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On a class of nonlinear elliptic systems

Ph. Clément (TU Delft)
E. Mitidieri (Univ. Trieste)

In this survey paper we present some recent results concerning semilinear
and quasilinear elliptic systems of the form:

Auv = f(u,v)
(1) : B:L) = g(u,v)

where A and B are (possibly nonlinear) second-order elliptic operators and
f,g are given functions satisfying f(0,0) = ¢(0,0) = 0. We also assume
A0 = B0 = 0. Our main structural assumption on the nonlinearities f and
g is the existence of a function H : R? — R sufficiently smooth such that

flu,v) = ),
u,v € R,

g(u,v) = L(u,v).

Moreover we suppose that the operators A and B are invertible (in appropri-
ate function spaces) with monotone (in the sense of order) inverse. Assuming
f(u,v) > 0 and g(u,v) > 0 for u,v >0, it is natural to look for positive solu--
tions to (1). In the first section we shall use a variational approach and in the
'second section degree arguments together with a priori estimates for positive -
solutions are used for obtaining existence of nontrivial positive solutions. -

1. The variational case. :
As a first model problem we consider functions H of the form:

; 1
2 H(u,v) = —— v/t + —
© (9) = g PP o
with p,q > 0, and as operators A, B, the negative Laplacian operator on a
bounded domain of RV with zero Dirichlet boundary conditions. We obtain
the Lane-Emden type system

|, wveR

3) { —Au= |vfPsignv inQ, u=0 on o,

—Av=|ulfsignu inQ, v=0 on 0.



133

This system has been studied by many authors [15], [25], [3], [20].

Existence of positive solutions of (3) can be obtained by using the following
abstract result. Let (X, p) be a o-finite measure space, let X,Y be two real
Banach spaces such that X (resp. Y) is continuously imbedded in Li+!(%)
(resp. LP*(X)) for some p,q > 0.

Let A (resp. B) be a linear isomorphism from X onto L!*1/P(%) (resp Y
onto L'*1/4(%) satisfying A~1g > 0 whenever g € L1*1/7(%), g > 0.

We consider the system

Au = ¢(v), in¥,
(4) Bu = ¢,u), i,

where ¢,(t) = |t| sign}t, teR,r>0.
Inverting the nonlinearity in the first equation; we obtain

(5)  Boip(Au) = §y(u), in T,

In analogy with the case p = 1, we call problem (5) sublinear if ¢ < ,% and

superlinear if ¢ > %. In case pg = 1, it is natural to look instead at the

eigenvalue problem

(6) { Bgg(Au) = Agg(u), with A >0,

qﬁq (u) = 1
Observe that in this generahty problems (4), (5), (6) have no variational

structure.
However if the following condition is satisfied

(7) /Au-vdu:/u-Bvdu,VuEX,VvEY,
T | =
then a positive solution of (5) is a critical point of the functional
1) i= Al ) — ot 551
)= Tl ~ T 10" o

If pg < 1, the functional I : X — R is bounded from below. In this paper
we are mamly interested in the superlinear case pg > 1 or equlvalently
1 1

8 1> + .
®) p+1 q+1
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The functional I : X — R is C! and satisfies "P.S.” condition if pg # 1 and
(99 ~ the imbedding of X into L'*%(X) is compact.

By using the Mountain pass theorem of Ambrosettl-Rabmomtz in the super—
linear case one obtains

Proposition 1. [4] [5] |
Under the above conditions, if either pg < 1 or pq > 1, system (4) possesses
at least one nontrivial solution with positive components (u,v) in X x Y.

Returning to the case of Lane-Ernden system (3), we notice that if Q has a
C? boundary and

X = W2,1+1/p(Q) A W01,1+1/P(Q),
Y = W2,1+1/q(9) N W()1’1+1/q(Q),
Au= —-Au, u € X,
Bv=—-Av, veY,
then the assumptions of proposition 1 are satisfied provided that
1 1 N -2
prl g1l N
(no conditions on p,q > 0, when N = 1,2).
Condition (10) implies the compactness condition (9). Using a bootstrap
argument and condition (10) again, one obtains (3] bounded positive solutions
and if the boundary is C*?, classical positive solutions.
Observe that in the special case when Q = {x € RV;0 < r < ||z||; < R}, then
the compactness condition is always satisfied provided we restrict ourselves
to radially symmetric functions.
If instead of considering the Laplacian operator for A, we choose the heat

operator Au = u; — Au with approprlate domain, we obtam an unbounded
Hamiltonian system

(10)

, when N >3

(11) =Au+¢p(u), €0, u=0 ondQ,
_”t - Au+@g(u), £€Q, v=0 on .

Looking for positive solutions which are 27-periodic in time, in order to apply
Proposition 1, we need the stronger condition :

1 1 N
12 + > ,
(12) p+1 q+1 N+2
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and T sufficiently large, in order to insure that the solution be not constant in
time. As limit of periodic solutions as the period tends to infinity, we obtam
a smooth homoclinic connection to the origin. More precisely, we have

Theorem 2. [4] [5] -

Let © be a bounded domain of RN with boundary C’z"" Let p,q > 0 with
pq > 1. If condition (12) is satisfied then system (11) possesses a solution
(u,v) € (CY?(R x Q)2 w1th positive components such that lim wu(t,z) =

[t|—o00

|tlll_r’n v(t, ) = 0 uniformly in z € Q.

We conclude this section by mentioning some results concerning the existence
of solutions to (1) by using a variational approach. When the operators A
and B are still the negative Laplacian but the Hamiltonian H is more gen-
eral, an approach based on Benci-Rabinowitz theorem for strongly indefinite
functionals in suitable interpolation spaces has been independently consid-
ered by [14] and [10]. In [7] more general pairs A, B have been investigated
and in [8] a dual approach has been implemented allowing in particular to
relax the smoothness condition on 02 (for bounded solutions).

Variational and Rellich type identities.

A natural question is to know whether conditions (10) and (12) are in some
sense necessary for the existence of positive solutions. The first result in this
direction has been obtained by Pohozaev [21] for system (3) in case p = q.
It is easy to see that if p = g, then u ='v and system (3) reduces to the
equation : :

(13)  _Au=¢yw)inQ, u=0 on 560

By using his famous identity, Pohozaev was able to show among other things
that if ) is star-shaped, then (13) possesses no nontrivial solution if

(14)

which corresponds to the negation of (10) when p = q.

Variational identities have been obtained for more general situations by Po-
hozaev [22], Pucci-Serrin [23] and more recently by van der Vorst [25]. In a
different spirit, Mitidieri [15] developed Rellich type identities also allowing
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to prove nonexistence theorems for systems and showing the criticality of the
hyperbola defined by (10) In [9] the criticality of the hyperbola defined by
(12) is proven. L

2. The nonvariational case.

In [6], the followmg model problem has been 1nvest1gated

(15) o —Aju = ¢p(v) in Q u=0 on 09,
—Agv=¢g(u) inQ, v=0 on ON.

where Aju = div (|Vu|"2Vu) , ¥ > 1, and Q = B = {z € R"; ||z||; <
R}, R > 0. Apart from the case a = 8 = 2, this quasilinear system has no
variational structure. The existence of positive radially symmetric solutions
has been obtained by using a priori estimates together with a degree argument
in the ” superhnear case, that is-

1 > @-1B-1),ap>1

L°° a priori bounds for positive solutions are derived by using a ”blow up”
argument (in the spirit of Gidas-Spruck [13]) producing positive radially sym-
metric solutions on RY (if by contradiction such bounds do not exist) together
with a Liouville type theorem implying that under certain conditions on
a, 3, p, ¢ no such positive solutions on RY can exist. In the case a = 3 = 2,
it has been proved in [15] that no positive radially symmetric solutions exist
in R¥ if condition (10) holds. It is still an open problem in the non-radial
case. Partial results in that direction has been obtained by [11], [16] and [24].
In the non variational case due to the lack of ”variational identities” the
critical curve for (15) is not yet known (even in the radial case). However
using Liouville type theorems for inequalities:

— P i N
(17) { Aju > v in RY,

—Aguv>u?  inRV,

with u,v > 0,
existence results for (15) has been obtained in [6] under the following as-
sumptions: -

(1) | l<a,B<N, pg>0,
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(19) T
off-1)+p8 N-a pla-1)+gqa _N-p
max{ ~@-DB-1) a-1'm-@-D@-1 ﬂ—l}"zo

together with (16). Observe that these conditions for the Liouville type
theorem are optimal in the following sense. If (u,v) are positive solutions to
(17) on RY with u,v € C*(R¥\{0}) N C}(RY), radially symmetric and (18)
holds, then (19) cannot hold. Moreover if v > N and

—Au>0 in RN

with u € C2(RM\{0}) N C*(RY) nonnegative and radially symmetric, then
u is constant. Liouville type theorems for inequalities has been introduced
for the equation case by Ni and Serrin [18], [19]. We recall that for the
inequation :
V—AuZu"mRNmthuzo,

the critical exponent g, = % , for N > 3, which corresponds to the case
a=0f=2and p=yq.

Recently Liouville type theorems for inequalities on RN and on cones for a
broader class of operators A, B and nonlinearities f, g have been established
by several authors [17], [2], [1]

Finally we mention that existence and non existence results for hyperbohc
systems of the form '

Fu—Au= v |
in [0,00) x RY,
02 v——Av— |ul?

have been obtained in [12]
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