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On meromorphic a-starlike functions

by _
AKIRA IKEDA [ R K% thH ¥ ]

Abstract
Let f(2z) = 2+ Y _o29 an2™ be analytic in E = {z : |2] < 1}, let for a real number
n=2

Re [(1 —a) Z}ZS) e (1 + Z;,ZS))] >0 in E.

Then it is well known that {1, 2]
: zf’(Z)} :
Re {———— >0 in E.
f(2)

Corresponding to this, we take the énalytic function f(2) =1/z+ Y 2 panz" in
the punctured disk U = {z: 0 < |z| < 1} satisfying

Re [(1 - a')sz;i;) +a (1 + z—ff,—’é‘;—))] <0 in E.

Then we prove

Re{z—ﬁ%)-} <0 in E.

1. Introduction.

Let ¥ denote the class of function of theé form

f(z) = %+§:anz"

n=0

which are analytic in the punctured disk U = {2 : 0 < |2| < 1}.
A function f(z) belonging to the class is said to be meromorphic starlike of order «
(0<a<1l)in E={z:|z] <1} if and only if

Re { zﬁg)} < —a

for all z € E. We denote by X*(a) the class of all functions in & which are meromorphic
starlike of order a in U. We note also that

T@CTO=s (0<a<l),

where ©* denote the subclass of A consisting of functions which are meromorphic starlike
in U. The meromorphic starlike is meant that the complement of f(E) is starlike with
respect to the origin.
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Difinition 1. Let o be a real number and suppose that f(z) € ¥ with f(z)f'(z) # 0
in U. If f(2) satisfies the condition

la-of a1+ <0 w g

f(2) J'(2)

then f(z2) is said to be a meromorphic a-starlike function.
2. Preliminary Results.

Lemma 1. Let p(z) be analytic in E, p(0) = 1 and suppose that there exists a point
zg € E such that

C Re{p(@}>0  for |2 <|aol,
Re{p()} =0  and p(m)=ia (a#0).

Then we have

Zop'(zo) = ik,
p(z0)
where :
(1) ké%(a+%)21 when a>0
and 7 .
(2) ks%(a-i--(l;)S—l when a <0.

We owe this lemma to {3, Theorem 1] .

Lemma 2. Let a, B be positive real number (¢ >1,0 < B < 1) and p(z) be analytic
in E, p(0) =1, p(z) # B in E, and suppose that

(i) for the case 0 < 8 < 1/2

Re (a5 ~50) > 7258 i B

where a > 2(1 — ,B)zl/ﬂ;

(ii) for the case1/2 < < 1

R_e( zﬁ(())__ ()) ol-h) 5 . g

2p
where a > 20.

Then we have
Re{p(2)} > B in E.
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- Proof. 1f we put _ o
(2) = —=F_
| | @ -8
then g(z) is analytic in E, ¢(0) =1 and ¢(z) # 0 in E.
At first, we want to prove Re {p(2)} > B in E, ie Re{q(z)} > 0in E. If there
exists a point zp € E such that

Re{q(2)} >0 for |z| < |20] < 1,

‘Re{g(a)} =0  and qlx)=ia (a#0),
then from Lemma 1, we have

w() _\ _ oo l=B . 1=B+pia
oot =p) = Re(cor - )
_ __opka(l—p)
T Ta-prrpa P
af(1 - B) 1+ a?
= 2 (1-p8)2+ae

s

by virtue of (1), (2). Let us put

1+ z?
o) = T=pr o

and simple calculation leads to
2z(1—28)
(- B2 +228%)"
For the case 0 < 8 < 1/2, ¢(z) takes its minimum value at z =0

'(z) =

Gy

Therefore we have

2P (20) _ __aB
Re(a P Co) _ o>)s b

Next, if 1/2 < 8 < 1, p(x) takes its minimum at z = oo

2
lim p(z) = lim 1tz = %,

Z—00 T—00 (1 — ﬁ)Z + xZIBZ

(o) N\ _all=f)

This contradicts the assumption of Lemma 2. Therefore we have Re {q(z)}> 0in F and
then

and we have

Re{p(2)} > B in E.
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This completes our proof.
3. Main Results.

Theorem 1. Let f(z) be a meromorphic a-starlike function, and suppose that

(3) Re {(1 2NN a<1+zf"(z))] <0 i B

f(2) f'(2)

where a is a real number. Then we have

Re{zﬁiz))}<0 in E.

Proof. Let us put

(@ o) = =L,
By simple calculation, we obtain
G )
®) o PO gy
or .
QPG (L, ) 20
& . R [(1 VT (” ) )] [ (s )]

At first, we want to prove Re {zf'(z)/f(2)} < 0in E, Wthh means Re {p(z)} > 0in
E. If there e)usts a point zg € E such that

Re{p(2)} >0 for - |z] < |20],

Re{p(2)} =0  and p(z)=ia (a#0),

then from Lemma 1 we have ,
Zop (Zo)

= ik,
P(Zo)

where k is real and |k| > 1. Thus

-Re[a"“”z()‘)) — p(z0 )] Re [aik — ia] =0 

This contradicts the assumption of the theorem. Therefore we have

zf'(2) :
Rﬁ{ f(z)'}<0 in E.

This completes our proof.
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Theorem 2. Let a, § be positive real number (@ > 1,0 < B8 < 1), f(2) be a
meromorphic a-starlike function and suppose that

(i) forth_ecaseO<ﬁ< 1/2
Re [(1 - a)zfl(z) +a (1 + f”(z))] > — _ab -p ih E,
| @ T\ e )| Ta-p ’
where a > 2(8 — 1)2/8;

(ii) for the case1/2< < 1

Re[(l— )fo;())+ (1+ ff,';(z))‘)] >‘—a(—12gﬂ—.ﬁ in E,

where a > 20.

Then we have

R;e{zfzi;)} <—-B in E.

Proof. Applying (4), (5) and (6), we can easily prove the theorem. Therefore from the
assumption of the theorem and Lemma 2, we have

Re {z]’:;(‘;)} Re{-p(z)} <-B in E.
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