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Some Properties for Convolutions of Generalized
| Hypergeometric Functions

- Shigeyoshi Owa, Ji A Kim and Nak Eun Cho

Abstract

With the convolution products of generalized hypergeometric functions , F(2) and
analytic functions f(z) in the open unit disk, the operator Ifll,;,:f,’:;,’::’ (f) is introduced.
The object of the present paper is to derive some interesting properties of operator

,‘:’11;,0223:'1’,2" (f) associated with some classes of univalent functions.
s ) 1Y . - P ) -

1 }Intrloduction

Let A denote the class of functions of the form

ay @)=zt Y a

n=2

which are analytic in the open unit disk U = {2 : |z| < 1}. Denote by S the class of all
functions in A which are univalent in U. ,
A function f(2) € A is said to be in the class R!(A, B) if

flz) -1
(1.2) lt(A —~B) - B(f'(z) -1

)|<1,

where A and B are arbitrary fixed numbers with -1 < B<A<landte€ C\ {0} (Cis
the set of all complex numbers). Clearly, a function f(z) belongs to R*(A, B) if and only if
there exists a function w(z) regular in U satisfying w(0) = 0 and |w(z)| < 1 (z € U) such

that
1 14+ Aw(z)

(1.3) B 1+z(f'(z)—1)—ﬁ_‘m

- The class R*(A, B) was introduced by Dixit and Pal [4], recently.

(zeU).
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By giving specific values ¢, A and B in (1. 2) we obtam the followmg subclasses studied
by various researchers in earlier works :

(i) Fort = e cosn (|n| <3),A=1-2a (0<a<1)and B = —1, we obtain the class
of functions f satisfying the condition

- e(f'(z) —1)
2( 1— a)cosn + e"'(f’(z)

(1.4) 1)'|<1 (z € U).

In this case, the class Rf(A, B) is equivalent to the class R,(a) which is studied by Pon-
nusamy and Renning [11]. Here R,() is the class of functions f(z) € A satisfying the
condition

Re(e™(f'(z) — @) >0 (|n] < -725 0<a<l, zel).

(Jii) For t = e~ cosn (|n] < ’2—'), we obtain the class of functions‘f(z) €A satisfying the
condition ]
| e(f'(2) — 1)
Bein f!(z) — (Acosn + iBsinn)
which was studied by Dashrath [3].

(iii) Fort =1, A= f and B = —f (0 < B < 1), we obtain the class of functions f(z)
satisfying the condition

|<1 (z € U),

‘f 1‘<ﬁ zeU)

which was studied by Padmanabhan [10] and Caplinger and Cauchy [2].

Let S§*(a) and C(a) denote the subclasses of S consisting of starlike and convex functions
of order a (0 < a < 1) in U, respectively. It is well-known that §*(a) C §*(0)= §*,C(a) C
C(0)=C and C(a) C S*(a) C S. For A > 0, define the classes S} and Cy by

| lzf’(Z)

Si={f) e 4: |53

<M\zeU}

and
Cv={f(2) € A: 2f'(2) € §3},

- respectively. It is a known fact that a sufficient condition for f(z) € A of the form (1.1)
to belong to the class §* is that 322, n|a,| < 1. A simple extension of this result is the
following [16] :

(1.5) i(n-}—)\— 1)|an] <A => f(z) € St

n=2
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For A = %, this was previously proved by Schild. [18].. Since f(z) € C, if and only if
zf'(z) € S, we have a corresponding result for Cj, : . L

(1.6) ' “ ' ivn(‘n+ A—=1)as| A= f(z) € (..

n=2
In this paper, we consider the generalized hypergeometric series ,Fy(z) defined by

F a1,02,**,0p . 3 oo H§=1(aj)n z"
e v 12 - E q b, 1
; ' b11b27 e s ’bq . n=0 1-.=1( z)nr( )n

(17) qu(z)

where p and ¢ are positive integers and we assume that the variable 2z, the numerator
parameters ai, dp,---,ap and the denominator parameters by, by, - - - ;bq take on complex
values, provided that b; # 0,—1,—2,---; ¢ = 1,2,-..,q. Here (\), is the Pochhammer
symbol defined by ' - '

(A)n = ' N,

For any complex number A, we also use the assending fractorial notation
(1.8) Ma =2AA+ Do

for n > 1 and (A)g = 1 for A # 0. If X is neither zero nor a negative integer, then using the
definition of the Gamma function, we can write
F'A+mn)

(1.9) 7 | | ‘ (M)n = W

Furthermore, if we set
q P
w = Z bi — Z aJ-
_ i=1. J=1
it is known that the series ,Fy(2), with p = ¢+ 1, is
(i) absolutely convergent for |z| = 1 if Re w > 0,
(ii) conditionally convergent for |z| =1, z# 1if ~-1 <Rew <0
and o _ -
(iii) divergent for |2| =1if Rew < —1.

As in the case of the function oF(z), we are led to the well-known Gauss summation
theorem : : .

Re(b; — a; — ay) > 0.

(1"10) - ( ay, az , ) _ T'(b)T(by — a1 — az)

bl F(bl - al)l"(bl et az)’
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We recall thet the function 2 F(z) is. bounded if Re(bi — a; — az) > 0 and has a pole at
z = 1if Re(by —a; —ap) <0 (cf. [1]). Univalence, starlikeness and convexity properties of
z o F1(%,"; z) have been studied extensively in [12, 15].

For f(z) € A, we define the operator Ly (f) by |

i "a17a2?"'7ap
(1.11) [Ibll,},:,f..,,’,qp(f)] (2) = z ,F, iz | * f(2),
b17b27'°'7bq ‘

where the symbol ” *” denotes the usual Hadamard product or convolution of power series.

2. Properties of the operators with R'(A,B) |

Now we introduce several lemmas which are needed for the proof of our main results.

Lemma 2.1 ([8]) Let w(z) be analytic in U with w(0) = 0. If |w(z)| attains its mazimum
value on the circle |z2| = . < 1 at a point z; € U, then we can write

2w (z1) = mw(z1),
where m s real and m > 1.
Lemma 2.2 ([4]) Let a function f(z) of the form (1.1) be in R*(A, B). Then
(A-B)lY

la,| <
n

Then result is sharp for the function

z A — B)tz"!
f(z):[) <1+(—1_|_~§)z%—>dz (n>2z2eU).

Lemma 2.3 ([4]) Let a function f(z) of therfborm (1.1) be in A. If

SS(1+ Blnlad < (A-B)ltl (-1<B<A<L teC\{0}
n=2 .
then f(z) € RY(A, B). The result is sharp for fdnction
_ (A - B)t n
f(Z)—Z—AI*(—I'WZ (’1'122,26[])

Our first result for the operators is contained in
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Theorem 2. 1: If f(2) € A satisfies
1B 1a ;a' 1 @pyéy ’ g
| B ()

1\?
T <(3)
bll,,bzz,, ,5271 (f ) ’ 2

or some fized B > 0, then g3 ’a" is univalent (close-to-convez) in U.
b1,ba,

a ag, 2
bll,’bzz,,- ,,?:1 (f)

z

(2.1) -1

Proof. We note that

-~ H?:l (aj)n-l n
q Ap2
= TTi=1(be) n-1(1) 1

o102
bll;’bzzy ’qu (f) =z+

in A. Define w(z) by
1,82,y )2
Ibll,bzz,--‘,b:';:l (f)

w(z) = — = 1
for 2 € U. Then it follows that w(z) is analytic in U with w(0) = 0. By (2.1), it is clear
that >
- 1-g| zw'(z ) P 2w’ (2) : (l)ﬁ
22) & | = e 1‘ A+w@)| ~\2)

Suppose that there exists a point z; € U such that

max |w(z)| = |w(z1)| =1.
ERSESY
Then we can put
zlw/(zl) —m 2 17
w(z1)
by Lemma 2.1. Therefore we obtain
zlw’(zl) p

lw(z1)]

B B
2(3) 2 )
— 2 — 2 7 ‘
which contradicts the condition (2.2). This shows that

a1,a2,+,0p,2
Ibf,ii’ bad ()

z

w(z1)(1 + w(z1))

lw(2)| = -1

<1,

which implies that Re [I,?ll},‘:‘:’ ",’,';P (f )]l (2) > 0 for z € U. Therefore, by Noshiro-Warschawski
Theroem (5], Iy, 3057 (f) is univalent (close—to-convex) in U.
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Theorem 2.2 Leta; (j = 1,2,---,p) € C\{0}, b; (i = 1,2,---,9) € C\ {0},
Reb; >0 (i=1,2,---,q), and ¥, Reb; > T5_, |a;|. If f(2) € RY(A, B) satisfies

f |<a1|v|a2|1"'7|a?| 1 .
(2.3) Fy 1| < +1,
. , by , |

Reby, Rebs, -+ -, Re 1+1B|
then -‘ |
[ a17a2a"'7ap
z pFy 28 | + f(2) € RY(A, B),
b17b2a"'abq
where k € N.

Proof. By Lemma 2.3, it suffices to show that

_ n?:l(a’j)n—l Qtm1)e1
T (b)n1(Dng 7 DF

From Lemma 2.2 and the fact that |(a).| < (|a|)» and (Reb)n < |(b)a|, Reb > 0, we have

) P a5l )n-1
T, < ;(A —B)(1+|B|)l { g_l(ﬁéz()l)fil_)l(1)n_l}

= (A-B)0+ B (S - 1}

(oo}

(24) Ty:=Y (1+|B)(k(n—1)+1)

n=2

< (A-B)lt.

=6 [Ti=1(Rebi)a(1)n
|alla |a2|7 T |aP|
= (A= B)(1+|B))|t pfq 1] -1
Rébl, Reb-z, ey, Rebq
< (A= B
by (2.3). This completes the proof of Theroem 2.2.

Corollary 2.1 Leta; (j = 1,2,---,9+1) € C\ {0}, b; (1 =1,
Rebm > lam|+1 (m=1,2,---,9—1), and Reby > |ag| + |ags1]|. If f(z

| (2.5) I'(Reb,)I'(Rebg — |ag| — [ag+1]) = Reby, — 1 < 1 n
- I'(Reby — |aq|)T'(Rebg — |ag+1]) \ m=y Rebm — lam|—1 ) = 14 B

2,---,9) € C\{0},
) € RY(A, B) satisfies

1,

then

ai,a2,- -, 0q41
Zq+1Fq - ;zk *f(Z) ERt(AaB)y
’ bl,b2,.‘. .’bq

where k € N.
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Proof. We note that

la1|7|a’2|7"'1laQ+‘1| ) o0

|a1’)n (lag+1])n
Z (Reb1)n (Rez+)n(1)n

n=0

(2.6) q+1Fq
Reby, Reby, - -+, Reb,

( I'(Rebm) T (Rebyn |am|—1 ) (Reb,)I'(Reb, — |ag] — |ag+1)
Il 7

(Rebm — |am|)T'(Reby, I'(Rebg — |ag|)T'(Reby — |ag+1])

B ‘11:[1 " Reb,, — 1 T'(Reby)T'(Reby — |ag] — |age1l)
=1 Reby, — |am| — 1 | T'(Reby — |ag|)T'(Reby — [ags1])”

Hence we have

Hq+1(aa)n—
Ap(n—
T (B)na1(1)py D

< (A-B)1+|B)l {2 T (R(IZ:I)JD(l)n 1}

lallvla2|7"')laq+1|
= (A - B)(1 + |B|)|t| { g+1F, 1| =1
’ Rebl,Rebg,---,Rebq

(14 |BJ) (k(n —1) + 1)

n=2

< (A-B)lt,
by assumption. This completes our proof.

Theorem 2.3 Leta; (j = 1,2,---,p) € C\{0}, b; (¢ = 1,2,---,9) € C\ {0},
Reb; >0 (t=1,2,---,9), and T{_; Reb; > TF_; |a;|. If f(2) € R*(A, B) satisfies

‘a1|7|a2li"'alap|,A+].,1 1
27 pi2Far2 | ' L | S g T 1

Reb;, Rebs, - - -, Reby, A, 2 (A—B)lt|
then I;:b? ?(f) € S; where X > 0.

Proof. Suppose that f(z) = z + 352, an2™ € RY(A, B). Then, by (1.5) it suffices to

show that H” @)
2.8 Ty := n+A—1 =107 a.| < A
28) ? 1;2( ) 1)1V |~

From Lemma 2.3, we observe that

°° (A— B[ AR N
TS S (A1) {n;?:l(R;bi)i_l(l)m}
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) AC+Da Wa [ Eerllasl)e
= - B)'t‘z ™ (2)n{ ‘-Ll(Rebi)n(l)n}

|a1l’|a2|7"'1|ap|>>‘+1a1
= )\(A—B)ltl p+2Fq+2 ,1 -1 )
Rebl, Rebg, T, Rebq, A,2 :

< A
by (2.7), which completes’the proof of Theroem 2.3.

Corollary 2.2 Leta; (j = 1,2,---,q+1) € C\{0}, b; 6 =1,2,---,9) € C\ {0},
Reby > lam|+1 (m =1,2,---,g = 1), |a,| < 1 and Reb; —2 > X > |agu| +1. If
f(z) € RY(A, B) satisfies :

(A —1)(Rebg — 1) _
(T~ TagD) (A — lagea] — 1)(Reb, — X — 2)

1 Rebp—1 1
- <
g (,,H Rebr — [ar] —1) =@-Bg

then I, 32" (f) € S5 where X > 0.

(2.9)

Proof. We note that

|a1'1 |a2la 'aq+1l A+ l 1
q+3Fq+2

Rebl,Rebz, . Rebq,)\ 2

(‘ﬁ I'(Rebym)T'(Reby, |am|—1>) L(2)L(1 ~ |ag) T)T — Jager| = 1)

m=1 [(Rebm — lam|)T(Rebr — 1) | T2 = |ag)T(1) T(X = Jag2)T(A — 1)
I'(Reby)T'(Reb, — A — 2)

*T(Reb, — )T (Reb, — A — 1)

B qﬁ Reby, — 1 1 A1 Reb, — 1
B =1 Rebm —|am| — 1/ 1 —ag| A — |ag41] — 1 Reby — X — 2

Hence we have

d _ HQ+1(aj)n—l a
D AN

© AA+1)n (1) f q+1(|a1,)n
=(A- B)ItIZ N (2)n{ i=1(Rebi)n(1)x }
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Iall’la2la’~.a|a’4+1|7)‘+171 :
= MA = B)[t| { g+3Fqs2 | ' 1 =1
Rebl, Rebz, Ty Rebq, /\, 2

<A
by assumption, which completes the proof of Corollary 2.2.

Theorem 2.4 Let a; (j = 1,2,---,p) € C\{0}, & (z = 1,2,---,q) € C\ {0},
Reb; >0 (t=1,2,---,q), and ¥ Reb; > 30_, |aj| + 1. If f(2) € R(A, B) satisfies

) Iallala2|7"',|apI7A+1 1
(2.10) pr1Fgr1 : ;1 | £ e +1
| Reby, Reby, - - -, Rebg, A = (A-B)|t

then I;‘},a:""’a” (f) € Cx where X > 0.

Proof. Since the proof follows from Lemma 2.3 and by using the method of the proof
of Theorem 2.3, we omit the details.

Corollary 2.3 Leta; (j = 1,2,---,q -I—-l) e C\ {0}, b i =1,2,---,q) € C\ {0},
Reby, > |am|+1 (m=1,2,---,9—1), and Reby —2 > X > |a,|+ |ag41]- If f(2) € RY(A, B)
satisfies ‘

(Rebg — )TN (A — |ag| — |ag+1])
(Rebg — A = 2)I'(A — |ag)T'(A ~ |ag41])

0 Reb,—1 1
<
8 (I_Il Rebr — |am] — 1) @—B)j

then Iy 42 ’a"“ (f) €Cy where A > 0.

b1,b2,

Proof. We note that

|(11|, |a2|7 T Iaq—{-lla)‘ +1
q+2Fq+l ;1

Rebl, R,ebg, ety Rebq, A
_ H I'(Reby)T'(Rebm — |am| — 1) I'(Reby)['(Reby, — A — 2)
['(Rebm — |am|)T'(Reby, — 1) | T'(Reby — 1)I'(Reb, — A — 1)
F()‘)F( — |aql — Iaq-f-ll)
P(A = |ag])T'(A — Jag+1l)

_ ‘ﬁ Reb,, — 1 Reby =1 T(MT(A — Jag] — |aga)
=y Bebm — Iam[ — 1) Rebg — A —2T(A — |ag)T(A — |ag41])

(2.11)
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Hence we observe that

[ o]

| ' 3ii(aJ)n 1
| 3;2”(”“ Y I 00t (Do ™
— A /\+ ), [ TE1(a])a
A=BM =T, { 7 (Reby)a(1 >n}
' {a1|7|a2|7""7|a11+1|7>‘+1
= A(A - B)lt| {q+2Fq+1 ( sl ) —1}
Reby, Reby, - -+, Rebg, A
<A

by assumption. This completes our proof.

Theorem 2. 5 Let a; (5 :.'1,‘2,-1--,p) e C\{0}, b; (i = 1,2,---,9) € C\ {0},
Reb; >0 (i=1,2,---,9), and ¥}, Reb; > 37_, |aj| + 1. If ' ’

I-[?:l Iajl P : Iall+1:}a2| + 17 JvlaP|+ 1 1
i=1 ¢ Reb1 + 1, Reb2 + 1_, T, Rebq +1

el el -
+qu( i1 S(A B)|t|‘+1,

(2.12) k

Reby, Reby, - - -, Reb, L+15|
then
a17a27"'7ap ) » )
._z PFQ - ;zk € Rt:(A7 B)a
bi,ba, -, by f
where k € N.

Proof. By Lemma 2.3, it suffices to show that

= n— Hf 1(@5)n-1 A
(213) Ty:= T;(lJrlBl)(k( 1)+1) s (s (D (.A B)|t|.
Then we have, _
g=1(7|‘.1j|)n-1’

T3 < (1+|BJ) i(kn —(k-1)) [T—1 (Rebi)n-1(1)n-1

| larl, lazl, - - lagl, 2 |
(14 |B)k py1Fen i1
Rebl, Rebz, s ,Rebq, 1
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|aal, lazl, - - - » |as|

—(1+|B|)(k—1),F, 1 | = (@+1BI)
Reby, Reby, - - -, Reb,

|a| |(11|+].|0'2l+1"' |apl+1
= (1+|B|)k———1—-’—— F, 11

P

iz Reby Reby + 1, Reby + 1,---, Rebg + 1

. 7 |a1|7|a2|a"'1|apl
+(1+ |Bl)pFq
< (A-B)lt

by (2.12), which completes the proof of Theroem 2.5. _
Corollary 2.4 Let a; (J = 172a"'1q+ 1) € C\{0}7 bi (1‘ = 172:"'aQ) € G\{O}7
Rebm > |am| +1 (m=1,2,--+,9—1), and Reby > |ag| + |agq1| + 1. If

I'(Rebg)T'(Rebg — |ag| — |ag+1| — 1) p 1
I'(Rebg — |ag|)T'(Rebg — |ag+1l) Reby, — |am| — 1

Rebl, Rebz, Ty, Rebq

(2.14)

q+1 q-1 ‘
X {knlaj|+ (H Rebm—l) (Rebq—laql._laqﬂl“l)}
j=1 m=1 _

(A-B)|t]
-  1+|B|

a1,0a2,* " ,0q41 . .
z g1y ;2* | € R4, B),
bl)b27' o 7bq

+1,

then

where k € N.
Proof. We note that
( |a1|+17|a2|+17"':{aq+1|+1 )

\Reb1+1,Reb2+1,--- Reb +1

! '(Rebu, + 1)I'(Reby, — |am| — 1) ) T'(Reb, + 1)I'(Reb, — |ag| — |agi] — 1)

q
- \}1 T (Rebr) T (Robm — Jam]) T(Reby — [ag )T (Rebg — [agea)

_ H I'(Reby + 1)T'(Reby — |ag| — |age1] — 1)
\m=1 Reb,, |am| -1 I'(Reby — |ag)T'(Reby — |ags1])

q+1Fq

From above equality and (2.6), we have the result of Corollary 2.4.
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3. Uniformly starlikeness and convexity

A function f(z) € A is said to be uniformly starlike in U if it satisfies

£G) ~ 1)
&y e Grg)

for all (z,{) € U x U. We denote by UST the subclass of A consisting of all uniformly
starlike functions in U. Further, a functions f(z) € A is said to be uniformly convex in U
if and only if

(3.2) Re {1 +(z—0) J;,’((;)} >0

for all (2,{) € U x U. We also denote by UC'V the class of all such functions.

The classes UST and UCV were defined by Goodman [6,7] and studied recently by
Rénning [13]. By the result of R¢nning [13], we see that f(z) € UCV if and only if .

| 2f"(#)\ _12f"()
(3.3) Re{1+ 6 }> e

In view of definitions of UST and UCV, we define the following classes :

(z € U).

Definition 3.1 A function f(z) in A is said to be a member of the class UST(a) if it
satisfies ,

NICENC N
(5.4 R{(z_omz)}? (20 €U x )

for some real o (0 < a < 1).

Definition 3. 2 A function f(z) belonging to A is called as a member of the class UCV ()
if and only if
2f"(2)

. 2f"()
(3.5) Re{l+ e }Za e

(zeU)

for some real o (o > 0). ‘

Note that UST(a) C UST (0 € a < 1), UCV(a) C UCV (a > 1) and UCV C
UCV(a) (0 £ a < 1). Now, we derive the following lemmas for functions f(z) € A to be
in the classes UST (o) and UCV (). - '

Lemma 3.1 If f(2) € A satisfies Yoo s n(n(a+1) —a)|an| < 1, then f(z) is in UCV (0).
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Proof. It suffices to show that .

ol? zf"(2) zf"(2)
(3.6) f’(z) —Re <‘—_—f’(z):> <1
We have »’ _
2G| o (@Y <, p |
RQ(f@)) < (D10

(2)
& (a+1)32,n(n—1)a,z"!
14+ 332, nazz™ !

. Talo+ Dnln—1le
- 1—Yo2on|an| .

‘Now this last expression is bounded above by 1 provided that 372, n(n(a+1) —a)laa| < 1.

Lemma 3.2 If f(2) € A satisfies ¥.°2,((3—a)n—2)|a.| < 1-a, then f(z) is in UST ().
Proof. 1t suffices to show that

M_11_<_1—a

(3.7 =07

We have o
£(2) = f(¢)
z-0F ()

-

Zoo 2an oM 1 + 2= 2C NS Cn—l) 2;&;2 nanzn-—l
1+ Zn_2 na,z"1
Z:n—Z 2(” _ l)laﬂ|
- 1 - >0, nlan| ’

which is bounded above by 1 — a if 22,((3 — )n — 2)]a.| < 1 — a.

Theorem 3.1 Leta; (j = 1,2,---,p) € C\{0}, b (i = 1,2,---,q) € C\ {0},
Reb; >0 (i =1,2,---,q), and =%, Reb; > Y5_; |aj| + 1. If f(2) € RY(A, B) satisfies

P la,| lai| + 1, lag| + 1, -+, |ap| + 1
(3.8) (1+ o)=L ,F, i1

- plq
=1 R.ebz Rebl + 17Reb2 + 1’ e ’Rebq + 1
lail, |az], - - -, |ay] y
Reb;, Reb,, - - -, Reb, (A= B)|t
then I:f’;;z"’ (f) € UCV( ).
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Proof. By Lemma 3.1, we need only to show that

oo P X k 1
(3.9) Sy = gn(n(a +1) —a) qEJ(Z:)iajzzl_)n_lan <1.

From Lemma 2.2, we have,

oo P y 1
5 < (A= B 3 (nfa+1) - o) gt bt

|a1|7 |a2|7 R |a‘PIa 2
= (A= B)ltl(@+ Dps Fyrr 1
_ Reby, Reby, - - -, Rebg, 1

Ialla IGQI, Tt laPI
—(A - B)|t|a pFq
Reby, Rebs,-- -, Re

P_ Ial |a1]+17la2|+1)"'a'apl+1
= (A-B)|tl(a+ 1)z LF, .1

rl'q
i=1 Reb; Reb; + 1,Reb; + 1, -, Reb, + 1

|a1|7 |a217 ) Iapl

ﬂ)—M—EM
bq

+(A - B)lt| yFy (

<1

1| —(A- Bt
Reb;, Reby, - - -, Reb,

by (3.8), which completes the proof of Theroem 3.1.

Corollary 3.1 Leta; (j = 1,2,---,gq+1) € C\{0}, b (¢ = 1,2,---,q9) € C\ {0},
Rebm > |am| +1 (m = 1,2,---,9 — 1), and Reb, > |ag| + |agr1| + 1. If f(z) € RY(A, B)
satisfies

(310) D(Reb)T(Reby = lag] —Jage| — 1) ( 1 )
['(Rebg — |ag|)['(Reby — lag+1])  \,32 Rebm — lam| — 1
q+1 q-1
X {(a +1) 1_[1 la;| + (Hl Reb,, — 1) (Reby — |ag] — |ags1| — 1)}
j= m=
< —L 41
T (A-B)f 7

then Iy 3ot (f) € UCV (a).

Proof. Since the proof is similarly the proof of Corollary 2.4, we omit the details.
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Theorem 3.2 Let a; (j = 1,2,---,p) € C\ {0}, b (¢ = 1,2,---,9) € C\ {0},
Reb; >0 (i =1,2,---,q), and 30, Reb; > 37, |a;]. If f(2) € RY(A, B) satisfies

| ( Ial|7|a2|a"'7|ap|
(3.11) (3—a) pFy i1
\ Reby, Reby, - - -, Reb,

( |a1|a|a2l7"'7lap|)1 ( 1
-2 p+1Fq+1 ’ ;1 S 1-— a) <—‘—"— -+ 1> ,
Reby, Rebs, - - - , Reb,, 2 (A= B)lt

then Iy 37 (f) € UST(e), for some o (0 < a < 1).

Proof. By Lemma 3.2, we need only to show that

From Lemma 2.2, we have,

@2 oLy Ny

o (aDes (oo
24 =B 2§ Rebdwr (Dt Qs

lai],]azl, - - -, lap|
= (A-B)|t|(3—a) o i1

q
Reby, Rebs, - - -, Reb,
Ial|,|a2|,"'7|apl71 . ‘ .
—2(A = B)[t| p+1Fg41 1 | = (1-a)(A- Bt
‘ ' Reby, Reby, - - -, Rebg, 2

< l—-a
by (3.11), which completes the proof of Theroem 3.2.

Corollary 3.2 Leta; (j=1,2,---,9+1) € C\{0}, b ¢ = 1,2,---,q) € C\ {0},
Rebm > |am|+1 (m=1,2,---,9—1), and Reby > |ag| + 1, |ag+1| < 1. If f(z) € R} (A, B)
satisfies ‘

I'(Reby, — 1)T'(Reb, — |ag| — |ag+1l) 2
3.13 (3—0a) 4 : d el A,
(3:49) e P e e

g Reb,, — 1 1
<(1- —_—
x(g Rebm—|am]—1)—( ) <(A—B)|t|+1)’
then I:ll’b‘;z"’a”“(f) € UST (), for some a (0 < a<1).
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Proof.. We note that

|a1|7 !a2|1 Y Iaq+1|: 1
g+2Fyi1 | 1
‘Reby, Reb,, - - -, Reb,, 2

- ql:_[l Reb,, —1 Reby — 1
=1 Rebm — |am| —1 | (Reby — |ag| = 1)(1 — |agsa])’

From above equality and (2.6), we have the result of Corollary 3.2.
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