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ON AN OPEN PROBLEM OF S. OWA =
, : by
Shigeyoshi OWA and  Grigore Stefan SALAGEAN

Let U denote the unit disc, U = {z € C;|z| < 1}, let N denote the set of positive
integers, N = {1,2,3,...} and let H(U) denote the set of functions which are holomorphic

in U.
For n € N let

T, = {fe H(U);f(z) #0,(z€ C~-{0}),f(z) =2— Z akzk,akZO,(keN,k>n)}.'

Z
k=n+1

For n € N and b€ C — {0} we define the next subclasses of T,

T;(b)={feTn:Re{l—k%(zJ{é(Z;) —1>} >0,(éeU)},

0K®={f€TL Z:%—1+WMkSW}

k=n+1

and

Px(b) = {f eT: Y [(k— 1)%é + ]b|] ax < |b|}.

k=n+1

The functions in T.*(b) are the functions with negative coefficients starlike of the complex
order b (see [1, 2]).

The class Ty(1 —a), @ € [0,1) is the class of functions with negative coefficients starlike
of order o introduced and studied by H. Silverman [4].

The class O%(b) was introduced by S. Owa in [3, p.163-164], where he conjectured that

Tx(b) = Ox(b) . In this paper we give an answer to this conjecture.

THEOREM .Let n € N and let b € C — {0}; then
1) 0;(b) C T7(b);
2) Tx(b) C Pr(b);
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3) If be (0,00) (b is a positive real number), then
0;(b) = T;(b) = P;(b);

4) If —n/2 <Reb <0, then P;(b) L T:(b);
5) If b€ (—o0,—n)U(-n/2,0), then T;(b) Z O;(b)

Proof. 1). Let f € Oy (b). We prove that

zf'(z) |

@

(1)

< ‘bl eU.

We suppose that f has the series expansion

(2) )=2z— Zakz ar > 0.
k=n+1 .
We have
Zfl(‘) Zk 'n+1 )akzk : Zk..n+1( )ak‘zlk_l

3) ’ ] = bl < .

f(2)

I—Ek—n-{-l apzt! = Dkzngr k|2

We use the fact that f(z) # 0 when z € U — {0} and lim.,o[f(z)/2] = 1; these imply

oo

(4) 1- % alzt >0,
A k=n+1
when |z| =r € [0,1].
From (3) and (4) we deduce
z ! oo
f(Z) B 1- Zk—n+1 Ok

— Ziinﬂ(k 1+ lb|)ak - |b|
Zk—n+1 ak

By using the definition of O} (b) we obtain (1) and this implies

SHCC I

hence f € T (b).
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2). Let f bein T;(b). Then
1 (2f'(2) )} |
Re {1 + - ( -1)¢>0 (z€U
5\ 70) =0
and, by using (2), this is equivalent to

o {1 E (L= Fjase*?
b 1- Ek=n+1 a’kzk_l

(5) }>—1@eUy

If z=r€[0,1) and for r = 17, from (5) we obtain

e (1—k
Zk—n+1£o )(I,k Re}_ > —1
1= intr Ok b

wich is equivalent to

io: Reb(1 — k)ay > —|b]? (1 - f: ak>

k=n+1 k=n+1
or o
> (k= 1)Reb /o] + [bllax < [8],
k=n-+1

hence f € P(b).

3). If b is a real positive number, then the definition of O; and P; are equivalent,

hence Oz(b) = P;(b). By using 1) and 2) from this theorem we obtain the conclusion of 3).

4). Let
© ey =z—
then f, € P;(b) when b€ C _ {0} and Reb < 0 , because
S {11+ (& - 1Reb) /Bl
k=n+1

= {|b| + [(n + 1) — 1]Reb/|b|} - 1 = |b| +- nReb/|b| < |b|.
Now let p =Reb < 0 and let s be a negative real number such that

n+2p(l—s)>0



for n € N fixed. If we choose zy one of the rooth of the equation

n __ b(l _'S)
T n4b(l-3s)’
then 2o € U and for f, given by (6) we have
1 (zof,(20) )
I+ —F/—"F=<-1]=s<0,
b ( fn(zO) °

hence f, ¢ T (b).
5). Let b€ (—oo0,—n); we verify that the functions
(7) far(z) =z = Az"H!

belong to T:(b) for A > b/(n +b) and that f, ¢ O;(b).

Indeed we have -

> (k=14 [b))ar = (n + [b)A > o],

k=n+1
because A > b/(n+b)>1.

We also have

1 (zfna(2) _ niz"
(8) Re{1+3<fn,)\(z) —_1)}—Re{l+m}>0,z€U,

for A>b/(n+b) and b < —n, hence f,» € vT,”;(b).
Let now b € (-n/2,0), and let f,\ be defined by (7), where

—b/(n—b) <A< —b/(n+b).
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Then A > —b/(n — b) implies fp,» ¢ OL(b) and for A < =b/(n+b), —n/2 < b < 0 the

inequality (8) also is verified, hence f,x € Ty (b)..
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