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ABSTRACT. In this note, we consider the properties of Bloch functions determined
by Beltrami coefficient. A sufficient condition for extremal quasiconformal mapping
with nonexistence of degenerating sequence is obtained. As a result, we consider the
contraction or preserved of $\mathrm{T}\mathrm{e}\mathrm{i}\mathrm{c}\mathrm{h}\mathrm{m}\ddot{\mathrm{u}}\mathrm{u}_{\mathrm{e}\mathrm{r}}$ metrics for the related Beltrami lines under
the projection mapping $\pi$ .

1. INTRODUCTION

Let $Q_{t}$ be the class of quasiconformal mappings $f$ of the unit disk $D=\{z||z|\leq 1\}$

onto itself with $f(0)=f(1)-1=0,$ $\mu_{f}$ be the complex dilatation of $f,$ $k_{f}=$

$|| \mu;||_{\infty}=\mathrm{e}\mathrm{s}\mathrm{s}\sup_{z}\epsilon D|\mu_{f}|,$ $k_{0}(f)= \inf_{g}k_{g}$ , where $g\in Q_{t}$ with $g|\partial D=f|\partial D$ . We say
that $f(z)$ is extremal if $k_{f}=k_{0}(f)$ , and the corresponding $\mu_{f}$ is called extremal.

We know that the universal Teichm\"uller space $T(1)$ can be represented as a
quotient space of $QS$ by the M\"obius group $PSL(2,R)$ , where $QS$ is the group
of all quasi-symmetric homeomorphisms of a circle, and the Teichm\"uller distance
$d([f], [g])$ , from a point $[g]$ to another point $[f]$ in $T(1)$ , is equal to

(1.1) $d([f], [g])= \frac{1}{2}\log\frac{1+k_{0}(g\mathrm{o}f^{-}1)}{1-k_{0}(g\mathrm{o}f^{-}1)}$ .

$QS$ contains another topological subgroup, which is much larger than $PSL(2, R)$ ,
the subgroup $S$ of symmetric homeomorphisms. Gardiner-Sullivan [1] showed
that $Qs_{mo}dS$ also has a natural complex Banach manifold structure and a nat-
ural quotient metric $\overline{d}$, called the Teichm\"uller metric in $Qs_{mo}dS$ . Let $\overline{k}_{f}=$

$\inf_{\sigma\sup_{z\in}\sigma}\mathrm{e}\mathrm{s}\mathrm{s}|\mu f(z)|$ , where $U$ moves all neighborhoods of $\partial D$ in $D,\overline{k}_{f}$ is called
the boundary dilatation of $f$ . Set $\overline{k}_{0}(f)=\inf_{g}\overline{k}_{g}$ , where $g$ moves all quasiconfor-
mal mappings of $D$ with the same boundary values as $f$ . If $\overline{k}_{0}(f)=\overline{k}_{f}$ , then $f(z)$

is called extremal in QSmodS. The distance between two points $\pi[f]$ and $\pi[g]$ in
$Qs_{mo}dS$ is equal to

(1.2) $\overline{d}(\pi[f], \pi 1g1)=\frac{1}{2}\log\frac{1+\overline{k}_{0}(g\mathrm{o}f-1)}{1-\overline{k}0(g\mathrm{o}f-1)}$.

Suppose $\mu(z)$ is a given Beltrami coefficient, we consider the Beltrami line $C_{\mu}=$

$\{[f^{t}]|-1\leq t\leq 1\}$ or $\pi C_{\mu}=\{\pi[f^{t}]|-1\leq t\leq 1\}$ , where $\mu_{f^{r}}=t\frac{\mu}{||\mu|\mathrm{I}\infty}$ . If $\mu$ is
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extremal in $T(1)$ or in $Qs_{mo}dS$ , then the natural mapping $t \daggerarrow t\frac{\mu}{||\mu|1\infty}$ from the
open interval $(-1,1)$ with the Poincar\’e metric onto $C_{\mu}$ or $\pi C_{\mu}$ with the Teichm\"uller
metric is an isometry. Whether $\mu$ is extremal or not, such mapping is weakly
contracting. The following problem is very interesting and considered by many
$\mathrm{a}\mathrm{u}\mathrm{t}\mathrm{h}_{\mathrm{o}\mathrm{r}\mathrm{S}}(\mathrm{C}\mathrm{f}. [2],[3].)$:

For which points $[f]\in T(1)$ , does the Teichm\"uller distance from $0$ to $[f]$ in $QS$

strictly greater than the distance from $0$ to $\pi[f]$ in QSmodS?
In this note, we will investigate some properties for. Bloch functions determined

by $\mu$ and partially solve the above problem.

2. $\mathrm{M}\mathrm{A}\mathrm{l}\mathrm{N}$ RESULTS AND THEIR PROOFS

Let $f(z)= \sum_{n=0}^{\infty}$ a $z$n
$n$ be analytic in $D,$ $f(z)$ is called a Bloch function if

(2.1) $||f||B=, \sup_{\sim\in D}(1-|z|^{2})|f’(z)|<\infty$ .

The Bloch functions will be denoted by B. $B_{0}$ will be the subset of $B$ with

(2.2) $||f||_{B_{\mathrm{Q}}}= \lim_{|z|arrow 1}\sup(1-|z|^{2})|f’(\mathcal{Z})|=0$ .

$A(D)=$ { $f(z)|\mathrm{f}(\mathrm{z})$ is analytic in $\mathrm{D},$ $||f(z)||_{1}= \frac{1}{\pi}\iint_{D}|f(z)|d_{Xdy}<\infty$ }. The quasi-
conformal mapping $f$ from $D$ onto itself is called a Teichm\"uller mapping of finite
type, if $\mu;=||\mu(z)||_{\infty\overline{\not\in}_{0}}\varphi \mathrm{T}’\varphi_{0}\in A(D)$ . From Reich’s $\mathrm{e}\mathrm{X}\mathrm{a}\mathrm{m}_{\mathrm{P}^{\mathrm{l}\mathrm{e}(}}\mathrm{C}\mathrm{f}.14$]), we know that
even the point $[f]$ corresponds to a Teichm\"uller mapping of finite type, the distance
from $0$ to $[f]$ under the projection $\pi$ may not contract. However, if $[f]\in T(1)$ , and
$\overline{d}(0, \pi[f])<d(0, [f])$ , then $[f]$ contains a Teichm\"uller mapping of finite type. This
makes the above problem more complicated.

Suppose $\kappa(z)\in L^{\infty}(D)$ , the space of complex-valued bounded measurable func-
tions in $D$ with $||\kappa||_{\infty}=$ esssup$z\in D|\kappa(z)|$ , we consider a linear functional $L_{\hslash}$ on
$A(D)$

(2.3) $L_{\kappa}(!)= \frac{1}{\pi}\iint_{D}\kappa(z)f(z)dxdy$, $f(z)\in A(D)$ ,

then

(2.4) $||L_{\kappa}||\leq||\kappa||\infty$ .

Hamilton, Reich and Streble $[5, 6]$ showed that

Theorem A. A Beltram$i$ coefficient $\mu$ is extre$m\mathrm{a}l$ if and on$ly$ if one of the following
statemen$ts$ holds:

1) The $\mathrm{r}e$ exist $\varphi\in A(D)$ and $k\in[0,1)s\mathrm{u}ch$ that $\mu=k\overline{\varphi}/|\varphi|$ for almost every-
where on $D$ .

2) Th $e\mathrm{r}\mathrm{e}$ is a degeneration sequence $\{\varphi_{n}\}\in A(D),$ $||\varphi_{\hslash}||1=1$ , converging to $0$

locally uniformly in $D$ , such that
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(2.5) $\lim_{narrow\infty}|\int\int_{D}\varphi_{n}\mu dXdy|=||\mu||_{\infty}$.

For a given Beltrami coefficient $\mu(z)$ , let

(2.6) $b_{n}= \frac{n+2}{\pi}\int\int_{D}\mu(z)z^{n_{dXd}}y$, $g( \zeta)=\sum_{n=0}^{\infty}b_{n}(^{n}$ ,

it is clearly that $|b_{n}|\leq 2||\mu(z)||\infty$ and $g(()$ is. analytic in $D$ . We call that the
analytic function $g(()$ is determined by $\mu(z)$ .

Let $G(()=(g(\zeta)$ , Anderson proved in [7] the following

Theorem B. For a given $\mu(z)\in L^{\infty}(D)$ , then

(2.7) $||L_{\mu}||\leq||G(()||_{B}\leq 4||L_{\mu}||$ ,

where $G’(()= \frac{2}{\pi}\iint_{D}\frac{\mu(z)}{(1-(z)^{3}}dxdy$.
Theorem C. If $\mu(z)$ possesses a degenerating sequence, then

(2.8) $||L_{\mu}|| \leq\lim_{|z|arrow 1}\sup(1-|z|^{2})|G’(Z)|$ ,

whepe $c^{l}(()= \frac{2}{\pi}\iint_{D}\frac{\mu(z)}{(1-(z)^{3}}dxdy$ . In part$\mathrm{i}_{C}\mathrm{u}l\mathrm{a}r_{J}$ if

(2.9) $\int\int_{D}\frac{\mu(z)}{(1-\zeta_{Z})3}dxdy=o(1-|(|2)-1$ $(|\zeta|arrow 1^{-})$ ,

then $\mu(z)=||\mu||_{\infty}\frac{\overline{\varphi}_{0}(z)}{|\varphi \mathrm{o}(z)\mathrm{i}},$ $\varphi_{0}\in A(D)$, for almost all $z\in D$ .

Theorem $\mathrm{C}$ means that if $\mu(z)$ is extremal and $\lim_{1^{z}1arrow}1\sup(1-|z|^{2})|Gt(Z)|=0$ ,
then

$\mu(z)=||\mu||_{\infty}\overline{\varphi}_{0}/|\varphi_{0}|$ , $\varphi_{0}(Z)\in A(D)$ ,

for almost everywhere $z\in D$ . For an extremal quasiconformal mapping $f^{\mu(z)}\in Q_{I}$ ,
in what case, is it a finite type Teichm\"uller mapping or even has it no degenerating
sequence? This problem is very interesting itself( $\mathrm{c}\mathrm{f}$. $[8,9]$ and the references cited
there). First, we will prove the following

Theorem 1. Suppose $\mu(z)$ is extre$m\mathrm{a}l$, let $g(z)$ be defi$\mathrm{J}1ed$ in (2.6), if there exists
a $\rho_{0f}0<\rho_{0}<1,$ $s\mathrm{u}ch$ that

(2.10) $\sup$ $(1-|z|^{2})|g^{l}(z)|<1$ ,
$p\mathrm{o}<1z\mathrm{I}<1$

then there exists a $\varphi_{0}\in A(D)w\mathrm{i}$th $\mu(z)=||\mu(z)||_{\infty}\varphi\overline{\beta}\mathrm{o}\mathrm{T}$ for $\mathrm{a}l\mathrm{m}ost$ all $z\in D.$ $In$

partic$\mathrm{u}\mathit{1}\mathrm{a}r_{j\mu()}Z$ possesses no degenerati$\mathrm{n}g$ sequence.

The proof of Theorem 1. If $\mu(z)$ is an extremal Beltrami coefficient, let $g(()$ be
defined in (2.6), if $f(z)= \sum_{n=}^{\infty}\mathrm{o}a_{n^{Z}}n\in A(D),$ $0<\rho<1$ , we have

$L_{\mu}(f( \rho z))=\sum_{=n0}^{\infty}a_{n}\rho\mu(z^{\hslash})=\sum_{n}^{\infty}n_{L}=0\frac{a_{n}b_{n}}{n+2}\rho^{n}$ .
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Since $||f(\rho z)-f(Z)||1arrow 0$ , when $\rhoarrow 1^{-}$ , then we have

$L_{\mu}(f)=p \lim_{arrow 1^{-}}\sum_{=n0}^{\infty}\frac{a_{n}b_{n}}{n+2}\rho^{n}$ .

On the other hand, if $G(\zeta)=(g(()$ , then

$\frac{1}{2\pi}\int_{0}^{2\pi}f(re^{i})\theta G^{l}((re-i\mathit{0})d\theta$

$= \frac{1}{2\pi}\int_{0}^{2\pi}(\sum_{0}^{\infty}a_{n}r^{n}e)ing(\sum_{=0}^{\infty}(n=nn+1)b_{n}\zeta^{n}r^{n}e-\dot{|}n\theta)d\theta$

$= \sum_{n=0}^{\infty}(n+1)a_{n}b_{n}(^{n_{\gamma^{2_{\hslash}}}}$ .

Thus, we have

(2.11) $\lim_{parrow 1^{-}}n=0\sum^{\infty}\frac{a_{n}b_{n}}{n+2}\rho^{n}=\frac{1}{\pi}\int_{0}^{1}\int_{0}^{2\pi}f(re^{i})\theta cl((re^{-})i\theta(1-r^{2})r,$
$drd\theta$ ,

for any $f(z)\in A(D)$ . Since

$g(()= \sum_{0n=}^{\infty}bn\zeta n=\sum_{n=0}^{\infty}(\frac{n+2}{\pi}\int\int Dz^{\hslash}\mu(z)d_{Xdy})(^{n}$

$= \frac{1}{\pi}\int\int_{D}(\sum_{=n0}^{\infty}(n+2)Z^{n}\zeta n))\mu(zd_{Xdy}$

$= \frac{1}{\pi}\int\int_{D}[\frac{2-z(}{(1-z()^{2}}]\mu(z)dXdy$ ,

then,

(2.11) $|g( \zeta)|\leq\frac{3||\mu||_{\infty}}{\pi|\zeta|}\log\frac{1+|(|}{1-|\zeta|}=o((1-|(|^{2})^{-1}),$ $|(|arrow 1^{-}$

If $\{f_{n}(z)\}$ is a degenerating sequence for $\mu(z)$ with $||f_{n}||1=1$ , by Theorem $\mathrm{B}$ and
(2.11), we can choose a $\rho^{l}$ with $\rho_{0}<\rho’<1$ such that

$|L_{\mu}(f_{\hslash})| \leq\frac{4||\mu||_{\infty}}{\pi}\int\int_{1z}1\leq\prime^{t}d|f_{n}(re^{i\theta)}|trd\theta+\sup_{\prime,\prime<1z}|<1(1-|z|2)|g(z)|$

$+,<| \sup_{lz|<1}(1-|z|^{2})|g^{\uparrow}(Z)|<1$ , for $narrow\infty$ ,

which contradicts that $\{f_{n}(z)\}$ is a degenerating sequence. By Theorem $\mathrm{A}$ , Theorem
1 is proved.

The following example 1 shows that there is non-extremal Beltrami coefficient
$\mu(z)$ with the bound $\sup_{0<|},z|<1(1-|z|^{2})|gl(z)|=\frac{2}{\pi}$ .
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Example 1. Set Beltrami coefficient

$\mu(z)=\{$
1, $\mathrm{f}_{\mathrm{o}\mathrm{r}^{\alpha}}Sz\geq 0,$ $|_{Z}|<1$

$0$ , $\mathrm{f}_{\mathrm{o}\mathrm{r}S}\triangleright_{z<}0,$ $|z|<1$ .

Then by [8, Theorem 1], we see that $\mu(z)$ is not extremal. In this case, by calcula-
tion, we have

$g^{l}(z)=2+ \frac{2i}{\pi}[z+\frac{1}{3}Z\mathrm{s}+\cdots+\frac{1}{2n-1}z-+n]21.,$.

and $\lim_{\mathrm{I}^{z}\mathrm{I}1}arrow(1-|z|^{2})|g^{l}(Z)|=\frac{2}{\pi}$ .

Next we will investigate the relationship between extremal Beltrami coefficient
$\mu$ and the coefficient $s$ of $g(z)$ defined in (2.6).

From [11] and Theorem 1, we know that if $\mu(z)$ is extremal and the determained
analytic function $g(z)\in B_{0}$ , then $\lim_{narrow\infty}|b_{n}|=0$ . However, we also know that
even if $f(z)\in B$ and $\lim_{narrow\infty}|b_{n}|=0$ , one can not derive that $f(z)\in B_{0}$ . From
this we will prove the following

Corollary 1. Suppose $\mu(z)$ is extrem$al$, and let $g(z)= \sum_{n=0}^{\infty}b_{\hslash}zn$ be defin $\mathrm{e}d$ in
(2.6), if there exist a positive $\mathrm{n}$umber $N_{0}$ and $l,$ $0<l< \frac{1}{2}$ , such that

$|b_{n}|< \frac{l}{n}2$ holds for $n>N_{0}$ ,

then there exists a $\varphi_{0}(z)\in A(D)$ with

$\mu(z)=||\mu||_{\infty}\overline{\varphi}_{0}/|\varphi_{0}|$ , for $\mathrm{a}l\mathrm{m}ost$ all $z\in D$ .

The proof of Collary 1. If $\mu(z)$ is extrem.a1, and let $g(z)= \sum_{n=0}^{\infty}b_{\hslash}Z^{\hslash}$ be defined
in (2.6), we have

$|g’(z)| \leq|\sum_{n=0}^{N_{0}}nbn^{Z|+}\sum_{+}^{\infty}nln=N01|_{Z|}n$

$=| \sum_{n=0}^{N0}$ nbn z $|+l \frac{|z|N_{0}+1}{1-|z|}$ ,

thus there exists a $\rho_{0}>0$ , such that $\sup_{p_{0}<1z11}<(1-|z|^{2})|g^{\iota}(Z)|<1$ , by Theorem
1, we obtain the assertion.

Let $\Pi$ denote the subset of $T(1)$ consisting of elements of $[f]$ which correspond
to Teichm\"uller mappings of finite type whose complex dilatations $\mu=\mu_{f}$ satisfy
the following condition: There exists a $\rho_{0)}0<\rho_{0}<1$ , such that $\sup_{p_{0<1}}(\mathrm{I}<1(1-$

$|(|^{2})|g’(()|<1$ , where $g(()$ is defined in (2.6). We will prove the following

Theorem 2. For $[f]\in\Pi$ , then $\overline{d}(0, \pi([f]))<d(0, [f])$ .
In order to prove Theorem 2, we need the following Theorem $\mathrm{D}$ due to Gardiner

[2].
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Theorem D. For $e$ very $[f]\in T(1)$ , then $\overline{k}_{f}=\overline{k}_{0}(f)$ if and only if

$\{\}\sup_{\varphi_{n}}\mathrm{l}\mathrm{i}\mathrm{m}narrow\sup_{\infty}|R\mathrm{e}\int I_{D}\varphi_{n}\mu fd_{Xd|}y=\overline{k}_{f}$ ,

$wh\mathrm{e}re$ the $su$premum is taken $o\mathrm{v}er$ all degenerati$\mathrm{J}:g$ sequences $\{\varphi_{n}\}$ for $\mu_{j}$ with
$||\varphi_{n}||_{1}=1$ in $A(D)$ .

The proof of Theorem 2. We use the $s$ame way as in [3] to prove Theorem 2. If
$[f]\in\Pi$ , then we conclude that $\overline{k}_{0}(f)=k_{0}(f)$ . On the contrary, by Theorem $\mathrm{D}$ , we
can find a degenerating sequence $\{\varphi_{n}\}$ with $||\varphi_{n}||1=1$ such that

$\lim_{narrow\infty}{\rm Re}\int\int_{D}\varphi_{n}\mu f^{d}Xdy=||\mu_{f}||_{\infty}=k_{0}(f)=\overline{k}_{0}(f)$ ,

which is impossible by Theorem 1.
Thus we have $\overline{k}_{0}(f)<k_{0}(f)$ , which is equivalent to $\overline{d}(0, \pi([f]))<d(0, [f])$ .

On the other hand, comparing with Theorem 2, we will prove the following

Theorem 3. Suppose $[f]\in T(1)$ , and $b_{n}= \frac{n+2}{\pi}\iint_{D}\mu f^{\mathcal{Z}}dxdyn,$ if $\varlimsup_{narrow\infty}b_{n}=$

$2||\mu_{f}||_{\infty}$ , then $\overline{d}(0, \pi([f]))=d(0, [f])$ . The constant 2 is the best.

The proof of Theorem 3. First, from Fehlmann and Sakan’s paper in [10], we know
that the subset of $T(1)$ satisfying the conditions in Theorem 3 is not empty, and
by the example of Fehlmann and Sakan made in [10], there exists an extremal
Beltrami coefficient $\mu$ such that the coefficients of $g(z)s\mathrm{a}\mathrm{t}\mathrm{i}_{\mathrm{S}}\mathrm{f}\mathrm{y}-\mathrm{l}\mathrm{i}\mathrm{m}narrow\infty bn=2||\mu||_{\infty}$ ,
thus the constant 2 is the best. Now, if $\varlimsup_{narrow\infty}b_{n}=2||\mu_{j}||_{\infty}$ , then we have
$\lim_{jarrow\infty}b_{n},\cdot=\underline{?}||\mu_{f}||_{\infty}$ , and the sequence $\{\varphi_{n_{\mathrm{j}}}(z)=\frac{n+2}{2}z^{n_{j}}\}$ is a degenerating
sequence for the Beltrami coefficient $\mu_{f)}$ with $||\varphi_{n_{\mathrm{j}}}||1=1$ , by Theorem $\mathrm{D}$ , we
conclude that $\overline{k}_{0}(f)=k_{0}(f)$ , thus $d(0, \pi([f]))=d(0, [f])$ .

To consider the contraction of Teichm\"uller metrics, we need the following Prin-
ciple of Teichm\"uller contraction due to Gardiner [2].

Principle of $\mathrm{T}\mathrm{e}\mathrm{i}\mathrm{C}\mathrm{h}\mathrm{m}\mathrm{u}\mathrm{c}\mathrm{u}_{\mathrm{e}\mathrm{r}}$ contraction. Assume $||\mu||=1,0<k_{1}<k_{2}<1$ , and
$d(0, [f^{k_{1}}])\leq\lambda_{1}d_{\mathrm{P}}(0, k1)$ or $\overline{d}(0, \pi([f^{k_{t}}]))\leq\lambda_{1}d_{\mathrm{P}}(0, k1)$ with some $\lambda_{1}<1$ , where
and in the sequel, $f^{k}$ is the quasiconformal mapping of $D$ on to itself such that
$\mu_{f}=k\mu$ for $e$ very positive $k<1$ . Then there exists a $\lambda_{2}<1$ depending on$ly$ on
$k_{1j}k_{2}$ , and $\lambda_{1}$ such that

$d(0, [f^{k}])\leq\lambda_{2}d_{\mathrm{p}}(0, k)$ or $\overline{d}(0, \pi([f^{k}]))\leq\lambda_{2}d_{\mathrm{p}}(0, k)$

respectively, for all $k$ with $0\leq k\leq k_{2}$ .

Using Theorem 2 and the Principle of Teichm\"uller contraction, we can obtain
the following
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Corollary 2. Under the $s$am$e$ circumstance as in Theorem 2, let $k=||\mu_{f}||_{\infty}$ an$d$

$\lambda=\overline{d}(0, \pi([f]))/d(0, [f])$ . Fix $k’<1$ and let $f^{t}$ be the quasiconformal mapping of
$D$ onto itself such that $\mu;\triangleleft=(t/k)\mu_{f}$ for $e\dot{\mathrm{v}}eryt\in[0, k^{\mathfrak{l}})$ . Then there exists $\lambda’<1$

depending only on $k,$ $k^{l}$ , and $\lambda$ such that

$\overline{d}(0, \pi([f^{t}]))\leq\lambda’ d_{\mathrm{p}}(0, \mathrm{f})$,

for every $t$ with $0\leq t\leq k_{f}^{l}$ where $d_{\mathrm{p}}$ denotes the Poincar\’e metric on $D$ .

The proof of Corollary 2. By Theorem 2, we have $d(0, [f])=d_{\mathrm{p}}(0, k)$ and $\lambda=$

$\overline{d}(0, \pi[f])/d(0, [f])<1$ , using the principle of Teichm\"uller contraction, the Corollary
2 is obtained.
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