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Sufﬁci_ent_ Condition for Multivalently Starlikeness

Mamoru Nunokawa, Akira Ikeda , Naoya Koike and Yoshiaki Ota

Abstract

It is the purposc of the present paper to obtain a sufficient condition for multi-
valently starlikeness.

1 Introduction.
Let A(p) be the class of functions of the form

fz)=2"4+ ) a.z", (pe N=1,2,3,...)
n=p+1

which are analyticin U = {z:|z| < 1}.
A function f(z) € A(p) is said to be p-valently starlike if and only if

.Rezﬁg) >0 in U

In [4], R.Singh and S. Singh proved the following result.

Theorem A. If f(z) € A(1) satisfies

1/
1 4re22) 3

ef’(z) 5 m U,

then f(2) is starlike in U or

!
Rei'ﬂz—)>0 in U

f(2)

Nunokawa [1] and Owa [3] generalized Theorem A independently.
Owa [3] proved the following result.



Theorem B. If f(z) € A(p)

1+

satisfies

2f"(2) Lo
Re———- £2) <p+§ I.Il.‘ U,

then f(z) is p-valently starlike in U and

2/'(z) _ 2plp+1)

0 < ReZl22 in U
< ) oyt 1 m U
2 Main result.
Theorem. Let f(z) € A(p) and suppose that
f”( ) ]
(1) 1+ Re (z) in U
Wherep<a<p+%.
"Then we have
f(z) 2a m U

R @~ pat D)

and

0 <Re
Proof. Let us put

(2)

where p(z) is analytic in U, p(0)
Then it follows that

p(z) +

) _pleary) L
o < v

() =p L
Oy

=p, 8 =2a, and 2p < 8 < 2p+1, then we have ¢(0) =

wpl(z) _  1+8  2(2) '
p(z)  Pa(2)+B8  a(2) +P
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If there exists a point zyp € U such that

3) Req(z) >0 for |z| <|2z0], Reg(z0) =0 and ¢(z) = ta,
then from [2, p.152], we have

| 1
—20q (20) > 5(1 + a?).

Therefore we have

o), _ o L ot
Re(p(z0) + (%) )= (pia +8 ia+p )

pﬁ(1+ﬂ) B
- ﬁ2+ A2 a2 2(1+ 2)[,‘2_‘_ 2
B

2(ﬁ2 2) {21) 1+ﬂ)+(1+a2)}

B

g(z) = S+ D {Zp(l +8)+(1+ zz)} for —oo<z< o,

then it follows that

Pz 2
"(2)= ———=(6*—28p-2p—1).
g (3') (ﬂz + 1'2)2 (ﬂ ﬁp D )
This shows that g(z) takes its minimum at £ = oo and * = —o0 and so
(4) g(a:)>—=a for —oo<z<oo.

A 2)
p(2) )
then it follows that
RO A CO N i ©))
®) A5 T

From (2), (3), (4) and (5), this contradicts (1).
Therefore we must have

Reg(z) >0 in U.
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Then we 'easily have

o f(2) 2a
Re 3 )~ pat 1)

n

and

re?f(2) _ p2a+1)

oeney < v

wherep<a<p+ %

Remark. Putting a =p+ :—2 in the Theorem, we have Theorem B.
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