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1. Introduction

Let A(p) denote the class of functions of the form

o0}
f(z) 5.zp + ay zk (pelN = (1,2,...}) (1.1)
' ‘ k=p+1
which are analytic in the unit disc U = {(z: |z| < 1}. For

functions fj(z) (j = 1,2) defined by

Z%,  a.
k=p+1

we define‘ﬁhe eonvéiutioﬁhfl* fz(z; éflfunctionsfl(z) ahd

fz(z) by

k

ak,lak,éz"‘
k=p+1

£, * f2(z).=‘zp +

1 (1.3)

Witb the convolution above, we define

P
z
p"*Ple(z) - [———_7;54 * f£(z) (f(z) € A(p)). (1.4)

(1-2)

where n is ‘any inﬁeger greater than -p. We note that

n4p—1 2P (2771 g (2)) (PHP71)
D"TPTlE(z) = , : (1.5)
(n+p-1)1- ' o : 3
The symbol-Dm'p—1 when p = 1_#as'intr9duced}}nr Ruschqweyh

(111, and the symbol DMP~1 4as introduced by Goel and Sohi
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[3]. Therefore. one called the symbol pMPTLlf(z)  the
(n+p-1)-th order Ruscheweyh derivative of f(z). It follows

from (1.5)'that

n+p-1

20™P 2y = (np)D™Pe(z) - 0 D™PTle(z).  (1.6)

In [{3] Goel and Sohi have introduced the class

Dn+pf(z) 1
Kn+p—1 = {f(z) € A(p):Re Dn+p_1f(") > > (1.7)

for n e No =N U {0} and p €« N and proved the theorem:

Kiop € Knppi- C(1.8)

In [10] Soni had the geheralization of Singh and Singh

(9] :

R(n+p) c':R(n+p—1); ' (1.9)

where
. ,{ ; | { D"*Pg(2) } n+p—1}
R(n+p-1) = {f(2) « A(p):Re — > (1.10)
pM*P71g (2) n+p

.Where n is any integer gfééter»than -p.

A function f(2) « A(p) is said to be in the class

Re

(n+p-1,a) if it satisfies the condition
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Dn+pf(z) Dn+p+1

Red (1—«) -
{-_. ‘Dn+p 1

£f(z) '
+ o > (1.11)
£(z) D"*Pe(z) | |

for all z e U, «a 2 0, B < 1, p e N and n is any integer
greater than -p. The class ’Rﬁ(n+p—1,a) was introduced by
Chen and Lan {2]. Also the class Rﬁ(n+p—1;d)'(a >0, 0<%
%. peN, ne No) was studied by Kumar and Reddy [6].

We note that when p = 1, the class Rt(n,a) = M R _(a) was

studied by Al-Amiri (1). Also when p = 1 and 0 £ 3 =< %. the
3

class Rﬁ(h.a)A= T, (@) was studied by Goel and Sohi [3].

2. Main Result

In order to prove our main result, we recall here the

following lemmas:

‘Lemma 1 (Chen and Lan [2])

. For p € N, n is any integer greater than -p and o is

real

1 {[23(n+p+1)—3a]+¥/[23(n+p+1f—3012+8a(n+p+1-a)}
(i) =< <1
2 4 (n+p+l—a)

(2.1)

when

N |-

= £ <1 and ¢ # n+p+l
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1 o |
- (2.2)

Lemma 2 (Miller [7]: Miller and Mocanu [8])

Let #(u,v) be a complex—valued function,.

pi D — C, DecCx C (C is the complex plane),.

and let u = u,+ iuz, Vo= gt ivz. Suppose that the function

e(u,v) satisfies the following conditions:

(i) e(u,v) 1is continuous in D;

(ii) (1,0) e D and Re{e(1,0)} > O;
(iii) Re{p(iu,.v;)} = 0 for all (iu,.v,) € D such that
(1+u§)
< -
Vl— _——

2

Let g(z) =1 + q, z + d, 22 + 7.77be regular in the unit
disc U, such that (q(z).zq'(z)) € D for all z « U. If

Re{P(q(z),zq'(z))} >0 (z € U),

then

Re{q(z)} >0  (z eU).

Applying Lemma 2, we derive the following:
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Theorem 1. Let the function f(z) defined by (1.1) be in

the class Rﬁ(n+p~1,d) (n > —-p, a is real), then

{-Dn+pf(z)
Re
Dn+p—1f(z)

}'> y(a.B,n,p) (zeU), (2.3)

where

(23 (n+p+1)-3a]+7 (28 (n+p+1)-3c] 248a (n+pl—a)

4(n+p+l1—a)

a

€SB <1 -—— <1 and a# nip+l
2(n+p+1)

if

N|»

and

1

y{a,3,n,p)

if 223 < 1 and & = n+p+1l.

N =

(3 - 21)

Therefore, f(z) is in the class %?(n+p—1,r(a.ﬁ.n.p)).

Proof. Define the function q(z) by

D" Pe(2)

— =¥ + (1-)q(z), (2.4)
ntp=le v N o

D

where ¥ = y(a,3,n,p). Then q(25 = 1 tqy z+ q, 2% 4 is

regular in the unit disc U. Making use of the logarithmic

differentiations of both sides of (2.4), we obtain
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n+p+lg

D f(z2) BEE S f ;o o C(1-¢)zq' (2)
nF = 1+ (n+p) [+ (1-¥)q(z)] + .
D*P£ () (n+p+1) | ' T praeaz2)]
(2.5)
It follows from (2.4) and. (2.5) that
{ Dn+pf(z) Dn+p+1f(2) }
Re<{ (1-) — + a -3
Dn+p lf(z) Dn+pf(z)
= Red (1-a) [¥y+(1=¥)q(z)) + ———— |1+ (n+p) [¥+(1—y)q(2)]
Ce e (n+p+1)
C (1=x)zq'(2) ¥ )
R o ﬁ}, |
(»+(1-r)q(z)] ‘
o (n+p+1l-at)
= Re{————— = 8 + ————— [¥+(1-7)q(2)]
" L(n+p+1) (n+p+1) ’
a(l-r)zq'(2)
+ >0 (2.6)
(n+p+1) [¥+(1->)qg(z)]
Letting u = u1+ 1u2, v = v1+'1v2, and
a (n+p+l-a)
p(u,v) = ———— - 3 + ——— [y+(1-r)u]
(n+p+1) (n+p+1)
, a(l-r)v
+ (2.7)

(ﬁ+p+1)(r+(1—7)u]'

we see that

(i) o(u,v) is continuous in D = [C - {?§T ] x C;
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P21 {12} =D and Relg(1,0)) = 1 - 3 D
: 2.
: (l+u2)
(iii} for all (du,,v ) =0 such that v = - ——,
Lo Pl 5
a ‘ ntp+l-o ay(1-y v
Re{p(iu_,v. )} = —4m =3 ||+ +
{e( iy, 02 i [ ]‘ > ——
(n+p+1) n+p+1 (ntp+1) [y +(1-p ) u ]
' 2
) a n+p+1-o ay(l-y)(1+u2)
< .

—~ f +[ '}y * 2 2 2
(ntp+1) n+p+1 2(n+p+1) [y +(1-y) u2]

IA
o

(2.8)

o ,

. 1 - . 1 Y

because ~— = #¢1 = ———— (1, o # (ntp+1l) and R
2(n+p+1)

(see (2.1)). This implies that the function p(u,v) satisfies
the conditions in Lemma 2. Thus applying Lemma 2, we have

ntp .

Rcf D "f(z) 1 .

Lon+p~1f(;)J '5

Similarly, the other case of Theorem 1 can be proved by

r{o,2,n,p)  (z £ U).

using (2.2). Hence the proof is pompleted.

Making ot = 1 in Theorem 1, we get

Corollary 1. If f(z) « RG(n+p—1,1) (n> -b), with % =03
¢1-—1 <1, then
2( n+p+1) ’
D" Pr(z) [2/3( n+p+1)-3] v [28 n+p+1)-312+8(n+p)
=y > : , ¢z =U)
D" P e z) 4(n+p)

12.9)
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Letting ? = {3’ = ——————— in Theorem 1, we Nave
2 neptl) o

Corollary 2. If f(z) (ntp-1,a) (n > =-p), with

Rﬁ’

n+p+l ) 2a, then

Dn+pf(z) o

> (z € U). (2.10)
f(z) : 2( n+p+1-a) :

nt+p-1
p"PTE

Making n = 1-p and o = 1 in Theorem 1, we get

Corollary 3. If f(z) RRQO,I)-with

(zf(z)) (4p-3) +;y/(4ﬁ—3)2 + 8
Re p (z € U). (2.11)
Cf(z) 4 '

Rezmark. We ‘note that Chen and Lan [2] have obtained the

same results in Theorem 1 by applying Jack’s Lemma [5].
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