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Cuntz ® Canonical Endomorphism ® T k2 E—{z 2\ T
KBEERY KH £92 (Marie CHODA)

Cuntz 8 O,, AT % {S;}7, & L7zF, P78 Cuntz @ canonical endomor-
phism & X,

o(z) =) SixS;, (z€0,)
=1

CE-T, EEEND,

Voiculescu ® topological entropy i%, nuclear C*-58? automorphism 2%} L T,
BRSNS THLID, TOEHEL., ZZTHVAHHEIZ, &@ﬁ%%%@ii
HHAT5FIZL Y, *endomorphism IZX L TH. AZTH B, :

Z ZCiX. Cuntz @ canonical endomorphism & ® (,, ® unique log n-KMS
state ¢ IZ%9" % Connes-Narnhofer-Thirring > entropy hg(®) &. Voiculescu
topological entropy ht(®) & DED, ROBEFBEERET S -

hs(®) = ht(®) = logn.

ZOFEA EEARNCR TRV F T, n xn 1758 OERT VI LHE A O shift
automorphism a,, IZXf LT, A X4, Z @ implimenting unitary % u & U728,

h-(Ad,) = ht(Ad,) = logn
LEXIETHENTED, AL, 71X A Xy, Z O tracial state TH 5,

2. Preliminaries _
2.1. Let Hy be a Hilbert space of dimension 1 < co. Put H;=Hy, i €Z. For
two integers ¢ and j with ¢ < j, we put

H[z,J] - H ®Hz+1 ® - ® H

Let {6(¢) : ¢ = 1,...,n} be an orthonormal basis of Ho The emmbeddmg Hj j) —
Hi;_1 jy1) is given by §€ Hyj — 6(1)®E®6(1) € Hi—q,j+1)- We denote by H;
the inductive limit of {H};;4j; : 7 = 0,1,...} and by H the inductive limit of the
incleasing sequence {H; : ¢ =0,—1,...}.

Given k,l € Z k <, let ‘

Wiy ={n= (s~ ) s i € {1, ,n}, (k<i<D}
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Let p€ Wi, and v € W, .- We put

pov=(fks "+ 1, V141, 1 Vim)-

Further, let
W(;L = {0}, [1(7'),00] = U?;OW[’OL,k] and W:o = Uz?_—omrik’k]-

The shift o : 4 € Z — i 4 1 induces the mapping on W72, which we denote by
the same notation a.

For u € W'[',:,l], we put

6(p) = 6(pk) ® - -- ® (1) € Hiy.

Then {6(u) : u € (¢ 4} is an orthonormal basis in Hi . _

Let Ap = B(Ho) and {e(i,j) : i, = 1,...,n} be the matrix unit of Ay with
respect to the orthonormal basis {6(¢) : ¢ = 1,...,n}. We denote the trace (1/n)Tr
of Ag by 79. Put A; = Ao, (i € Z) and 7; = 7¢. For two integers i < j, let

A[z‘,j] = A,,, ®Ai+1 ®--- ®Aj.
For p,v € VV[Z,I]’ we put
e(u,v) = e(ur, k) ® - - @ e(py, v1) € Ay

Then {e(u,v) : p,v € T/'V[’,z’l]}_is a matrix units of Ay ;.

2.2. We apply the entropy of Coﬁnes—Namhofer—Thirring and Voiculescu’s topo-
logical entropy to both of automorphisms and unital *-endomorphisms on C*-
algebras. To fix notations, we recall the definition of the topological entropy. Let B
be a nuclear C*-algebra with unity. Let CAP(B) be triples (p, 7, C), where C is a
finite dimensional C*-algebra, and p : B — C and 7 : C — B are unital completely
positive maps. Let Q be the set of finite subsets of B. For an w € Q, put

rep(w; 6) = inf{rank C': (p,n,C) € CAP(B), |- p(a) - a|| < 6,;a € B},

where rank C means the dimenéion of a maximal abelian self-adjoint subalgebra of

C. For a unital *-endomorphism 3 of B, put

ht(8,w 36) = Jim < logrep(w U fw)U---U AN (w);0)



ht(B,w) = sup ht(B,w; 6).

Then the topologlca.l entropy ht(03) of 3 is defined by
ht(B) = sup ht(8,w).
we

Assume that there exists an increasing sequence (w;);en of finite subsets of B such
that the linear span of Ujen wj is dense in B. Even in the case of *-endomorphisms
which are not automorphisms, by the obvious analogoues of [V : 4.3 Proposition],

ht(-) is obtained as the following form which we use later:
ht(B) = sup ht(B, w;).
JEN

Let ¢ be a state of B with ¢ - 3 = ¢. The essential relation between ht(3) and
Connes-Narnhofer-Thirring entropy hy(0) is by [V: 4.6 Proposition]

hg(B) < ht(B).

3. Entropy of Cuntz’s canonical endomorphism
3.1. To compute the entropy of ®, we recall some of the representation for the
Cuntz algebra O, as a crossed product in [Cul], (cf., [Ch2, I2, P, R]). We use the

same notations as in §2.1.

For a j € Z, A; is given as the infinite tensor product:

Aj =) A;.
i=j

Define embeddings
Aj — Aj-j — Aj_z e
by z € A; — e(1,1) ®x € Aj—;. The inductive limit of this sequence is denoted
by A. Since two embeddings A; < A;j_; and H; — H;_; are compatible, we can
consider A acting faithfully on H.

The automorphism ¢ of A is induced by the shift a : i(€ Z) — i + 1. Then the
crossed product A X, Z acts faithfully on the Hilbert space

K=Y @
1€EZ
where u is the implimenting unitary in A X, Z for the a.utoniorphism o of A. Let

p be the unit of Ay C A X, Z and put

w = up.
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We remark u/p = w?.

Then Cuntz algebra O, is reresented as p(A X, Z)p, which is the C* subalgebra
C*(Ap, w) of (Ax,Z) generated by {Ag, w}. There exists a conditional expectation
E of C*(Ag,w) onto Ag with F(wi) = 0 for all j = 1,2,--- . The unique tracial
state 7 of Ag is extended to the state ¢ of C*(Ag,w) by ¢ = 7 - E. Then ¢ is the
unique log n-KMS state of C*(Ag, w) ([DP)).

3.2. Since |
o (p)(H) =H;, jEL,

the algebra p(A X, Z)p is acting faithfully on

pK = Z @ ’U;zH_,

1€Z

The restriction 0|4, of o to Ap is the one sided non commutative Bernoulli shift.
Cuntz’s canonical inner endomorphism ® of (,, is nothing but the extension of |4,
to the Cuntz algebra C*(Ap, w) which maps

a—o0(a), (ae Ay), and w— vw,

where

v=2_e((:1), (1)) € Ap,u,

([Cu2], cf. [Ch2)).

3.3. Let k,m € N. We define

.
K(k,m)= > Pu'H_itim

l=—k

and we denote the orthogonal projection of K onto K (k,m) by Q(k, m). The set
{wé(p): k< j<k pec Wi, _jtm)} is an orthonomal basis of K(k,m). We
denote by E((j, 1), (I,v)) the partial isometry in B(K (k,m)) such that

E((.?a l'l’)a (l,V)) : ul6(y) - ’U,J6([1,), (p’ € W[vij,—j_}-m]) v e ‘/V['Zl,—l-{—m])'
Then the set
g(ka m) = {E((Ja /‘L)a (l,l/)) i —k < j7 1< k’ K€ ‘/V[”ij,—j+m]’ ve I/V[’ril,—-l+'rn]}

is a matrix units of B(K(k,m)).



3.4. Let k,m € N. We define the completely positive unital linear map
Prm 2 P(A Xo Z)p — B(K (k,m))

by
rm(z) = Q(k, m)mQ(k,m)lK(k,m)-

For two integers a and b with a < b, we let
wap = {e(,)w? :0<j<a and pve Wint
35 We define the ]jneai_map
Prem : B(K (k,m)) — p(A %, Z)p

by

¢k,m(E((j) p’)7 (la V)) = 2k +1

for E((7, ), (I,v)) € E(k,m). Then we have that )y, ,,, is a unital completely positive
map. Since u/p = w?, we have

p’ e(u, v)u*lp,

2% —j+1

. 7)) =
'@bk,m on,m(e(.u’) V)’U) ) 2k+1

e(u, v)uw’,
for all e(u, v)w? € Wap, @ < kand b < m.

Applying Voiculescu’s definition of topological entropy to these completely pos-
itive maps and the above increasing sequence of finite sets (Wa,b)a,b, We have the

following Theorem.

3.6. Theorem. Let ® be Cuntz’s canonical inner endomorphism of Or,. Then

ht(®) = logn.

3.7. Corollary. Let ¢ be the unigque logn-KMS state of O,,. Then

hy(®) = logn.

Proof. Let 7 be the unique tracial state of A4, and E be the conditional expectation
of p(A x5 Z)p onto Ao, then ¢ =7 - E. Hence ¢ - & = ¢. This relation implies, by
the endomorphism version of [V: 4.6 Proppsition],

logn = h,(0|Ap) < hy(P) < ht(P) =logn.
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Therefore hy(®) =logn. O
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