d$ for
$1\leq i\leq m$ such that $m\leq l_{i}\leq m+2,$ $\sum_{i=1}^{m}l_{i}=n$ , and
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$\mu([_{X_{i}}-1,Xi]\cross[y_{i},j-1,y_{i},j1)=\frac{1}{ml_{i}}$ $(1 \leq i\leq m, 1\leq j\leq l_{i})$ .

Arrange $n$ pieces of rectangles $[xi-1, xi]\cross[y_{i,j-}1,y_{i,j}]$ as

$R_{i}^{(n)}=[a_{i}^{(n)\mathrm{t}n)}, b_{i}]\cross[C_{i}(n),d(n)i]$ $(1\leq i\leq n)$ .

Also let
$S_{i}^{(n)}=[(2a^{()}iin+b^{(}n))/3, (a^{(}+2n)b^{(}n))ii/3]\cross[(2c_{i}^{(n}+d_{i}^{()(n)(n})n)/3, (c_{i}+2d)i/)3]$ .

Then we get

$\lim_{narrow\infty}\{1\leq i\mathrm{m}\mathrm{a}\mathrm{x}\leq n\mathrm{d}\mathrm{i}\mathrm{a}\mathrm{m}(R_{i}n))(\}arrow 0,$
(41)

$\int_{s^{(n)}R^{1}}.\cdot d\zeta=\frac{1}{9}\int.\cdot n)\frac{\delta}{9}d\zeta\geq\int R.\cdot n)f((\zeta)d\zeta\geq\frac{\delta}{9m(m+2)}\geq\frac{\delta}{27n}$
$(1\leq i\leq n)$ .

Define

$\Delta_{n}=\mathrm{t}(\zeta_{1}, \ldots, \zeta n)\in \mathbb{C}^{n}$ : $\zeta_{i}\in S_{i}^{(n)},$ $1\leq i\leq n$}.

For any neighborhood $G$ of $\mu$ , it is easy to check that

$\Delta_{n}\subset\overline{G}=\{(\zeta_{1}, \ldots, \zeta n)\in \mathbb{C}^{n}$ : $\frac{1}{n}\sum_{i=1}^{n}\delta\zeta:\in G\}$

for all $n$ large enough. For such $n$ we have

$P_{n}(G)\geq\overline{\nu}_{n}(\Delta_{n})$

$\geq\frac{1}{Z_{n}}\int\cdots\int_{\Delta_{\mathfrak{n}}}\exp(-n\sum_{=i1}^{n}|\zeta i|^{2})i|\prod_{<j}\zeta i-\zeta j|2\beta d\zeta_{1}\cdots d\zeta n$

$\geq\frac{1}{Z_{n}}\exp(-n\sum_{i=1}^{n}(_{\zeta\in S^{(}}\max.\cdot|\zeta i|n))_{P}^{2})$

$\cross\prod_{i<j}(_{\zeta\dot{.}\in}\epsilon s^{(n},\eta Sn)-\min_{)(,j}|\zeta\eta|)^{2}\beta 1\int\cdots\int_{\Delta}nd\zeta\cdots d\zeta_{n}$

$\geq\frac{1}{Z_{n}}(\frac{\delta}{27n})^{n}\exp(-n..\sum^{n}(_{\zeta}i=1\in S(.\cdot n)\zeta\max|i|\mathrm{I}^{2..\cdot 2\beta})i<\prod(j\zeta\in S.(n),S\eta\in|\dot{\mathrm{m}}\mathrm{n}\zeta \mathrm{j}\mathrm{t}n)-\eta|\mathrm{I}$

So, to obtain the required inequalities, it suffices to show that

$\lim_{narrow\infty}\frac{1}{n}\sum_{1i=}^{n}(_{\zeta\in S^{(\mathfrak{n})}}\max.\cdot|\zeta_{i}|\mathrm{I}2=\int|\zeta|2f(\zeta)d\zeta$ (4.2)

and
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$\lim_{narrow}\inf\frac{2}{n^{2}}\sum_{i<}\infty \mathrm{o}j\mathrm{l}\mathrm{g}(_{\zeta}\epsilon S.\cdot n)\min_{\langle s^{(’)}\eta\in \mathrm{j}\iota},|\zeta-\eta|)\geq\iint f(\zeta)f(\eta)\log|\zeta-\eta|d\zeta d\eta$ . (4.3)

But (4.2) is clear ffom (4.1). We get

$\int\int f(\zeta)f(\eta)\log|\zeta-\eta|d\zeta d\eta$

$\leq 2\sum_{i<j}\int_{R^{(n)}}.\cdot\int_{R_{\mathrm{j}}^{(n)}}f(\zeta)f(\eta)\log|\zeta-\eta|d\zeta d\eta$

$\leq 2\sum_{i<j}\log(_{\zeta.,R_{\mathrm{j}}^{(}}\in R^{(\mathfrak{n}}.\eta\in-\mathrm{m}\mathrm{a}\mathrm{J}\mathrm{C}|\zeta\eta|)\mathfrak{n}))\int R(.\cdot n)\zeta f()d\zeta\int R^{(}n)\eta \mathrm{j}f()d\eta$ .

Since

$\zeta\in R^{()}.\cdot,\eta\in R\max_{n(n)}|\mathrm{j}\zeta-\eta|\leq \mathrm{c}\mathrm{o}\mathrm{n}\mathrm{S}\mathrm{t}\cdot.\cdot$$\min_{n,\zeta\in S^{(}n)\eta\in S_{\mathrm{j}}^{()}},|\zeta-\eta|$

and for any $\epsilon>0$

$n arrow\infty 1\dot{\mathrm{m}}\frac{2}{n^{2}}\neq\{(i,j)$ : $i<j, \dot{.}\max_{n)\in R\mathrm{t}\mathfrak{n})},|\zeta-\eta|\leq(1+\epsilon).\cdot\min_{) ,\eta\in s_{\mathrm{j}}^{(}n},|\zeta-\eta|\}\zeta\in R(\eta \mathrm{j}\zeta\in S(n)=1$ ,

we have

$\lim_{narrow}\sup_{\infty}\{\int\int f(\zeta)f(\eta)\log|\zeta-\eta|d\zeta d\eta-\frac{2}{n^{2}}\sum_{i<j}\log(_{\zeta.,\eta\in S}\epsilon s^{(\mathfrak{n}}.)\min_{n() ,\mathrm{j}}|\zeta-\eta|\mathrm{I}\}$

$\leq\lim_{narrow}\sup_{\infty}\frac{2}{n^{2}}\sum_{i<j}\log(\frac{\max_{\zeta.\in R_{\mathrm{j}}}\in R^{(n)},\eta(_{\mathrm{B}})|\zeta-\eta|}{\min_{\zeta\in S^{()},\eta\in S}\mathfrak{n}\langle \mathrm{n})|\zeta,\mathrm{j}-\eta|}\dot{.}.)=0$,

implying (4.3). $\square$

End of proof of Theorem 4.1. Lemmas 4.2 and 4.3 imply as in Sec. 3 that the finite
limit $B= \lim_{narrow\infty^{n^{-2}\mathrm{l}z}}\mathrm{o}\mathrm{g}n$ exists and $\{P_{n}\}$ is exponentially tight, so that $\{P_{n}\}$

satisfies the LDP with good rate function

$I( \mu)=-\beta\Sigma(\mu)+\int|\zeta|^{2}d\mu(\zeta)+B$ .

So there exists $\mu_{0}\in \mathcal{M}(\mathbb{C})$ such that $I(\mu_{0})=0$ . But (6) in Sec. 1 says that $\mu_{0}$ must
be equal to the uniform distribution on $\{\zeta\in \mathbb{C}:|\zeta|\leq\sqrt{\beta}\}$ (i.e. $\lambda_{\sqrt{\beta}}^{(2)}$ in notation of
(6) in Sec. 1) and

$B= \beta\Sigma(\mu 0)-\int|\zeta|^{2}d\mu_{0}(\zeta)$

$= \beta(\log\sqrt{\beta}-\frac{1}{4})-\frac{\beta}{2}=\frac{\beta}{2}\log\beta-\frac{3\beta}{4}$ ,
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completing the proof of the theroem. $\square$

When $\beta=1$ , the projection of the above $\mu_{0}$ to the real or imaginary axis is
the semicircle law $w_{1}$ . On the other hand, the limit distribution of standard non-
slefadjoint Gaussian random matrices $X(n)$ is the distribution of a circular element
$X$ with radius 2, and the distributions of $(X+X^{*})/2$ and $(X-\mathrm{x}^{*})/2\mathrm{i}$ are $w_{\sqrt{2}}$ . So
the limit distribution through the eigenvalue distribution is the $1/\sqrt{2}$-compression
of the “real” limit. This is not strange because $X(n)$ is non-normal and the sectral
radius is smaller than the operator norm.

Let $\mathcal{M}$ be a von Neumann algebra with a faithful normal tracial state $\tau$ . For
any (non-normal) element $X\in \mathcal{M}$ one can associate a kind of “spectral measure”
$\mu_{X}$ called the Brown measure for $X$ . A noteworthy result in [Lar] is that the Brown
measure of a circular element is the uniform distribution on the unit disk. This seems
natural in view of Theorem 4.1.

5. LDP for unitary random matrices

An $n\cross n$ untiary random matrix is a $\mathcal{U}(n)$ -valued random variable on a prbability
measure space. Rom the probability-theoretic viewpoint, this is equivalent to giving
a probability measure $\nu_{n}$ on $\mathcal{U}(n)$ itself. When $\nu_{n}$ is invariant under unitary trans-
formations, it induces the probability measure $\overline{\nu}_{n}$ on $\prime \mathrm{r}^{n}$ (the space of eigenvalues).
Then we have the empirical eigenvalue distribution $P_{n}$ such that

$P_{n}(\Gamma)=\nu_{n}(\{U\in \mathcal{U}(n)$ : $\frac{1}{n}\sum_{i=1}n\delta\lambda:(U)\in\Gamma\})$

$=\overline{\nu}_{n}(\{\zeta\in \mathrm{T}^{n}$ : $\frac{1}{n}\sum_{1i=}^{n}\delta_{\zeta}:\in\Gamma\})$

for every Borel set $\Gamma$ of $\mathcal{U}(n)$ .

Now let $Q(\zeta)$ be a real continuous function on $\prime \mathrm{r}$ and for each $n\in$ IN set a
probability measure $\nu_{n}$ on $\mathcal{U}(n)$ as

$\nu_{n}=\frac{1}{Z_{n}},$ $\exp(-n\mathrm{n}Q(U))d\lambda_{n}(U)$ ,

where $\lambda_{n}$ is the Haar probability measure on the compact group $\mathcal{U}(n)$ . It is known
[Me, 9.4, 10.1] that the induced measure $\overline{\lambda}_{n}$ on $\prime \mathrm{r}^{n}$ has the following joint density
with respect to $d\zeta_{1}\cdots d\zeta_{n}$ where $d\zeta_{j}=d\theta_{j}/2\pi(\zeta_{j}=e^{\mathrm{i}\theta_{\mathrm{j}}})$:

$\frac{1}{n!}\prod_{i<j}|\zeta i^{-}\zeta j|^{2}=\frac{1}{n!}\prod_{i<j}|e-\mathrm{i}\theta:e\dot{g}|^{2}\mathrm{i}\theta$

Hence the probability density of $\overline{\nu}_{n}$ with respect to $d\zeta_{1}\cdots d\zeta_{n}$ is given by
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$\frac{1}{Z_{n}}\exp(-n\sum^{n}Qi=1(\zeta i))\prod_{i<j}|\zeta_{i}-\zeta_{j}|2$ ,

where $Z_{n}=n!Z_{n}’$ is a normalization constant.

Then we have the LDP for $\{P_{n}\}$ as follows.

Theorem 5.1. The finite limit $B= \lim_{narrow\infty^{n^{-2}\mathrm{l}}}\mathrm{o}\mathrm{g}Z_{n}=\lim_{narrow\infty^{n^{-}}}2\log Z_{n}$’ exists
and $\{P_{n}\}$ satisfies the $LDP$ in the scale $n^{-2}$ with good rate function

$I( \mu)=-\Sigma(\mu)+\int_{\Gamma}Q(\zeta)d\mu(\zeta)+B$ on $\mathcal{M}(’\mathrm{F})$ .

Furthermore, there exists a unique $\mu_{0}\in \mathcal{M}(\mathrm{T})$ such that $I(\mu 0)=0$ .

This can be proved more or less similarly to Theorems 3.1 and 4.1, while we will
present the details elsewhere. Below we just remark a few points.

1o Since $\mathbb{T}$ is compact, the weak topology on $\mathcal{M}(\mathbb{T})$ is the weak* topology and
hence the tightness of $\{P_{n}\}$ is automatic.

$2^{\mathrm{O}}$ For every $k\in \mathbb{Z}$ and $\epsilon>0$ choose a weak* neighborhood $G$ of $\mu 0$ by

$G=\{\mu\in \mathcal{M}(^{\iota}\Gamma) : |\mu(\zeta k)-\mu_{0}(\zeta^{k})|<\epsilon\}$ .

Then the LDP of $\{P_{n}\}$ says in particular that

$P_{n}(G^{c})=\nu_{n}(\{U\in u(n)$ : $| \frac{1}{n}\sum_{i=1}^{n}\lambda i(U)k-\mu 0(\zeta k)|\geq\epsilon\})arrow 0$ as $narrow\infty$ ,

so that

$\tau_{n}(U)^{k}=\int\frac{1}{n}\sum_{i=1}^{n}\lambda i(U)kd\nu n(U)arrow\mu_{0}(\zeta^{k})$ as $narrow\infty$ .

This means that the mean spectral density of the $n\cross n$ unitary random matrix
distributed according to $\nu_{n}$ converges to $\mu_{0}$ as $narrow\infty$ . In this way we obtain a
rather general Wigner type theorem for unitary random matrices.

$3^{\mathrm{o}}$ A by-product of Theorem 5.1 together with Theorem 1.1 is that if $Q$ is a
continuous real function on $\mathrm{T}$ , then

$\lim_{narrow\infty}\frac{1}{n^{2}}\log\int\cdots\int_{\mathrm{p}}n\exp(-n\sum^{n}Q(\zeta i))i=1i<j|\square \zeta_{i}-\zeta j|2d\zeta_{1}\cdots d\zeta_{n}$

exists and it is equal to
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$\mu\in\lambda 4(\max_{\Gamma)}r\{\Sigma(\mu)-\int Q(\zeta)d\mu(\zeta)\}$ .

Finally we give two examples of the LDP for unitary random matrices corre-
sponding to (7) and (8) in Sec. 1.

Example 5.2. For each $\alpha\in \mathbb{C},$ $|\alpha|<1$ , let $Q(\zeta)=\log|\zeta-\alpha|^{2}(\zeta\in\prime \mathrm{r})$. Then the
probability measure $\nu_{n}$ on $\mathcal{U}(n)$ is given as

$\nu_{n}=\frac{1}{Z_{n}’}\frac{d\lambda_{n}(U)}{\det|U-\alpha I|2n}$ .

Hence

$\overline{\nu}_{n}=\frac{1}{Z_{n}}\frac{\prod_{i<j}|\zeta_{i^{-}}\zeta_{j}|^{2}}{\prod_{i=1}^{n}1\zeta_{i^{-\alpha|}}2n}d\zeta_{1}\cdots d\zeta_{n}$.

If $P_{n}$ is the empirical eigenvalue distribution of the associated umitary random matrix,
then Theorem 5.1 and (7) in Sec. 1 say that $\{P_{n}\}$ satisfies the LDP with rate function

$I( \mu)=-\Sigma(\mu)+\int\log|\zeta-\alpha|^{2}d\mu(\zeta)-\log(1-|\alpha|2)$ on $\mathcal{M}(^{\prime \mathrm{r}})$ ,

and the Poisson kernel measure $p_{\alpha}$ is a umique minimizer of $I$ . Also we have

$\lim_{narrow\infty}\frac{1}{n^{2}}\int_{\mathcal{U}(n)}\frac{d\lambda_{n}(U)}{\det|U-\alpha I|2n}=-\log(1-|\alpha|^{2})$ .

It does not seem easy to directly compute the above asymptotic limit of integrals.
In particular when $\alpha=0$ , the eigenvalue distribution of a unitary random matrix
distributed according to the Haar measure on $\mathcal{U}(n)$ (called a standard unitary random
matrix) converges to the Haar measure on T.

Example 5.3. For $\lambda>0$ let $Q( \zeta)=-\frac{2}{\lambda}{\rm Re}\zeta(\zeta\in \mathrm{T})$ . Then $\nu_{n}$ on $\mathcal{U}(n)$ is

$\nu_{n}=\frac{1}{Z_{n}},$ $\exp(\frac{n}{\lambda}\mathrm{n}(U+U^{*}))d\lambda_{n}(U)$ ,

and $\overline{\nu}_{n}$ on $\mathrm{I}^{1n}$ is

$\overline{\nu}_{n}=\frac{1}{Z_{n}}\exp(\frac{2n}{\lambda}\sum_{i=1}^{n}\cos\theta i)\prod_{i<j}|e^{:\theta}-e^{\mathrm{i}\theta}\mathrm{j}|2d:\theta 1\ldots d\theta_{n}$.

By Theorem 5.1 and (8) in Sec. 1, the associated sequence of empirical eigenvalue
distributions satisfies the LDP with rate function

$I( \mu)=-\Sigma(\mu)-\frac{2}{\lambda}\int{\rm Re}\zeta d\mu(\zeta)+B$ on $\mathcal{M}(’\Gamma)$ ,
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where

$B=$ $\mathrm{i}\mathrm{f}\lambda<2\mathrm{i}\mathrm{f}\lambda\geq 2,$

’

and $\rho_{\lambda}$ is a unique minimizer of $I$ . Incidentally, we have

$\lim_{narrow\infty}\frac{1}{n^{2}}\log\int u(n)\exp(\frac{n}{\lambda}?\mathrm{P}(U+U^{\mathrm{s}}))d\lambda_{n}(U)=B$ ,

which was calculated in [GW].
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