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A CLASS OF FUNCTIONS DEFINED BY USING

HADAMARD PRODUCT. II

S. Owa, H. M. Hossen and M. K. Aouf

ABSTRACT. The object of the present paper is to obtain
closure theorems, integral operators and several interesting
results for the modifiéd ‘Hadamard products bf functions
belonging to the class Pa[ﬁ,y] consisting of analytic

functions with negative 'coeffiéients and defined by using
z
(1-z) 2 (1)

Also we obtain distortion theorem for certain fractional

Hadamard product f * S_(z) of f(z) and S5 (z) =

integral operator of functions in the class Patﬁ,y].
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1. Introduction

Let A denote the class of functions of the form

o o}
f(z) = z + Z a zn (1.1)
n=2

which are analytic in the unit disc U = {z:|z| < 1}. And let
S denote the subclass of A consisting of analytic and
univalent functions f(z) in the unit disc U. A funétion f(z)
in S is.said to be starlike of order a if

zf' (2) ' ‘
Re{————% > «a (z € U) (1.2)
f(z): :

_ _ -
for some a(0 = a < 1). We denote by S (a) the class of all
starlike functions of order «. Further, a function f(z) in S

is said to be convex of order a if

zf"(z)
Re{l + — 3} > «a (z € U) (1.3)
£f'(z)

for some a(0 = a < 1). And We donote by K(a) the class of
all convex functions of order a. It is well-known that

f(z) € K(¢) if and only if zf'(z) € S*(a). (1.4)

These classes S*(a) and K(a) were first introduced by
Robertson (8], and later were studied by Schild (9],

MacGregor [3] and Pinchuk [7].



Now, the function

2

S (z) = — (1.5)
a (1_2)2(1 )

*
is the well-=known extremal function for the class S (a) (see

[(8,1]1). Setting

n
»l I (k=2ct)
C(a,n) = —K=2 (n = 2). (1.6)
' (n-1)!

Sa(z) can be written in the form

o o]

S,(z) =z + Z Cla,n) z". (1.7)
' n=2

Then we note 'that C(a,n) is decreasing in « and satisfies

1
0 (o < ;)
Lim C(a,n) =4 1 (a = %) (1.8)
n——ce
i
L 0 (x > ;)

Let f * g(z) be the convolution or Hadamard product of
two functions f(z) and g(z), that is, if f(z) is given by

(1.1) and g(z) is given by

[0 o]

g(z) =z + Z b 2", - (1.9)
n=2

then

117
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00} .
£ %X g(z) =z + E: a_ b z". (1.10)
: n=2

We say that the function f(=z) defined by (1.1) belongs to

the class Pa(ﬁ,y) if f(z) satisfies the following condition

(f ~* Sa(z))' -1

< ¥ (z € U) (1.11)

(f * Sd(z))’ + (1-2p3)

for (0 = 3 < 1) and (0 < y = 1).

Let T denote the subclass of A consisting of functions

f(z) of the form

v

[0 0]

_ _ n

fz) = =z E: a, z (an 0). (1.12)
n=2 ’ :

And we denote by Pa[ﬁ,y]' the class obtained by taking

intersection of Pa(ﬁ,y) with T, that is,.
Pa[ﬁ.rl = Pa(B.Y) N T. (1.13)

The class Pa[ﬁ,y  was studied by Owa and Ahuja ([6]. The
class Pa[ﬁ,y] is the generalization of the class P*(ﬁ,r)
which was introduced by Gupta and Jain (2]. In particular.
P _B.r] = P*(ﬁ,r) when o = %. Further we note that many
classes defined by using the Hadamard product f * Sd(z) of

f(z) and Sa(z) were introduced by Sheil-Small, Silverman and
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Silvia [11], Silverman and Silvia ([12], (13]), and Ahuja

and Silverman [11].

In order to prove our results for functions belonging
to the class Pa[ﬁ,y], we shall require the following lemma

given by Owa and Ahuja {6].

LemMmMa 1. Let the function f(z) be defined by (1.12).

Then f(z) is in the class P_[3.r] if and only if

@

E: n{l+y)C(a,n) a, < 271 - ). (1.14)
n=2

The result is sharp.

2. Closure Theorems

Let the functions fi(z) be defined, for i = 1,2,..., m,
by
6 o]
f.(z) = z - E: a_ . z" (a_ . = 0) (2.1)
1 n,1 n,1
n=2 '

for z € U,

We shall prove the following results for the closure of

functions in the class Pa[ﬁ,r].
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TuzereExm 1. Let the functions fi(z) (i = 1, 2, ..., m)
defined by (2.1) be in the class Pa[ﬁ,r . Then the function

h(z) defined by

(s o]
hiz) = z - Z b_ z" (2.2)
n=2

also belongs to the class Pa[ﬁ,rl, where

m
b = —— a (2.3)
n m n,i’ )
i=1
Proor. Since fi(Z) 1= P;[ﬂ,r], it follows from Lemma 1
that
o0
E: n(1+r)C(a,n)an i < 2(1-13) (i=1,2,...,m). (2.4)
n=2
Therefore
@ . o m
LY = . o L
E: n(l+,)C(a,n)bn E: n(l+r)b(a,n)[ - an,i]
n=2 n=2 i=1
m 0
——_]:.__ 4 —
-1 Z {Z n(l+}’)C(Ol,n)an’i}S2,(1 B . (2.5
1=1 n=2

Hence, by Lemma 1, h(z) e Pa[ﬁ,r]. Thus we have the theorem.
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THEOREM 2. Let the functions fi(Z) defined by (2.1) be

in the class Pa ﬁ,y]'fof each i = 1, 2, ..., m. Then the

function h(z) defined by
m .
h(z) = E: di fi(z) (di = 0) (2.6)
1=1 _

is also in the same class Pa[ﬁ,rl. where

m
Z 4. = 1. (2.7)
. 1 ‘

1=1
Proor. According to the definition of h(z), we can
write that
. o m
him =z ) [Z a ] n (2.8
n=2 i=1
By means of Lemma 1, we have
o o]
E: n(1+;>’)C(0t,n)an i < 2r(1-13) (2.9)
n=2
for every § = 1, 2, ..., m. Hence we can observe that
oS m
2: n(1+y)C(a.n)[ E: d; an’i]
n=2 i=1

o0

m
= E: di { E: n(l+y)C(a,n)an'i}
i 2

i=1 n=
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< [ E: di] 2y 1-p) = 2y(1-32 (2.1
=

1=

which implies that hi(z) e PaEB,y]. Thus we have the theorem.

TueoreM 3. The class Fatﬁ,y] is closed under coonvex

linear combination.

Proor. Let the Tunctions fi(z) (i = 1,2 defined by
(2.1) be in the class Patﬁ,yl. Then it is sufficient to

prove . that the function

hizd = X fl(z) + (1-Xf_ (=) (0O < A 13 (2.11)

1A

is in the calss Pa[B,r]. Since, for 0 < X < 1,

o A .
n .
h(z) = =z - A a + (1-A)a = (2.12)
' E { n, 1 n,E} '
n==<

with the aid of Lemma i, we have

<

o
( 1C¢C ) C1-X2 < ZpCl-py (2,133
}: n(1+y)CLa,n){§an,1+.1 K}an'ﬁ} < Zy(1i-p 1

n=z

which implies h(z) e Paiﬁ,y].
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3. Integral Operators

TazorEM 4. Let the function f(z) defined by (1.12) be
in the class Pa[ﬂ,y], and let d be a real number such that d

> — 1. Then the function F(z) defined by

d+1 2

Flz) = — f ey e (3.1)

2
o

also belongs to the class Pa[ﬁ,y].

Proor. From the representation of F(z), it follows that

[0 4]
F(z) = z - E: b z", o » (3.2)
n=2
where
. d+1 ’
bn = ("'m—) an. » (3.3)
Therefore,
a0} (s o}
}: n(1+2)Cla,n)b_ = E: n(1+y)C(a,n)<—§§%~) a
n=2 n=2 :
m .
< }: n(1+y)C(a,n)an < 2y (1-83), (3.4)
n=2

since £(z) € P_[f,r]. Hence, by Lemma 1, F(z) e Pa[ﬁ.?].
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© .
THEOREM 5. Let the function F(z) =z - T anzn (an 2 0)

n=2
be in the class P [H.r , and let d be a real number such

that d > -1. Then the function f(z) defined by (3.1) is

*
univalent in |z| < R , where

1
* (1+¥)C(a,n) (d+1) |n—1
R = inf ’ (n = 2). (3.5)
n 2y (1-3) (d+n)
The result is sharp.
Proor. From (3.1), we have
2172 ¢z9F 2y
f(z) = (a > - 1)
(d+1)
[0
aeY e
n=2

In order to obtain the required result it suffices to show

that |£'(z) - 1] < 1 in |z| < R . Now

it d+n
-1l

— d+1
n_

2

[f'(z) - 1]

< d+n n—-1
< E n n|z| .
~d+1
n= :

2

Thus |[f'(z) - 1] < 1 if



125

d+n _
n[ ]a |z|"71 <1, (3.7)
d+1

:lf[\/lei

2

But Lemma 1 confirms that

n(l+y)C(a,n)

a, < 1. (3.8)
5 2v (1-13)

A Ts

Hence (3.7) will be satisfied if

n(d+n) n—1 n(l+y)C(a,n)
|z | < (n =2 2)

(d+1) 2y (1-3)

or if

lz] = > 2). (3.9)

1
[(1+r)C(a.n)(d+1)]n—1
(n

27 (1-p3) (d+n)

The required result follows now from (3.9). The result is

sharp for the function

27 (1) (d+n) n
f(z) = z - z (n = 2). (3.10)
n(l+¥)C(a,n) (d+1)

4. Modified Hadamard Products

‘Let the functions fi(Z) (i = 1,2) be defined by (2.1).
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The modified Hadamard product of_fl(z) and fz(z) is defined

by

£, * fZ(Z) = z

8h,1 %n,2
2

1

(o o]
Z—Z
n=

TueoreM 6. Let the functions fi(Z) (i

I

(4.1)

1,2) defined by

(2.1) be in the class P_[B.7] with 0 < a < %, 0<p < 1, and
0 < ¥ 1. Then f1 * f2(z) e Paié(d,ﬁ.r).rl, where:
y(1-3) 2
S(at,3,7) =1 - ) (4.2)
2(1+y) (1-a)

The result is sharp.

Proor. Employing the technique used earlier by Schild

and Silverman [10], we need to find the largest &

such that

Ef n(l+y)C(a,n)

. . a a < 1.
n,l n,2

=2 2¥(1-6)

Since
C  n(1+y)C(a.n)
Ez an 1 <1
= 27 (1-13)

S(a,f3,7)

(4.3)

(4.4)



and

n(l+y)C(a,n)

gk

2 2y (1-R3)

By the Cauchy—-Schwarz inequality we have

n(l+y)C(a,n) (1-73)

a5 o <1, »  (4.
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3)

Ef n{l+y)C(a,n) y/———————e—v |
a a < 1. (4.6)
n,l1 "n,2
n=2 27 (1-3)
Thus it is sufficient to show that
n(l+»)C(e,n) n(1+7)C(a,n)
a a < Y a a (n = 2),
2 (1-6) n,l n,2 20 (1-3). n,l1 "n,2
(4.7)
that is, that
y/—————————ﬂ (1-6) .
a a € — : (4.8)
n,1 "'n,2 (1-73)
- Note that
2y (1-13)
¥ a 1 @ 25 (n = 2). (4.9)
n, n. n(l+y)C(a,n) : .
Consequently,‘we need only to prove that
2y (1-3) (1-6) :
= (n = °2), (4.10)
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or, equivalentiy, that

22 (1-8) 2
5<1 - (n 2 2). N (4.11)
n(l+y)C(a,n)
Since
2 (1-3) 2 |
A(n) = 1 - (4.12)

n(li+y)C(a,n)

- - - . 1
is an increasing function of n (n 2 2), for 0 = a = 5" 0 =R

< 1, and 0 < ¥y £ 1, letting n = 2 in (4.12), we obtain

¥ (1-p) 2
& = A(2) = 1 - : . . (4.13)
2(1+7) (1-a)
which completes the proof of Theorem 6.
Finally, by taking the functions given by
r(1-13) 5
fi(Z) =z - z (i =1,2) (4.14)

2(1+7) (1-o)
we can see that the result is sharp.

Tueorem 7. Let the function f,(z) defined by (2.1) be

in the class Pa[ﬁ,y] with 0 = a =

NB

0 £B3< 1, and 0 < ¥ =

1, and the function f2(z) defined by (2.1) be

P_l7,r] with 0 < & = ;, 0£7 <1, and 0 < y £ 1, then f, *

in the class
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f2(z) € Pa'[C(a.f?,r.r);rl. where

y(1-3) (1-7)
[ (a,3,7,7) =1 - ) (4.15)
2(1+y7) (1-a)

The result is sharp.

ProoF. Proceeding as in the proof of Theorem 6, we get

2y (1-3) (1-7)

I
|
I

{ = B(n) (n 2 2). (4.16)

n(l+y)C(a,n)

Since the function B(n) is an increasing function of n (n =

1

2), for 0 £ a = 5 0 £p <1, 071K 1l, and 0 < » = 1,
letting n =2 1in (4.16) we obtain
r(1-3) (1-7)

 =B(2) =1 - , (4.17)
2(1+7) (1-o)

which evidently proves Theorem 7.
Finally the result is best possible for the functions

y(1-03) 2
z . (4.18)

fl(z)

I
N
!

2(1+7) (1-a)

and

y(1-7) 2
z - - z. (4.19)
2(1+y) (1-a)

fz(z)




130

CororLLarY 1. Let the functions fi(Z) (i= 1,2,3)
defined by (2.1) be in the class P_[3.,7] with 0 < a < %, 0 <

B <. 1, and 0 < ¥ = 1, then f1 ?‘fz * f3(z) = Pa[n(d.ﬂ,Y),V],

where
y2(1-p) 3

n(e,fBy) =1 - 5 5 (4.20)
4(147) “(1-a)

The result is best possible for the functions

y(1-3) 2
£f.(z) =z — z (i =1,2,3). (4.21)
1 2(1+y) (1-a)

Proor. From Theorem 6, we have f * f.(z2) € Pa[é(d.ﬁ.r).

1 2
1, where & is given by (4.2). We use now Theorem 7, we get

f1 * f2 * f3(z) € Pa[n(a.ﬁ,r),rl. where

» (1-B) (1-6) r2(1-p)°>

I
[
|

7)(0(,(3,?’) =1 - 2 2
2(147) (1-o)  4(14) 2(1-a)

This completes the proof of Corollary 1.

TueoReM 8. Let the functions f.(z) (i = 1,2) defined by

(2.1) be in the class Pa[ﬁ,y] with 0 £ a <>, 0= < 1, and

NiRr

0 < » £ 1. Then the function

. [0
h(z) = z - E:
n=

2 2 n
[an,l + an’z]z (4.21)
2
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belongs to the class Patp(a,ﬁ,y),r], where

r(1-m2
pla,fB,y) = 1 — . . ‘ (4.22)
' (1+) (1-a)
The result is sharp for the functions fi(Z) (i = 1,2) defined

by (4.14).

Proor. By virtue of Lemma 1, we obtain

n(1+r)Clea,m]? < n(1+r)C(e,n) 2
an 1 E: an 1 <1 (4.23)
L 2ra-m ' 27 (1-3) '

n=2‘

1A

Al

and

2 asncem]? ®  A(147)C(e,n) CE
E: an 2 =< E: an 2 < 1. (4.24)
| 2ra-p L., 20-p)

It follows from (4.23) and (4.24) that

2, [pasceemy® o,
a + a < 1. (4.25)
2 27 (1-13) n,l1 n,2
n=2 v : AT,
Therefore, we need to find the largest o = e(a,3,7) such

that

=<

n(1+)Cle.n) [n(1+r)C(a.n)}2 : v
(n = 2) (4.26)

2y (1-p) 27 (1-03)
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that is,

2
4y (1-327
=1 - (n 2 2). (4.273
nil+pyiCla, n? ‘

Since

~x

4y i-p =
Dipy =1 - (4.2S2

nil+yr1Cia, ni

. . . . —-- 1
is an increasing function of n (n = 23, for 0 = a = >r Q0 =i
1, and 0 < » £ 1, we readily have
r1-p~
e < D(Z» =1 - ’ £, 293

(1+prii-o0

and Theorem 8 follows at once.

S. Fractional Integral Operator

We need the following definition of fractional integral
operator given by Srivastava, Saigo and Owa [141.

DEFINITION 1. For real numbers n > 0, po and &6, the

fractional integral operator I?’f’é is defined by
-y < .
;NP =
I:’f’éf(zi S —— J Cz-t)n_lF(n+p,—é;n;1- §)fct>dt (5.1
-y ~ r(n) _ . e

In)

where f(z) is an analytic function in a simply-connected
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region of the z-plane containing the origin with the order
. £,
fiz) = 0C|z|7, z — 0,
where
e » Max (0O,p-6) - 1,
2 car_cho
Fla,b;c;zd = E —n n :n, ' (5.2
S = B
n=0 n n

where Cv)n is the Pochhammer symbol defined by

. N 1 S tn o= Q)
CCv+nd _
vy = = (3.37
n F v ‘
T viv+ida..(v+n-13 (ne N = {1,2,...22,
o e v s . S B S _ i .
and th2 multiplicity of (z - £3 is removed by regquiring
log €=-t) to be real when =z - &% % 0.
REMARK. For o = - 7, w2 note that

1" M8 fezy = D7 fez,

where D:n f(z) is the fractional integral of order »n which

was introduced by Dwa (L[43,051).

In order to prove our result for the fractional
integral operator, we have to recall here  the following
lemma due to Srivastava, Séiga and Owa [141].

LeMMa 2, If n >0 and n ¥ p - & - 1, then



Cin+1) T(n-p+&+1)
= ' n-pe
Fin-p+1) Cin+n+d+1)

N0, S 0N
I :

- =
[} y =~

28]
a

With the aid of the Lemma 2, we prove

Tueorem 9. Let n¥0, o+

2, ptéd » -2, p-& 4 Z, pintd
< 3n. If the function f(z) defined by {(1.12) is in the class
P IArT with 0 £ o < 2* D < B <1, and 0 £ p < 1. Then

. . 1-p
C(Z-p+é) |z |
II?’f’éftzll > 1
s s F(Z-pIl{Z+n+S3
y(1-B) (Z-p+&)
- -—-|z| (S5.52
{1+ (l-ad (2-p2 (24M+S5)
and
Cos 5 |1—p'
' (Z-p+d) | =
II?’p’éf(z)l < | 1
S C(Z-pIC(Z+n+S)
yii-Ri1i2-p+sb2
o= |z (S5.53
(1490 (1-0) (2=p) (Z+7+8) -
for z e U, whers
u (o < 1)
Uﬁ:{
U - <03 (o > 1).
The equalities in (5.5 and (5.8) are attained  for the

134
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function f(z) given by

y(1-33 -
f(z)» = z - =<, (S5.73
2(14+p) (1-c0

ProorF. By using Lemma 2, we have

C(2-p+8)
178z =

-
it -

D

a“

e C(2-p) T(Z4n+SE)
[o ¢} N
F(n+1) T(n-p+&+1) oo
- 2: a_ = e, (s.2)
et Min-p+1) I'in+tn+d+12
Letting
M(2-p3 C(2+n+8) e
Hez) = =P 1Pz
F(Z-p+S8) s
[o0]
=z - E: hén) a_ =z, (5.9)
. n
n=2= .
where
(Z-p+d&y (1)
hiny = n-t n (n > 2, (S.10)

= -p) (Z+Nn+8)
Lmp) _(=¥d)

we can see that h(n) is non-increasing for integers n 2 2,
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and we have

2(2-p+S1
O < hin) £ h{2)y = « : (5.11)
{2-p) (Z4m+S)

3
owm

v

We note that Clo,n+il) = Cla,n) for O £ a = and n

N |

Hence by using Lemma 1, we obtain that

® ®
2{1+7)C(a,2)§ a < E n(1+y3CCa,n)an < Zyil-ai (S.12
1

which implies that

Ther=sfore, by using (S5.11) and (5.133, we have
b . 4

[0 o]
e

y1=R1(2-p+&)

k3

v
H

|
M
w
"
fou

(1+p2 (1 -ad (Z-p) (Z+n+S)

o
ez | < |z| + ey |z|7 Z a_
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y(1-R1(2-p+&)

< |z| + 1z |~ (5.15)
L1+ (L-a) (Z2-pd (Z4m+6) -
This completes the proof of Theavem 2.
REMARk 1. Taking p = - n = - A in Theorem 3, we get the
result obtained by Owa and Ahuja [&, Theorem 101.
REMARk 2. Taking a = 1/2 in the above resqlts we obtain

. n * - -
corresponding results for the class P [a,y] defined by Gupta

and Jain [z2].
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